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Preface

This book is aimed at postgraduate students in applied mathematics as well
as at engineering and physics students with a firm background in mathemat-
ics. The first four chapters can be used as the material for a first course on
inverse problems with a focus on computational and statistical aspects. On
the other hand, Chapters 3 and 4, which discuss statistical and nonstation-
ary inversion methods, can be used by students already having knowldege of
classical inversion methods.

There is rich literature, including numerous textbooks, on the classical
aspects of inverse problems. From the numerical point of view, these books
concentrate on problems in which the measurement errors are either very
small or in which the error properties are known exactly. In real-world prob-
lems, however, the errors are seldom very small and their properties in the
deterministic sense are not well known. For example, in classical literature the
error norm is usually assumed to be a known real number. In reality, the error
norm is a random variable whose mean might be known.

Furthermore, the classical literature usually assumes that the operator
equations that describe the observations are exactly known. Again, usually
when computational solutions based on real-world measurements are required,
one should take into account that the mathematical models are themselves
only approximations of real-world phenomena. Moreover, for computational
treatment of the problem, the models must be discretized, and this introduces
additional errors. Thus, the discrepancy between the measurements and the
predictions by the observation model are not only due to the “noise that has
been added to the measurements.” One of the central topics in this book is
the statistical analysis of errors generated by modelling.

There is rich literature also in statistics, especially concerning Bayesian
statistics, that is fully relevant in inverse problems. This literature has been
fairly little known to the inverse problems community, and thus the main aim
of this book is to introduce the statistical concepts to this community. As for
statisticians, the book contains probably little new information regarding, for
example, sampling methods. However, the development of realistic observation
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models based, for example, on partial differential equations and the analysis
of the associated modelling errors might be useful.

As for citations, in Chapters 1–6 we mainly refer to books for further read-
ing and do not discuss historical development of the topics. Chapter 7, which
discusses our previous and some new research topics, also does not contain
reviews of the applications. Here we refer mainly to the original publications
as well as to sources that contain modifications and extensions which serve to
illustrate the potential of the statistical approach.

Chapters 5–7, which form the second part of the book, focus on problems
for which the models for measurement errors, errorless observations and the
unknown are really taken as models, which themselves may contain uncertain-
ties. For example, several observation models are based on partial differential
equations and boundary value problems. It might be that part of the boundary
value data are inherently unknown. We would then attempt to model these
boundary data as random variables that could either be treated as secondary
unknowns or taken as a further source of uncertainty and compute its contri-
bution to the discrepancy between the observation model and the predictions
given by the observation model.

In the examples, especially in Chapter 7 that discusses nontrivial problems,
we concentrate on research that we have carried out earlier. However, we also
treat topics that either have not yet been published or are discussed here with
more rigor than in the original publications.

We have tried to enhance the readibility of the book by avoiding citations
in the main text. Every chapter has a section called “Notes and Comments”
where the citations and further reading, as well as brief comments on more
advanced topics, are given.

We are grateful to our colleague and friend, Markku Lehtinen, who has ad-
vocated the statistical approach to inverse problems for decades and brought
this topic to our attention. Much of the results in Chapter 7 have been done in
collaboration with our present and former graduate students - as well as other
scientists. We have been privileged to work with them and thank them all. We
mention here only the people who have contributed directly to this book by
making modifications to their computational implementations or otherwise:
Dr. Ville Kolehmainen for Sections 7.2 and 7.9, Dr. Arto Voutilainen for Sec-
tion 7.4, Mr. Aku Seppänen for Sections 7.5 and 7.7 and Ms. Jenni Heino for
Section 7.8. We are also much obliged to Daniela Calvetti for carefully reading
and commenting the whole manuscript and to the above-mentioned people for
reading some parts of the book. For possible errors that remain we assume
full responsibility.

This work was financially supported by the Academy of Finland and the
Finnish Academy of Science and Letters (JPK) to whom thanks are due.
Thanks are also due to the inverse problems group at the University of Kuopio
and to vice head of the Applied Physics department, Dr. Ari Laaksonen, who
saw to the other author’s duties during his leave. Thanks are also due to Dr.
Geoff Nicholls and Dr. Colin Fox from the University of Auckland, NZ, where
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much of the novel material in this book was conceived during the authors’
visits there.

Helsinki and Kuopio Jari P. Kaipio
June 2004 Erkki Somersalo
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1

Inverse Problems and Interpretation of
Measurements

Inverse problems are defined, as the term itself indicates, as the inverse of di-
rect or forward problems. Clearly, such a definition is empty unless we define
the concept of direct problems. Inverse problems are encountered typically in
situations where one makes indirect observations of a quantity of interest. Let
us consider an example: one is interested in the air temperature. Temperature
itself is a quantity defined in statistical physics, and despite its usefulness and
intuitive clarity it is not directly observable. A ubiquitous thermometer that
gives us information of the air temperature relies on the fact that materials
such as quicksilver expand in a very predictable way in normal conditions as
the temperature increases. Here the forward model is the function relating
the volume of the quicksilver as a function of the temperature. The inverse
problem in this case is trivial, and therefore it is not usually considered as
a separate inverse problem at all, namely the problem of determining the
temperature from the volume measured. A more challenging inverse problem
arises if we try to measure the temperature in a furnace. Due to the high
temperature, the traditional thermometer is useless and we have to use more
advanced methods. One possibility is to use ultrasound. The high tempera-
ture renders the gases in the furnace turbulent, thus changing their acoustic
properties which in turn is reflected in the acoustic echoes. Now the forward
model consists of the challenging problem of describing the turbulence as a
function of temperature plus acoustic wave propagation in the medium, and
its even more challenging inverse counterpart of determining the temperature
from acoustic observations.

It is the legacy of Newton, Leibniz and others that laws of nature are often
expressed as systems of differential equations. These equations are local in the
sense that at a given point they express the dependence of the function and
its derivatives on physical conditions at that location. Another typical feature
of the laws is causality: later conditions depend on the previous ones. Locality
and causality are features typically associated with direct models. Inverse
problems on the other hand are most often nonlocal and/or noncausal. In
our example concerning the furnace temperature measurement, the acoustic
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echo observed outside depends on the turbulence everywhere, and due to the
finite signal speed, we can hope to reconstruct the temperature distribution
in a time span prior to the measurement, i.e., computationally we try to go
upstream in time.

The nonlocality and noncausality of inverse problems greatly contribute to
their instability. To understand this, consider heat diffusion in materials. Small
changes in the initial temperature distributions smear out in time, leaving the
final temperature distribution practically unaltered. The forward problem is
then stable as the result is little affected by changes in the initial data.

Going in the noncausal direction, if we try to estimate the initial temper-
ature distribution based on the observed temperature distribution at the final
time, we find that vastly different initial conditions may have produced the
final condition, at least within the accuracy limit of our measurement. On
the one hand, this is a serious problem that requires a careful analysis of the
data; on the other hand we need to incorporate all possible information about
the initial data that we may have had prior to the measurement. The statis-
tical inversion theory, which is the main topic of this book, solves the inverse
problems systematically in such a way that all the information available is
properly incorporated in the model.

Statistical inversion theory reformulates inverse problems as problems of
statistical inference by means of Bayesian statistics. In Bayesian statistics all
quantities are modeled as random variables. The randomness, which reflects
the observer’s uncertainty concerning their values, is coded in the probability
distributions of the quantities. From the perspective of statistical inversion
theory, the solution to an inverse problem is the probability distribution of
the quantity of interest when all information available has been incorporated
in the model. This distribution, called the posterior distribution, describes
the degree of confidence about the quantity after the measurement has been
performed.

This book, unlike many of the inverse problems textbooks, is not con-
cerned with analytic results such as questions of uniqueness of the solution of
inverse problems or their a priori stability. This does not mean that we do not
recognize the value of such results; to the contrary, we believe that uniqueness
and stability results are very helpful when analyzing what complementary in-
formation is needed in addition to the actual measurement. In fact, designing
methods that incorporate all prior information is one of the big challenges in
statistical inversion theory.

There is another line of textbooks on inverse problems, which empha-
size the numerical solution of ill-posed problems focusing on regularization
techniques. Their point of view is likewise different from ours. Regularization
techniques are typically aimed at producing a reasonable estimate of the quan-
tities of interest based on the data available. In statistical inversion theory,
the solution to an inverse problem is not a single estimate but a probability
distribution that can be used to produce estimates. But it gives more than just
a single estimate: it can produce very different estimates and evaluate their
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reliability. This book contains a chapter discussing the most commonly used
regularization schemes, not only because they are useful tools for their own
right but also since it is informative to interpret and analyze those methods
from the Bayesian point of view. This, we believe, helps to reveal what sort
of implicit assumptions these schemes are based on.

1.1 Introductory Examples

In this section, we illustrate the issues discussed above with characteristic
examples. The first example concerns the problems arising from the noncausal
nature of inverse problems.

Example 1: Assume that we have a rod of unit length and unit ther-
mal conductivity with ends set at a fixed temperature, say 0. According to
the standard model, the temperature distribution u(x, t) satisfies the heat
equation

∂2u

∂t2
− ∂u

∂t
= 0, 0 < x < 1, t > 0,

with the boundary conditions

u(0, t) = u(1, t) = 0

and with given intial condition

u(x, 0) = u0(x).

The inverse problem that we consider is the following: Given the temperature
distribution at time T > 0, what was the initial temperature distribution?

Let us write first the solution in terms of its Fourier components,

u(x, t) =
∞∑

n=1

cne−(nπ)2t sin nπx.

The coefficients cn are the Fourier sine coefficients of the initial state u0, i.e.,

u0(x) =
∞∑

n=1

cn sin nπx.

Thus, to determine u0, one has only to find the coefficients cn from the final
data. Assume that we have two initial states u

(j)
0 , j = 1, 2, that differ only by

a single high-frequency component, i.e.,

u
(1)
0 (x) − u

(2)
0 (x) = cN sin Nπx,

for N large. The corresponding solutions at the final time will differ by
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u(1)(x, T )− u(2)(x, T ) = cNe−(Nπ)2T sin Nπx,

i.e., the difference in the final data for the two initial states is exponentially
small; thus any information about high-frequency components will be lost in
the presence of measurement errors. �

Example 2: Consider the scattering of a time harmonic acoustic wave by
an inhomogeneity. The acoustic pressure field u satisfies, within the framework
of linear acoustic, the wave equation

∆u +
ω2

c2
u = 0 in R3, (1.1)

where ω > 0 is the angular frequency of the harmonic time dependence and
c = c(x) is the propagation speed. Assume that c = c0=constant outside a
bounded set D ⊂ R3. We shall denote

ω2

c(x)2
= k2(1 + q(x))

where k = ω/c0 is the wave number and q is a compactly supported pertur-
bation defined as

q(x) =
c2
0

c(x)2
− 1.

Assume that we send in a plane wave u0 traveling in the direction ω ∈ S2.
Then the total field is decomposed as

u(x) = u0(x) + usc(x) = eikω·x + usc(x),

where the scattered field usc satisfies the Sommerfeld radiation condition at
infinity,

lim
r→∞ r

(
∂usc

∂r
− ikusc

)
= 0, r = |x|. (1.2)

The field u satisfies the Lippmann–Schwinger integral equation

u(x) = u0(x) − k2

4π

∫
D

eik|x−y|

|x− y| q(y)u(y)dy. (1.3)

Expanding the integral kernel in Taylor series with respect to 1/r, we find
that asymptotically, the scattered part is of the form

usc =
eikr

4πr

(
u∞(x̂) +O

(
1
r

))
, x̂ =

x

r
,

where the function u∞, called the far field pattern, is obtained as

u∞(x̂) = −k2

∫
D

e−ix̂·yq(y)u(y)dy. (1.4)
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The forward scattering problem is to determine the pressure field u when the
wave speed c is known.

The inverse scattering problem wants to determine the unknown wave
speed from the knowledge of the far field patterns with different incoming
plane wave directions.

We observe the fundamental difference between the direct and inverse
problem. The direct problem requiress the solution of one linear differen-
tial equation (1.1) with the radiation condition (1.2) or equivalently the
Lippmann–Schwinger equation (1.3) which are linear problems. The inverse
problem on the other hand is highly nonlinear since u in the formula (1.4)
depends on q. Quite advanced techniques are needed to investigate the solv-
ability of this problem as well as to implement a numerical solution. �

1.2 Inverse Crimes

Throughout this book, we shall use the term inverse crime.1 By inverse crimes
we mean that the numerical methods contain features that effectively render
the inverse problem less ill-posed than it actually is, thus yielding unrealisti-
cally optimistic results. Inverse crimes can be summarized concisely by saying
that the model and the reality are identified, i.e., the researcher believes that
the computational model is exact. In practice, inverse crimes arise when

1. the numerically produced simulated data is produced by the same model
that is used to invert the data, and

2. the discretization in the numerical simulation is the same as the one used
in the inversion.

Throughout this book, these obvious versions of inverse crimes are avoided.
Moreover, we show that the statistical inversion theory allows us to analyze the
effects of modelling errors. We shall illustrate with examples what a difference
the inverse crimes can make in simulated examples and, more importantly,
how proper statistical error modelling effectively can remove problems related
to discretization.

1To the knowledge of the authors, this concept was introduced by Rainer Kress
in one of his survey talks on inverse problems.
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Classical Regularization Methods

In this section we review some of the most commonly used methods used when
ill-posed inverse problems are treated. These methods are called regulariza-
tion methods. Although the emphasis in this book is not on regularization
techniques, it is important to understand the philosophy behind them and
how the methods work. Later we analyze these methods also from the point
of view of statistics which is one of the main themes in this book.

2.1 Introduction: Fredholm Equation

To explain the basic ideas of regularization, we consider a simple linear inverse
problem. Following the traditions, the discussion in this chapter is formulated
in terms of Hilbert spaces. A brief review of some of the functional analytic
results can be found in Appendix A of the book.

Let H1 and H2 be separable Hilbert spaces of finite or infinite dimensions
and A : H1 → H2 a compact operator. Consider first the problem of finding
x ∈ H1 satisfying the equation

Ax = y, (2.1)

where y ∈ H2 is given. This equation is said to be a Fredholm equation of the
first kind. Since, clearly

1. the solution exists if and only if y ∈ Ran(A), and
2. the solution is unique if and only if Ker(A) = {0},

both conditions must be satisfied to ensure that the problem has a unique
solution. From the practical point of view, there is a third obstacle for finding
a useful solution. The vector y typically represents measured data which is
therefore contaminated by errors, i.e., instead of the exact equation (2.1), we
have an approximate equation

Ax ≈ y.
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It is well known that even when the inverse of A exists, it cannot be continuous
unless the spaces Hj are finite-dimensional. Thus, small errors in y may cause
errors of arbitrary size in x.

Example 1: A classical ill-posed inverse problem is the deconvolution
problem. Let H1 = H2 = L2(R) and define

A : L2(R)→ L2(R),
(
Af

)
(x) = φ ∗ f(x) =

∫ ∞

−∞
φ(x− y)f(y)dy,

where φ is a Gaussian convolution kernel,

φ(x) =
1√
2π

e−x2/2.

The operator A is injective, which is seen by applying the Fourier transform
on Af , yielding

F(Af
)
(ξ) =

∫ ∞

−∞
e−iξxAf(x)dx = φ̂(ξ)f̂(ξ)

with
φ̂(ξ) =

1√
2π

e−ξ2/2 > 0.

Therefore, if Af = 0, we have f̂ = 0, hence f = 0. Formally, the solution to
the equation Af = g is

f(x) = F−1
(
φ̂−1ĝ

)
(x).

However, the above formula is not well defined for general g ∈ L2(R) (or
even in the space of tempered distributions) since the inverse of φ̂ grows
exponentially. Measurement errors of arbitrarily small L2-norm in g can cause
g to be not in Ran(A) and the integral not to converge, thus making the
inversion formula practically useless. �

The following example shows that even when the Hilbert spaces are finite-
dimensional, serious practical problems may occur.

Example 2: Let f be a real function defined over the interval [0,∞). The
Laplace transform Lf of f is defined as the integral

Lf(s) =
∫ ∞

0

e−stf(t)dt,

provided that the integral is convergent. We consider the following problem:
Given the values of the Laplace transform at points sj , 0 < s1 < · · · < sn <∞,
we want to estimate the function f . To this end, we approximate first the
integral defining the Laplace transform by a finite sum,∫ ∞

0

e−sjtf(t)dt ≈
n∑

k=1

wke−sjtkf(tk),
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where, wk’s are the weights and tk’s are the nodes of the quadrature rule, e.g.,
Gauss quadrature, Simpson’s rule or the trapezoid rule. Let xk = f(tk), yj =
Lf(sj) and ajk = wke−sjtk , and write the numerical approximation of the
Laplace transform in the form (2.1), where A is an n×n square matrix. Here,
H1 = H2 = Rn. In this example, we choose the data points logarithmically
distributed, e.g.,

log(sj) =
(
−1 +

j − 1
20

)
log 10, 1 ≤ j ≤ 40,

to guarantee denser sampling near the origin. The quadrature rule is the 40-
point Gauss–Legendre rule and the truncated interval of integration (0, 5).
Hence, A ∈ R40×40.

Let the function f be

f(t) =

⎧⎨⎩
t, if 0 ≤ t < 1,
3
2 − 1

2 t, if 1 ≤ t < 3,
0, if t ≥ 3,

The Laplace transform can then be calculated analytically. We have

Lf(s) =
1

2s2
(2− 3e−s + e−3s).

The function f and its Laplace transform are depicted in Figure 2.1.
An attempt to estimate the values xj = f(tj) by direct solution of the

system (2.1) even without adding any error leads to the catastrophic results
shown also in Figure 2.1. The reason for the bad behaviour of this solution is
that in this example, the condition number of the matrix A, defined as

κ(A) = ‖A‖ ‖A−1‖
is very large, i.e., κ(A) ≈ 8.5×1020. Hence, even roundoff errors that in double
precision are numerical zeroes are negatively affecting the solution. �

The above example demonstrates that the conditions 1 and 2 that guar-
antee the unique existence of a solution of equation (2.1) are not sufficient in
practical applications. Even in the finite-dimensional problems, we must re-
quire further that the condition number is not excessively large. This can be
formulated more precisely using the singular value decomposition of operators
discussed in the following section.

Classical regularization methods are designed to overcome the obstacles
illustrated in the examples above. To summarize, the basic idea of regular-
ization methods is that, instead of trying to solve equation (2.1) exactly, one
seeks to find a nearby problem that is uniquely solvable and that is robust in
the sense that small errors in the data do not corrupt excessively this approx-
imate solution.

In this chapter, we review three families of classical methods. These meth-
ods are (1) regularization by singular value truncation, (2) the Tikhonov reg-
ularization and (3) regularization by truncated iterative methods.
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Figure 2.1. The original function (top), its Laplace transform (center) and the
estimator obtained by solving the linear system (bottom).

2.2 Truncated Singular Value Decomposition

In this section, H1 and H2 are Hilbert spaces of finite or infinite dimension,
equipped with the inner products 〈x, y〉j , x, y ∈ Hj , j = 1, 2, and A : H1 → H2

is a compact operator. When there is no risk of confusion, the subindices in
the inner products are suppressed. For the sake of keeping the notation fairly
straightforward, we assume that both H1 and H2 are infinite-dimensional.

The starting point in this section is the following proposition.

Proposition 2.1. Let H1, H2 and A be as above, and let A∗ be the adjoint
operator of A. Then

1. The spaces Hj, j = 1, 2, allow orthogonal decompositions

H1 = Ker(A) ⊕ (
Ker(A)

)⊥ = Ker(A) ⊕ Ran(A∗),

H2 = Ran(A)⊕ (
Ran(A)

)⊥ = Ran(A)⊕Ker(A∗).

2. There exists orthonormal sets of vectors (vn) ∈ H1, (un) ∈ H2 and a
sequence (λj) of positive numbers, λ↘ 0+ such that
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Ran(A) = span{un | n ∈ N}, (
Ker(A)

)⊥ = span{vn | n ∈ N},

and the operator A can be represented as

Ax =
∑

n

λj〈x, vn〉un.

The system (vn, un, λn) is called the singular system of the operator A.
3. The equation Ax = y has a solution if and only if

y =
∑

n

〈y, un〉un,
∑

n

1
λ2

n

|〈y, un〉|2 <∞.

In this case a solution is of the form

x = x0 +
∑

n

1
λj
〈y, un〉vn,

where x0 ∈ Ker(A) can be chosen arbitrarily.

The proofs of these results, with proper references, are briefly outlined in
Appendix A.

The representation of the operator A in terms of its singular system is
called the singular value decomposition of A, abbreviated as SVD of A. The
above proposition gives a good picture of the possible difficulties in solving
the equation Ax = y. First of all, let P denote the orthogonal projection on
the closure of the range of A. By the above proposition, we see that P is given
as

P : H2 → Ran(A), y �→
∑

n

〈y, un〉un. (2.2)

It follows that for any x ∈ H1, we have

‖Ax− y‖2 = ‖Ax− Py‖2 + ‖(1− P )y‖2 ≥ ‖(1− P )y‖2.

Hence, if y has a nonzero component in the subspace orthogonal to the range
of A, the equation Ax = y cannot be satisfied exactly. Thus, the best we can
do is to solve the projected equation,

Ax = PAx = Py. (2.3)

This projection removes the most obvious obstruction of the solvability of the
equation by replacing it with another substitute equation. However, given a
noisy data vector y, there is in general no guarantee that the components
〈y, un〉 tend to zero rapidly enough to guarantee convergence of the quadratic
sum in the solvability condition 3 of Proposition 2.1.

Let Pk denote the finite-dimensional orthogonal projection
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Pk : H2 → span{u1, . . . , uk}, y �→
k∑

n=1

〈y, un〉un. (2.4)

Since Pk is finite dimensional, we have Pky ∈ Ran(A) for all k ∈ N, and more
importantly, Pky → Py in H2 as k →∞. Thus, instead of equation (2.3), we
consider the projected equation

Ax = Pky, k ∈ N. (2.5)

This equation is always solvable. Taking on both sides the inner product with
un, we find that

λn〈x, vn〉 =
{ 〈y, un〉, 1 ≤ n ≤ k,

0, n > k.

Hence, the solution to equation (2.5) is

xk = x0 +
k∑

n=1

1
λj
〈y, un〉,

for some x0 ∈ Ker(A). Observe that since for increasing k,

‖Axk − Py‖2 = ‖(P − Pk)y‖2 → 0,

the residual of the projected equation can be made arbitrarily small.
Finally, to remove the ambiguity of the sought solution due to the possible

noninjectivity of A, we select x0 = 0. This choice minimizes the norm of xk,
since by orthogonality,

‖xk‖2 = ‖x0‖2 +
k∑

j=1

1
λ2

j

|〈y, uj〉|2.

These considerations lead us to the following definition.

Definition 2.2. let A : H1 → H2 be a compact operator with the singular sys-
tem (λn, vn, un). By the truncated SVD approximation (TSVD) of the problem
Ax = y we mean the problem of finding x ∈ H1 such that

Ax = Pky, x ⊥ Ker(A)

for some k ≥ 1.

We are now ready to state the following result.

Theorem 2.3. The problem given in Definition 2.2 has a unique solution xk,
called the truncated SVD (or TSVD) solution, which is

xk =
k∑

n=1

1
λj
〈y, un〉vn.
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Furthermore, the TSVD solution satisfies

‖Axk − y‖2 = ‖(1− P )y‖2 + ‖(P − Pk)y‖2 → ‖(1− P )y‖2

as k → ∞, where the projections P and Pk are given by formulas (2.2) and
(2.4), respectively.

Before presenting numerical examples, we briefly discuss the above reg-
ularization scheme in the finite-dimensional case. Therefore, let A ∈ Rm×n,
A �= 0, be a matrix defining a linear mapping Rn → Rm, and consider the
matrix equation

Ax = y.

In Appendix A, it is shown that the matrix A has a singular value decompo-
sition

A = UΛV T,

where U ∈ Rm×m and V ∈ Rn×n are orthogonal matrices, i.e.,

UT = U−1, V T = V −1,

and Λ ∈ Rm×n is a diagonal matrix with diagonal elements

λ1 ≥ λ2 ≥ · · ·λmin(m,n) ≥ 0.

Let us denote by p, 1 ≤ p ≤ min(m, n), the largest index for which λp > 0,
and let us think of U = [u1, u2, . . . , um] and V = [v1, v2, . . . , vn] as arrays
of column vectors. The orthogonality of the matrices U and V is equivalent
to saying that the vectors vj and uj form orthonormal base for Rn and Rm,
respectively. Hence, the singular system of the mapping A is (vj , uj , λj)1≤j≤p.

We observe that If p = n,

Rn = span{v1, . . . , vn} = Ran(AT),

and consequently, Ker(A) = {0}. If p < n, then we have

Ker(A) = span{vp+1, . . . , vn}.
Hence, any vector x0 in the kernel of A is of the form

x0 = V0c, V0 = [vp+1, . . . , vn] ∈ Rn×(n−p)

for some c ∈ Rn−p.
In the finite-dimensional case, we need not to worry about the convergence

condition 3 of Proposition 2.1; hence the projected equation (2.3) always has
a solution,

x = x0 + A†y,

where x0 is an arbitrary vector in the kernel of A. The matrix A† is called the
pseudoinverse or Moore–Penrose inverse of A, and it is defined as
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A† = V Λ†UT,

where

Λ† =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1/λ1 0 · · · 0
0 1/λ2

. . .
... 1/λp

...
0

. . .
0 · · · 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Rn×m.

Properties of the pseudoinverse are listed in the “Notes and Comments” at
the end of this chapter.

When x0 = 0, the solution x = A†y is called simply the minimum norm
solution of the problem Ax = y, since

‖A†y‖ = min{‖x‖ | ‖Ax− y‖ = ‖(1− P )y‖},
where P is the projection onto the range of A. Thus, the minimum norm
solution is the solution that minimizes the residual error and that has the
minimum norm. Observe that in this definition, there is no truncation since
we keep all the nonzero singular values.

In the case of inverse problems, the minimum norm solution is often useless
due to the ill-conditioning of the matrix A. The smallest positive singular
values are very close to zero and the minimum norm solution is sensitive to
errors in the vector y. Therefore, in practice we need to choose the truncation
index k < p in Definition 2.2. The question that arises is: what is a judicious
choice for the value of the for the truncation level k? There is a rule of thumb
that is often referred to as the discrepancy principle. Assume that the data
vector y is a noisy approximation of a noiseless vector y0. While y0 is unknown
to us, we may have an estimate of the noise level, e.g., we may have

‖y − y0‖ � ε (2.6)

for some ε > 0. The discrepancy principle states that we cannot expect the
approximate solution to yield a smaller residual error than the measurement
error, since otherwise we would be fitting the solution to the noise. This prin-
ciple leads to the following selection criterion for the truncation parameter k:
choose k, 1 ≤ k ≤ m the largest index that satisfies

‖y − Axk‖ = ‖y − Pky‖ ≤ ε.

In the following example, the use of the minimum norm solution and the
TSVD solution are demonstrated.

Example 3: We return to the Laplace inversion problem of Example 2.
Let A be the same matrix as before. A plot of the logarthms of its singular
values is shown in Figure 2.2.
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Figure 2.2. The singular values of the discretized Laplace transform on a loga-
rithmic scale. The solid line indicates the level of the machine epsilon.

Let ε0 denote the machine epsilon, i.e., the smallest floating point number
that the machine recognizes to be nonzero. In IEEE double precision arith-
metic, this number is of the order 10−16. In Figure 2.2, we have marked this
level by a solid horizontal line. The plot clearly demonstrates that the ma-
trix is numerically singular: Singular values smaller than ε0 represent roundoff
errors and should be treated as zeros.

First, we consider the case where only the roundoff error is present and
the data is precise within the arithmetic. We denote in this case y = y0. Here,
the minimum norm solution x = A†y0 should give a reasonable estimate for
the discrete values of f . It is also clear that although 22 of the singular values
are larger than ε0, the smallest ones above this level are quite close to ε0.

In Figure 2.3 we have plotted the reconstruction of f with x = A†y0

computed with p = 20, 21 and 22 singular values retained.
For comparison, let us add artificial noise, i.e., the data vector is

y = y0 + e,

where the noise vector e is normally distributed zero mean noise with the
standard deviation (STD) σ being 1% of the maximal data component, i.e.,
σ = 0.01 ‖y0‖∞. The logarithm of this level is marked in Figure 2.2 by a
dashed horizontal line. In this case only five singular values remain above σ.

When the standard deviation of the noise is given, it is not clear without
further analysis how one should select the parameter ε in the dsicrepancy
principle. In this example, expect somewhat arbitrarily the norm of the noise
to be of the order of σ. Figure 2.3 depicts the reconstructions of f obtained
from the TSVD solutions xk with k = 4, 5 and 6. We observe that for k = 6,
the solution is oscillatory.

Let us remark here that the noise level criterion in the discrepancy prin-
ciple does not take into account the stochastic properties of the noise. Later
in this chapter, we discuss in more detail how to choose the cutoff level.
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Let us further remark that single reconstructions such as those displayed
in Figure 2.3 are far from giving a complete picture of the stability of the
reconstruction. Instead, one should analyze the variance of the solutions by
performing several runs from independently generated data. This issue will be
discussed in Chapter 5, where the classical methods are revisited and analyzed
from the statistical point of view. �
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Figure 2.3. The inverse Laplace transform by using the singular value truncation.
The top figure corresponds to no artificial noise in the data, the bottom one with
1% additive artificial noise.

2.3 Tikhonov Regularization

The discussion in Section 2.2 demonstrates that when solving the equation
Ax = y, problems occur when the singular values of the operator A tend to
zero rapidly, causing the norm of the approximate solution xk to go to infinity
when k → ∞. The idea in the basic regularization scheme discussed in this
section is to control simultaneously the norm of the residual r = Ax− y and
the norm of the approximate solution x. We start with the following definition.

Definition 2.4. Let δ > 0 be a given constant. The Tikhonov regularized
solution xδ ∈ H1 is the minimizer of the functional

Fδ(x) = ‖Ax− y‖2 + δ‖x‖2,
provided that a minimizer exists. The parameter δ > 0 is called the regular-
ization parameter.
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Observe that the regularization parameter plays essentially the role of a
Lagrange multiplier, i.e., we may think that we are solving a minimization
problem with the constraint ‖x‖ = R, for some R > 0.

The following theorem shows that Definition 2.4 is reasonable.

Theorem 2.5. Let A : H1 → H2 be a compact operator with the singular
system (λn, vn, un). Then the Tikhonov regularized solution exists, is unique,
and is given by the formula

xδ = (A∗A + δI)−1A∗y =
∑

n

λn

λ2
n + δ

〈y, un〉vn. (2.7)

Proof: We have
〈x, (A∗A + δI)x〉 ≥ δ‖x‖2,

i.e., the operator (A∗A+ δI) is bounded from below. It follows from the Riesz
representation theorem (see Appendix A) that the inverse of this operator
exists and

‖(A∗A + δI)−1‖ ≤ 1
δ
. (2.8)

Hence, xδ in (2.7) is well defined. Furthermore, expressing the equation

(A∗A + δI)x = A∗y

in terms of the singular system of A, we have∑
n

(λ2
n + δ)〈x, vn〉vn + Px =

∑
λn〈y, un〉vn,

where P : H1 → Ker(A) is the orthogonal projector. By projecting onto the
eigenspaces sp{vn}, we find that Px = 0 and (λ2

n + δ)〈x, vn〉 = λn〈y, un〉.
To show that xδ minimizes the quadratic functional Fδ, let x be any vector

in H1. By decomposing x as

x = xδ + z, z = x− xδ,

and arranging the terms in Fδ(x) according to the degree with respect to z,
we obtain

Fδ(xδ + z) = Fδ(xδ) + 〈z, (A∗A + δI)xδ −A∗y〉+ 〈z, (A∗A + δI)z〉
= Fδ(xδ) + 〈z, (A∗A + δI)z〉

by definition of xδ. The last term is nonnegative and vanishes only if z = 0.
This proves the claim. �

Remark: When the spaces Hj are finite-dimensional and A is a matrix,
we may write

Fδ(x) =
∥∥∥∥[ A√

δI

]
x−

[
y
0

]∥∥∥∥2

.
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From the inequality (2.8) it follows that the singular values of the matrix

Kδ =
[

A√
δI

]
are bounded from below by

√
δ, so the minimizer of the functional Fδ is simply

xδ = K†
δ

[
y
0

]
.

This formula is particularly handy in numerical implementation of the Tikhonov
regularization method.

The choice of the value of the regularization parameter δ based on the
noise level of the measurement y is a central issue in the literature discussing
Tikhonov regularization. Several methods for choosing δ have been proposed.
Here, we discuss briefly only one of them, known as the Morozov discrepancy
principle. This principle is essentially the same as the discrepancy principle
discussed in connection with the singular value truncation method.

Let us assume that we have an estimate ε > 0 of the norm of the error in
the data vector as in (2.6). Then any x ∈ H1 such that

‖Ax− y‖ ≤ ε

should be considered an acceptable approximate solution. Let xδ be defined
by (2.7), and

f : R+ → R+, f(δ) = ‖Axδ − y‖ (2.9)

the discrepancy related to the parameter δ. The Morozov discrepancy principle
says that the regularization parameter δ should be chosen from the condition

f(δ) = ‖Axδ − y‖ = ε, (2.10)

if possible, i.e., the regularized solution should not try to satisfy the data more
accurately than up to the noise level.

The following theorem gives a condition when the discrepancy principle
can be used.

Theorem 2.6. The discrepancy function (2.9) is strictly increasing and

‖Py‖ ≤ f(δ) ≤ ‖y‖, (2.11)

where P : H2 → Ker(A∗) = Ran(A)⊥ is the orthogonal projector. Hence, the
equation (2.10) has a unique solution δ = δ(ε) if and only if ‖Py‖ ≤ ε ≤ ‖y‖.

Proof: By using the singular system representation of the vector xδ, we
have

‖Axδ − y‖2 =
∑(

λ2
n

λ2
n + δ

− 1
)2

〈y, un〉2 + ‖Py‖2

=
∑(

δ

λ2
n + δ

)2

〈y, un〉2 + ‖Py‖2.
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Since, for each term of the sum,

d

dδ

(
δ

λ2
n + δ

)2

=
2δλ2

n

(λ2
n + δ)3

> 0, (2.12)

the mapping δ �→ ‖Axδ − y‖2 is strictly increasing, and

‖Py‖2 = lim
δ→0+

‖Axδ − y‖2 ≤ ‖Axδ − y‖2 ≤ lim
δ→∞

‖Axδ − y‖2 = ‖y‖2,

as claimed. �

Remark The condition ‖Py‖ ≤ ε is natural in the sense that any compo-
nent in the data y that is orthogonal to the range of A must be due to noise.
On the other hand, the condition ε < ‖y‖ can be understood in the sense
that the error level should not exceed the signal level. Indeed, if ‖y‖ < ε, we
might argue that, from the viewpoint of the discrepancy principle, x = 0 is
an acceptable solution.

The Morozov discrepancy principle is rather straightforward to implement
numerically, apart of problems that arise from the size of the matrices. Indeed,
if A is a matrix with nonzero singular values λ1 ≥ · · · ≥ λr, one can employ
e.g., Newton’s method to find the unique zero of the function

f(δ) =
r∑

j=1

(
δ

λ2
n + δ

)2

〈y, un〉2 + ‖Py‖2 − ε2.

The derivative of this function with respect to the parameter δ can be ex-
pressed without a reference to the singular value decomposition. Indeed, from
formula (2.12), we find that

f ′(δ) =
∑ 2δλ2

n

(λ2
n + δ)3

〈un, y〉2 = 〈xδ , δ(A∗A + δI)−1xδ〉.

This formula is valuable in particular when A is a large sparse matrix and the
linear system with the matrix A∗A+δI is easier to calculate than the singular
value decomposition.

Example 4: Anticipating the statistical analysis of the inverse problems,
we consider the problem of how to set the noise level ε appearing in the
discrepancy principle. Assume that we have a linear inverse problem with
additive noise model, i.e., A ∈ Rk×m is a known matrix and the model is

y = Ax + e = y0 + e.

Furthermore, assume that we have information about the statistics of the noise
vector e ∈ Rk. The problem is, how does one determine a reasonable noise
level based on the probability distribution of the noise. In principle, there
are several possible candidates. Remembering that e is a random variable, we
might in fact define
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ε = E
{‖e‖}, (2.13)

where E is the expectation (see Appendix B). Equally well, one could argue
that another judicious choice is to set

ε2 = E
{‖e‖2}, (2.14)

leading to a slightly different value of ε. In general, these levels can be com-
puted either numerically by generating randomly a sample of noise vectors and
averaging, or analytically, if the explicit integrals of the probability densities
are available.

For a simple illustration of how (2.13) and (2.14) differ from each other,
assume that k = 1, i.e., the data y is a real number and e ∼ U(0, 1), i.e., e has
a uniform probability distribution on the interval [0, 1]. The criterion (2.13)
would give

ε =
∫ 1

0

tdt =
1
2
,

while the second criterion leads to

ε =
(∫ 1

0

t2dt

)1/2

=
1√
3
.

for another, more frequently encountered example, consider k-variate zero
mean Gaussian noise with independent components, i.e., e ∼ N (0, σ2I), where
σ2 is the variance and I is the unit matrix of dimension k. In this case, the
criterion (2.14) immediately yields

ε2 = E
{‖e‖2} = kσ2.

The first criterion requires more work. We have

ε =
1

(2πσ2)k/2

∫
Rk

‖t‖exp
(
− 1

2σ2
‖t‖2

)
dt,

which, after passing to polar coordinates and properly scaling the variables,
yields

ε =
|Sk−1|
(2π)k/2

σ

∫ ∞

0

tkexp
(
−1

2
‖t‖2

)
dt = γkσ.

Here, |Sk−1| denotes the surface area of the unit ball. It is left as an excercise
to evaluate the scaling factor γk. The important thing to notice is that both
results scale linearly with σ.

The important thing to notice here that ‖e‖ is a random variable. For
example, taking above k = 100 and σ = 1, the probability of 9 < ‖e‖ ≤ 11 is
approximately 0.84.

Often, in classical regularization literature, the noise level used in the
Morozov discrepancy principle is adjusted by an extra parameter τ > 1 to
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avoid underregularization. Using the k-variate Gaussian white noise model,
the discrepancy condition would give

‖Axα − y‖ = τ
√

kσ.

A common choice is τ = 1.1. �
Example 5: As an example of the use of the Tikhonov regularization

method, consider the image deblurring problem, i.e., a deconvolution problem
in the plane, introduced in Example 1. It is instructive to express the Tikhonov
regularized solution using Fourier analysis. Therefore, let H1 = H2 = L2(R2).
To guarantee the integrabilty of the image, we assume that f is compactly
supported. With respect to the inner product of L2(R2), the adjoint of the
convolution operator with a real valued kernel is

A∗f(x) =
∫

R2
φ(y − x)f(y)dy.

Moreover, if the kernel is even, i.e., φ(−x) = φ(x), A is self-adjoint. Since
Âf = φ̂f̂ , the operator A allows a Fourier representation

Af(x) = F−1(φ̂ f̂)(ξ) =
1

(2π)2

∫
R2

ei〈ξ,x〉φ̂(ξ)f̂ (ξ)dξ.

Similarly, the adjoint operator can be written as

A∗f(x) = F−1(φ̂ f̂)(ξ).

Based on this representation, we have

(A∗A + δI)f(x) = F−1
(
(|φ̂|2 + δ)f̂

)
(x)

and further, the operator defining the Tikhonov regularized solution is simply

(A∗A + δI)−1A∗g(x) = F−1

(
φ̂

|φ̂|2 + δ
ĝ

)
(x).

We have ∣∣∣∣∣ φ̂(ξ)

|φ̂(ξ)|2 + δ

∣∣∣∣∣ ≤ 1
δ
,

so the operator is well defined in L2(R2) as the theory predicts.
Although is possible to determine a numerical solution based on the above

formula, we represent the numerical solution here by using direct matrix dis-
cretization.

Let the image area be the unit rectangle [0, 1]×[0, 1], the true image f being
identically zero outside this area. Assume that the image area is divided into
pixels of equal size, Pjk = [(j−1)∆, j∆]× [(k−1)∆, k∆], 1 ≤ j, k ≤ N , where
∆ = 1/N . If pjk denotes the centerpoint of Pjk, we write the approximation
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g(pjk) ≈
N∑

�,m=1

∆2φ(pjk − p�m)f(p�m),

or, in the matrix form,
y = Ax,

where x, y ∈ RN2
are vectors with the pixel values stacked in a long vector

and A ∈ RN2×N2
a convolution matrix arranged accordingly.

In our numerical example, we consider the convolution kernel

φ(x) = e−α|x|

with α = 20. The convolution kernel is plotted in Figure 2.4.

Figure 2.4. The convolution kernel used for image blurring.

To avoid the infamous inverse crime - or at least the most evident version
of it - we have computed the blurred data using a finer mesh (size 50×50
pixels) than the one in which the blurred image is given (size 32×32). The
true and the blurred images are shown in Figure 2.5.

The noise model we use here is Gaussian additive noise,

y = Ax + e,

where e is a random vector with independent components, each component
being zero mean normally distributed. The standard deviation of each com-
ponent of e is σ = 0.01 max(Ax), i.e., 1% of the maximum pixel value in the
blurred noiseless image. To fix the noise level used in the Morozov discrep-
ancy principle, we use the criterion (2.14) of the previous example, i.e., in this
example we set
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Figure 2.5. Original image and the noisy blurred image.

ε = Nσ.

In Figure 2.6, we have plotted a piece of the curve δ �→ ‖Axδ − y‖. The
noise level is marked with a dashed line. Evidently, in this case, the condition
(2.11) of the Theorem 2.6 is satisfied, so the Morozov discrepancy principle is
applicable.
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Figure 2.6. The discrepancy versus the regularization parameter δ. The estimated
noise level is marked by a dashed line. The asterisks mark the values of the regular-
ization parameters corresponding to the regularised solutions of the Figure 2.7

The value δ = δ(ε) in this example is calculated using a bisection method.
To illustrate the effect on the solution of the regularization parameter, we
calculate Tikhonov regularized solutions with nine different values of the reg-
ularization parameter. These values of δ are marked in Figure 2.6 by an as-
terisk. The outcomes are shown in Figure 2.7. When the regularization pa-
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rameter is significantly below δ(ε), the outcome is noisy, i.e., the solution is
underregularized, while for large values, the results get again blurred. These
solutions are often said to be overregularized. �
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Figure 2.7. Nine reconstructions from the same noisy data with various values of
the regularization parameter δ. The reconstruction that corresponds to the Morozov
discrepancy principle is in the second row at right.

2.3.1 Generalizations of the Tikhonov Regularization

The Tikhonov regularization method is sometimes applicable also when non-
linear problems are considered, i.e., to find x ∈ H1 satisfying

y = A(x) + e,
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where A : H1 → H2 is a nonlinear mapping and e is observation noise. If
the mapping A is such that large changes in the vector x may produce small
changes in A(x), the problem is ill-posed and numerical methods, typically,
iterative ones, may fail to find a satisfactory estimate of x. The nonlinear
Tikhonov regularization scheme amounts to searching for an x that minimizes
the functional

Fδ(x) = ‖A(x)− y‖2 + δ‖x‖2.
As this functional is no longer a quadratic one, it is not clear whether a
minimizer exists, it is unique or how to determine it. The most common
method to search for a feasible solution is to use an iterative scheme based on
successive linearizations of A.

Definition 2.7. The operator A : H1 → H2 is Fréchet differentiable at a
point x0 if it allows an expansion

A(x0 + z) = A(x0) + Rx0z + W (x0, z).

Here Rx0 : H1 → H2 is a continuous linear operator and

‖W (x0, z)‖ ≤ ‖z‖ε(x0, z),

where the functional z �→ ε(x0, z) tends to zero as z → 0.

Let A be Fréchet differentiable. The linearization of A around a given point
x0 leads to the approximation of the functional Fδ,

Fδ(x) ≈ F̃δ(x; x0) = ‖A(x0) + Rx0(x− x0)− y‖2 + δ‖x‖2

= ‖Rx0x− g(y, x0)‖2 + δ‖x‖2,
where

g(y, x0) = y −A(x0) + Rx0x0.

From the previous section we know that the minimizer of the functional
Fδ(x; x0) is

x = (R∗
x0

Rx0 + δI)−1R∗
x0

g(y, x0).

While a straightforward approach would suggest to choose the new approxi-
mate solution as the base point for a new linearization, it may happen that
the solution of the linearized problem does not reflect adequately the nonlin-
earities of the original function. Therefore a better strategy is to implement
some form of stepsize control. This leads us to the following iterative method.

1. Pick an initial guess x0 and set k = 0.
2. Calculate the Fréchet derivative Rxk

.
3. Determine

x = (R∗
xk

Rxk
+ δI)−1R∗

xk
g(y, xk), g(y, xk) = y −A(xk) + Rxk

xk,

and define δx = x− xk.
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4. Find s > 0 by minimizing the function

f(s) = ‖A(xk + sδx) − y‖2 + ‖xk + sδx‖2.
5. Set xk+1 = xk + sδx and increase k ← k + 1.
6. Repeat steps 2.–5. until the method converges.

In the generalization of Tikhonov regularization that we just described,
the linear operator A has been replaced by a nonlinear one. Another way
of generalizing Tikhonov regularization method is concerned with the choice
of the penalty term.1 Indeed, we may consider the following minimization
problem: Find x ∈ H1 that minimizes the functional

‖Ax− y‖2 + δG(x),

where G : H1 → R is a nonnegative functional. The existence and uniqueness
of the solution of this problem depends on the choice of the functional G.

The most common version of this generalization sets

G(x) = ‖L(x− x0)‖2, (2.15)

where L : D(L)→ H2, D(L) ⊂ H1 is a linear operator and x0 ∈ H1 is given.
Typically, when H1 is a function space, L will be a differential operator. This
choice forces the solutions of the corresponding minimization problem to be
smooth.

In the finite-dimensional case, the operator L is a matrix in Rk×n. The
Tikhonov functional to be minimized can then be written as

‖Ax− y‖2 + δ‖L(x− x0)‖2 =
∥∥∥∥[ A√

δL

]
x−

[
y√

δLx0

]∥∥∥∥2

.

The minimizer of this functional is

xδ = K†
[

y√
δLx0

]
, K =

[
A√
δL

]
,

provided that the singular values of K are all positive. If some of the singular
values of K vanish, one may argue that the choice of L does not regularize
the problem properly.

Finally, we may combine both the generalizations above and consider the
problem of minimizing a functional of the type

Fδ(x) = ‖A(x) − y‖2 + δG(x).

This problem leads to a general nonlinear optimization problem which is not
discussed in detail here.

1This, in fact is the original form of Tikhonov regularization; see; “Notes and
Comments.”
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2.4 Regularization by Truncated Iterative Methods

Consider again the simple linear matrix equation (2.1), Ax = y. Numerical
analysis offers a rich selection of various iterative solvers for this equation. It
turns out that these solvers, albeit not originally designed for regularization
purposes, can often be used as regularizers when the data y are corrupted by
noise. In this section, we discuss three different iterative methods and their
regularizing properties.

2.4.1 Landweber–Fridman Iteration

The first iterative scheme discussed here is a method based on fixed point
iteration. We start recalling a few concepts. Let H be a Hilbert space and
S ⊂ H . Consider a mapping, not necessarily linear, T : H → H . We say that
S is an invariant set for T if x ∈ S implies T (x) ∈ S, or briefly T (S) ⊂ S.
The operator T is said to be a contraction on an invariant set S if there is
κ ∈ R, 0 ≤ κ < 1 such that for all x, z ∈ S,

‖T (x)− T (z)‖ < κ‖x− z‖.

A vector x ∈ H is called a fixed point of T if we have

T (x) = x.

The following elementary result, known as the fixed point theorem, is proved
in Appendix A.

Proposition 2.8. Let H be a Hilbert space and S ⊂ H a closed invariant set
for the mapping T : H → H. Assume further that T is a contraction in S.
Then there is a unique x ∈ S such that T (x) = x. The fixed point x can be
found by the fixed point iteration as

x = lim
k→∞

xk, xk+1 = T (xk),

where the initial value x0 ∈ S is arbitrary.

Consider now the linear equation (2.1). By using the notation of Section
2.2, we write first the right-hand side y as

y = Py + (1 − P )y, Py ∈ Ran(A), (1− P )y ∈ Ker(A∗).

Since there is no way of matching Ax with the vector (1−P )y that is orthog-
onal to the range of A, we filter it out by applying A∗ to both sides of the
equation. This leads to the normal equations

A∗Ax = A∗Py + A∗(1− P )y = A∗y. (2.16)
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We then seek to solve this normal equations by an iterative method. To this
end, observe that when the normal equations are satisfied, we have

x = x + β(A∗y −A∗Ax) = T (x) (2.17)

for all β ∈ R. Therefore the solution x of the equation is a fixed point for
the affine map T . Our aim is to solve this equation by fixed point iterations.
Hence, let x0 = 0 and define

xk+1 = T (xk).

In the following theorem, we assume that the dimension of Ran(A) is finite.
For finite-dimensional matrix equations, this is always true. More generally,
this assumption means that there are only finitely many nonzero singular
values in the singular system of A, and we can write Ax as

Ax =
N∑

j=1

λj〈vj , x〉uj .

We are now ready to prove the following result.

Theorem 2.9. Let dim(Ran(A)) = N < ∞ and let 0 < β < 2/λ2
1, where λ1

is the largest singular value of A. Then the fixed point iteration sequence (xk)
converges to an x ∈ Ker(A)⊥ which satisfies the normal equations (2.16).

Proof: Let S = Ker(A)⊥ = Ran(A∗). First we observe that S is an invariant
set for the affine mapping T given by the formula (2.17), i.e., T (S) ⊂ S. We
show that the mapping T is a contraction on S. Indeed, if (vn, un, λn) is the
singular system of A, then for any x, z ∈ S = sp{v1, . . . , vN}, we have

‖T (x)− T (z)‖2 = ‖(1− βA∗A)(x − z)‖2

=
N∑

j=1

(1− βλ2
j )

2〈vj , x− z〉2 ≤ κ2‖x− z‖2,

where
κ2 = max

1≤j≤N
(1− βλ2

j )
2.

We observe that κ < 1 provided that for all j, 1 ≤ j ≤ N ,

0 < βλ2
j < 2,

which holds true when 0 < β < 2/λ2
1.

Let x = lim xn. We have

0 = T (x)− x = β(A∗y −A∗Ax),

i.e., the limit satisfies the normal equations (2.16). �
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In general, when dim(Ran(A)) = ∞ and A is compact, we cannot hope
that the Landweber–Fridman iteration converges because the normal equa-
tions do not, in general, have a solution. This does not prevent us from using
the iteration provided that we truncate it after finitely many steps.

To understand the regularization aspect of this iterative scheme, let us
introduce

R = 1− βA∗A : S → S.

Inductively, we see that the kth iterate xk can be written simply as

xk =
k∑

j=0

RjβA∗y,

and in particular,

〈xk, vn〉 =
k∑

j=0

βλn(1− βλ2
n)j〈y, un〉 = 1

λn
(1 − (1− βλ2

n)k+1)〈y, un〉

by the geometric series sum formula. From this formula it is evident that
when the singular value λn is small, the factor (1− (1− βλ2

n)k+1) < 1 in the
numerator is also small. Therefore, one can expect that the sum

∑〈xk, vn〉 is
less sensitive to noise in y than the minimum norm solution.

When iterative methods are applied for regularization, the crucial issue is
to equip the algorithm with a good stopping criterion. It should be pointed
out that none of the criteria proposed in the literature has been proved to be
failproof. Similar to the TSVD and Tikhonov regularization, one can try to
apply also here the discrepancy principle and stop the iterations when

‖Axk − y‖ = ε, (2.18)

where ε is the estimated noise level.
We illustrate the behavior of this method with the stopping criterion just

described in the following simple example.
Example 6: Consider the one-dimensional deconvolution problem of find-

ing f(t), 0 ≤ t ≤ 1 from noisy observations of the function

g(s) =
∫ 1

0

φ(s− t)f(t)dt, 0 ≤ s ≤ 1,

where the convolution kernel is

φ(t) = e−a|t|, a = 20.

As a test function, we use
f(t) = t(1− t).

The function g can be computed analytically, yielding
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g(s) =
2
a
s(1− s) +

1
a2

(e−as + e−a(1−s)) +
2
a3

(e−as + e−a(1−s) − 2).

The data is recorded on an even mesh with mesh size 1/100. Random normally
distributed zero mean noise is added to the exact data with independent
components and standard deviation 5% of the maximum value of the noiseless
data. The reconstruction mesh is also an equispaced mesh with mesh size 1/80.
The matrix A has entries

Aij =
1
80

e−a|ti−sj |, ti =
i

80
, sj =

j

100
, 0 ≤ i ≤ 80, 0 ≤ j ≤ 100.

The condition number of the matrix A is κ(A) ≈ 110, so it is possible to
calculate directly the minimum norm solution f † = K†g. In Figure 2.8, the
noiseless and noisy data are displayed, as well as the exact f and the minimum
norm solution f †. The latter is essentially pure noise, showing that some form
of regularization is required. We apply the Landweber–Fridman iteration. The
relaxation parameter of the iterative scheme was chosen as β = 0.1βmax,
where βmax = 2/‖A‖2. We terminate the iteration according to the stopping
criterion (2.18) with ε =

√
81σ, σ being the standard deviation of the added

noise. With the simulated data, the requested discrepancy level is attained
after 38 iterations. In Figure 2.9, the final solution is displayed against the
true solution (left). To get an idea of the convergence, we also display the
iterated solutions fn (right). �
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Figure 2.8. Noisy and noiseless data and the minimum norm solution.

Usually, the Landweber–Fridman iteration progresses much slower than
several other iterative methods. The slow convergence of the method is some-
times argued to be a positive feature of the algorithm, since a fast progress
would bring us quickly close to the minimum norm solution that is usually
nonsense, as in the previous example.
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Figure 2.9. Iterated solutions. The final solution satisfies the discrepancy criterion.

2.4.2 Kaczmarz Iteration and ART

The idea of the Kaczmarz iteration to solve the matrix equation (2.1), Ax = y,
is to partition the system rowwise, either into single rows or into blocks of
rows. For the sake of definiteness, we consider first the single-row version.
Writing

A =

⎡⎢⎣ aT
1
...

aT
m

⎤⎥⎦ ∈ Rm×n, aj ∈ Rn,

where aT
j �= 0 is the jth row of the matrix A, the equation Ax = y can be

thought of as a system of equations

Ajx = aT
j x = yj, 1 ≤ j ≤ m,

where Aj : Rn → R. Each of these underdetermined equations define a hyper-
plane of dimension n−1. The idea of the Kaczmarz iteration is to project the
current approximate solution successively onto each one of these hyperplanes.
It turns out that such a procedure converges to the solution of the system,
provided that a solution exists.

More generally, we may write

A =

⎡⎢⎣A1

...
A�

⎤⎥⎦ ∈ Rm×n, Aj ∈ Rkj×n,

where k1+· · ·+k� = m. In this block decomposition of A, we must require that
each row block Aj has full row rank and defines thus a surjective mapping.

In the following discussion, we generalize the setting slightly. Let us denote
by H and Hj , 1 ≤ j ≤ m denote separable Hilbert spaces. We consider the
system
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Ajx = yj, 1 ≤ j ≤ m,

where the operators
Aj : H → Hj , 1 ≤ j ≤ m

are given linear bounded operators and yj ∈ Ran(Aj). Let

Xj = {x ∈ H | Ajx = yj},
and denote by Pj : H → Xj the orthogonal projectors onto these affine
subspaces. Furthermore, we define the sequential projection

P = PmPm−1 · · ·P2P1.

The following definition essentially defines the Kaczmarz iteration.

Definition 2.10. With the notations introduced above, we define the Kacz-
marz sequence (xk) ⊂ H recursively as

xk+1 = Pxk, x0 = 0.

The following theorem is helpful in understanding the behavior of the
Kaczmarz iteration.

Theorem 2.11. Assume that X = ∩m
j=1Xj �= ∅. Then the Kaczmarz sequence

converges to the minimum norm solution of the equation Ax = y, i.e.,

lim
k→∞

xk = x, Ax = y, x ⊥ Ker(A).

To sketch the main idea of the proof, let us denote by Q the orthogonal
projection

Q : H →
m⋂

j=1

Ker(Aj) = Ker(A),

and let z ∈ X be arbitrary. We shall prove that

xk −→ x = z −Qz, as k→∞.

Clearly, this limit x satisfies

Ajx = Ajz −AjQz = yj , 1 ≤ j ≤ m,

and furthermore, x is by definition perpendicular to Ker(A).
To relate the partial projections Pj to Q, let us denote by Qj the orthog-

onal projections
Qj : H → Ker(Aj), 1 ≤ j ≤ m,

and by Q the sequential projection

Q = QmQm−1 · · ·Q2Q1. (2.19)
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For any z ∈ X , we have

Pjx = z + Qj(x− z).

Indeed,
AjPjx = Ajz + AjQj(x − z) = yj ,

and for arbitrary z1, z2 ∈ Xj , the difference δz = z1 − z2 is in Ker(Aj).
Therefore, it follows that

〈x− (z + Qj(x− z)), δz〉 = 〈(1−Qj)(x− z), δx〉 = 0.

Now we may write the sequential projection P in terms of Q as follows. For
z ∈ X , and x ∈ H , we have

P2P1x = z + Q2(P1x− z) = z + Q2Q1(x− z),

and inductively,
Px = z + Q(x− z).

Similarly, it holds that

P 2x = z + Q(Px− z) = z + Q2(x− z),

and again inductively,
P kx = z + Qk(x − z),

i.e., by the definition of the Kaczmarz sequence, we have

xk = z −Qkz.

Hence, it suffices to show that for any z ∈ H , we have

lim
k→∞

Qkz = Qz.

This result is the consequence of the following three technical lemmas.

Lemma 2.12. Let (xk) ⊂ H be a sequence satisfying

‖xk‖ ≤ 1, lim
k→∞

‖Qxk‖ = 1,

where Q is given by (2.19). Then

lim
k→∞

(1−Q)xk = 0.

Proof: The proof is given by induction on the number of the projections
Qj . For Q1, the claim is immediate since, by orthogonality,

‖(1−Q1)xk‖2 = ‖xk‖2 − ‖Q1xk‖2 ≤ 1− ‖Q1xk‖2 → 0,
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as k increases.
Next, assume that the claim holds for Qj · · ·Q1. We have

‖Qj+1Qj · · ·Q1xk‖ ≤ ‖Qj · · ·Q1xk‖ ≤ 1,

so limk→∞ ‖Qj+1Qj · · ·Q1xk‖ = 1 implies limk→∞ ‖Qj · · ·Q1xk‖ = 1, and
the induction assumption implies that

(1−Qj · · ·Q1)xk → 0.

We write

(1−Qj+1Qj · · ·Q1)xk = (1−Qj · · ·Q1)xk + (1 −Qj+1)Qj · · ·Q1xk.

Here, the first term on the right tends to zero as we have seen. Similarly, by
denoting zk = Qj · · ·Q1xk, it holds that

‖zk‖ = ‖Qj · · ·Q1xk‖ ≤ 1

and
‖Qj+1zk‖ = ‖Qj+1Qj · · ·Q1xk‖ → 1,

proving that the second term tends also to zero. �

Lemma 2.13. We have

Ker(1−Q) = Ker(1−Q) =
m⋂

j=1

Ker(Aj).

Proof: Let x ∈ Ker(1 − Q). Then x ∈ Ker(Aj) for all j and so x = Qjx,
implying that x = Qm · · ·Q1x = Qx, i.e., x ∈ Ker(1 −Q).

To prove the converse inclusion Ker(1 − Q) ⊂ Ker(1 − Q), assume that
x = Qx. We have

‖x‖ = ‖Qm · · ·Q2Q1x‖ ≤ ‖Q1x‖ ≤ ‖x‖,

i.e., ‖Q1x‖ = ‖x‖. By the orthogonality,

‖(1−Q1)x‖2 = ‖x‖2 − ‖Q1x‖2 = 0,

i.e., x = Q1x. Hence, x = Qm · · ·Q2x. Inductively, we show that x = Qjx for
all j, i.e., x ∈ ∩m

j=1Ker(Aj) = KerQ. �

We have the following decomposition result.

Lemma 2.14. Assume that Q : H → H is linear and ‖Q‖ ≤ 1. Then H can
be decomposed into orthogonal subspaces,

H = Ker(1−Q)⊕ Ran(1−Q).
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Proof: Since the decomposition claim 1 of Proposition 2.1 is valid for all
continuous linear operators, not just for compact ones (see Appendix A), it
suffices to show that Ker(1−Q) = Ker(1−Q∗). Assume therefore that Qx = x.
It follows that

‖x−Q∗x‖2 = ‖x‖2 − 2〈x, Q∗x〉+ ‖Q∗x‖2

= ‖x‖2 − 2〈Qx, x〉+ ‖Q∗x‖2

= −‖x‖2 + ‖Q∗x‖2 ≤ −‖x‖2 + ‖x‖2 = 0,

implying that x = Q∗x.
The converse inclusion Ker(1−Q∗) ⊂ Ker(1−Q) follows similarly. �

Now we are ready to prove Theorem 2.11.
Proof of Theorem 2.11: As we saw, it suffices to prove that

lim
j→∞

Qjx = Qx.

Since ‖Q‖ ≤ 1, the decomposition result of the previous lemma holds. For
any x ∈ H , it follows from Lemma 2.13 that Qx ∈ Ker(1−Q) = Ker(1−Q),
hence

x = Qx + (1 −Q)x ∈ Ker(1−Q)⊕ Ran(1−Q),

and furthermore,

Qkx = Qx + Qkz, z = (1−Q)x ∈ Ran(1−Q).

Hence we need to show that Qkz → 0 for every z ∈ Ran(1−Q). Assume first
that z ∈ Ran(1−Q), or z = (1−Q)y for some y ∈ H . Consider the sequence
ck = ‖Qky‖. This sequence is decreasing and positive. Let c = lim ck. If c = 0,
then

Qkz = Qky −Qk+1y → 0,

as claimed. Assume next that c > 0, and define the sequence

yk =
Qky

ck
,

having the properties

‖yk‖ = 1, lim ‖Qyk‖ = 1.

By Lemma 2.12, we have lim(1−Q)yk = 0, or

Qkz = Qky −Qk+1y = ck(1−Q)yk → 0.

This result extends also to the closure of Ran(1 −Q). If z ∈ Ran(1−Q), we
choose z0 ∈ Ran(1 −Q) with ‖z − z0‖ < ε, for arbitrary ε > 0. Then

‖Qkz‖ ≤ ‖Qk(z − z0)‖+ ‖Qkz0‖ < ε + ‖Qkz0‖ → ε,
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i.e., we must have limk→∞ ‖Qz‖ = 0. This completes the proof. �

Finally, we discuss the implementation of the Kaczmarz iteration in finite-
dimensional spaces. The iterative algorithm that we present is commonly used
especially in tomographic applications. The following lemma gives the explicit
form of the projections Pj appearing in the algorithm.

Lemma 2.15. Let Aj ∈ Rkj×n be a matrix such that the mapping Aj : Rn →
Rkj is surjective. For yj ∈ Rkj , the orthogonal projection Pj to the affine
subspace Xj is given by the formula

Pjx = x + AT
j (AjA

T
j )−1(yj −Ajx). (2.20)

Proof: We observe first that the matrix AjA
T
j is invertible. From the sur-

jectivity of the mapping Aj ,

Rkj = Ran(Aj) = Ker(AT
j )⊥,

i.e., the mapping defined by the matrix AT
j and consequently AjA

T
j are injec-

tive. Furthermore, if z ⊥ Ran(AjA
T
j ), we have in particular that

0 = zTAjA
T
j z = ‖AT

j z‖2,

so z = 0 by the injectivity of AT
j .

As before, we may express Pj in terms of the projection Qj as

Pjx = zj + Qj(x − zj), zj ∈ Xj .

Since
x− Pjx = (1 −Qj)(x − z) ∈ Ker(Aj)⊥ = Ran(AT),

there is a u ∈ Rkj such that

x− Pjx = AT
j u. (2.21)

Multiplying both sides by Aj , we obtain

AjA
T
j u = Ajx− yj ,

hence
u = (AjA

T
j )−1(Ajx− yj).

Substituting this expression for u into formula (2.21) proves the claim. �

Remark: The Kaczmarz iteration allows a slightly more general form
than the one given above. Instead of the projections Pj , one can use Pjω =
(1 − ω)I + ωPj , where ω is a relaxation parameter, 0 < ω < 2. The proofs
above hold also in this more general setting, too. The formula (2.20) takes the
form

Pjωx = x + ωAT
j (AjA

T
j )−1(yj −Ajx).
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Example 7: Probably the most typical application of the Kaczmarz it-
eration to inverse problems is in X-ray tomography. 2 Here we consider the
two-dimensional discretized problem. The tomography data consists of projec-
tions, or shadow images, of the image into given directions. These projections
can be described in terms of a linear operator that is approximated by a ma-
trix. Thus, let x ∈ RN2

be a vector containing the stacked pixel values of an
N ×N image, and A ∈ RM×N2

the sparse tomography matrix. We apply the
Kaczmarz iteration row by row. Let

A =

⎡⎢⎣ aT
1
...

aT
M

⎤⎥⎦ ∈ RM×N2
, aj ∈ RN2

.

The iterative scheme to solve the equation Ax = y, known in the context of
X-ray tomography as the algebraic reconstruction technique, or ART for short,
proceeds as follows:

Set k = 0, x0 = 0;
Repeat until convergence:

z0 = xk;
for j = 1 : M repeat

zj = zj−1 + (1/‖aj‖2)(yj − aT
j zj−1)aj ;

end
xk+1 = zM ; k ← k + 1;

end

To illustrate this algorithm, we apply it to both full angle data and lim-
ited angle data. The data is best understood by considering Figure 2.10. The
original image is pixelized into 80×80 pixels. First, we compute the full angle
data. The data consists of one-dimensional shadow images of the true image
in different directions of projection. Let the projection angle vary over an in-
terval of length π. We discretize the arc of a semicircle into 40 equal intervals
and increase the look angle by π/40 each step, yielding to discrete angles φi,
1 ≤ i ≤ 40. The line of projection is divided into 41 intervals. Hence, the
projection data has the size 40× 41. This data is the full angle data.

In Figure 2.10 this data without added noise is plotted with the angular
variable on the horizontal axis. This representation is called the sinogram for
rather obvious reasons. Now we apply the ART algorithm. To avoid an inverse
crime, we use a different grid for the reconstruction. We seek to find an image
in a pixel map of size 50× 50. We add noise to the sinogram data by adding
to each data entry independent uniformly distributed noise drawn from the
interval [0, σ], where σ is 2% of the maximum value of the data matrix.

In Figure 2.11 we display three ART reconstructions: The first one is
after one iteration round; the second is the one that satisfies the discrepancy
condition

2The X-ray tomography is discussed further in Chapter 6.



38 2 Classical Regularization Methods

Figure 2.10. Original image and the sinogram data, the abscissa being the illumi-
nation angle. The limited angle data is the part of the sinogram between the vertical
dashed lines.

‖Axj − y‖ ≤ ε = 50σ,

where σ is the standard deviation of the additive noise, and the factor 50
comes from the image size (see Example 4). Finally, the third reconstruction
corresponds to 30 iterations. Evidently, the full angle data is so good that
already after one single iteration the reconstruction is visually rather satisfac-
tory. In fact, one can see some slight artifacts in the 30 iterations image.

δ=3.9754, iteration=1 δ=0.41981, iteration=7 δ=0.27094, iteration=30

Figure 2.11. ART reconstruction from the full angle tomography data.

To get an idea of the convergence of the ART algorithm, we have also
plotted the discrepancies in Figure 2.12

Now we repeat the computation starting with limited angle data. We as-
sume that the look angle varies from −π/4 to π/4 around the vertical direc-
tion, i.e., the image is illuminated from below in an angle of π/2 opening. We
do this by discarding from the full angle data those illumination lines where



2.4 Regularization by Truncated Iterative Methods 39

0 5 10 15 20 25 30
−1.5

−1

−0.5

0

0.5

1

1.5

lo
g(

δ)

iteration

Figure 2.12. The full angle discrepancies. The estimated noise level is marked
with a dashed line.

look angle differs from the vertical more than π/4, i.e., we use only the central
part of the sinogram data. Figure 2.13 displays the ART reconstructions with
limitid angle data analogous to those ones with full angle data. The fact that
no horizontal or close to horizontal integration lines are included is reflected
in the reconstructions that show long shadows in directions close to vertical.
These reconstructions demonstrate the limitation of ART (or in fact, any in-
version scheme) when data is scarce and no additional or prior information is
used in the reconstruction. �

δ=3.9754, iteration=1 δ=0.41981, iteration=7 δ=0.27094, iteration=30

Figure 2.13. ART reconstruction from the limited angle tomography data.

2.4.3 Krylov Subspace Methods

The Krylov subspace methods refer to a class of iterative solvers of large
linear equations of the form Ax = y. Roughly, the idea is to produce a se-
quence of approximate solutions as linear combinations of vectors of the type
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u, Au, A2u, . . .. The best known of these methods when the matrix A is sym-
metric and positive definite is the conjugate gradient method (CG). Here, we
restrict the discussion to that method.

In the sequel, we assume that A ∈ Rn×n is a symmetric and strictly
positive definite matrix, i.e.,

AT = A, uTAu > 0 for u �= 0.

In particular, all the eigenvalues of A must be positive, and hence matrix A
is invertible. The objective of the CG method is to find an approximating
sequence (xj) converging to the solution of the equation Ax = y by solving a
sequence of minimization problems. Let us denote by

x∗ = A−1y

the exact solution, and denote by e and r the error and the residual of a given
approximation x,

e = x∗ − x, r = y −Ax = Ae.

Consider the quadratic functional

φ(x) = eTAe = rTA−1r.

It is not possible to calculate the value of this functional for a given x with-
out the knowledge of the exact solution x∗ or, alternatively, A−1. However,
it is possible to consider the problem of minimizing this functional over a
nested sequence of Krylov subspaces. First, let us observe that by the positive
definiteness of A,

φ(x) = 0 = min
x∈Rn

φ(x) if and only if x = x∗.

Assume that we have an initial guess x1 and an initial direction s1, and we
consider the problem of minimizing the function

R→ R, α �→ φ(x1 + αs1).

Interestingly, we can solve this minimization problem without knowing the
value of φ.

Lemma 2.16. The function α �→ φ(x1 + αs1) has a minimum at

α = α1 =
sT
1 r1

sT
1 As1

,

where r1 is the residual of the initial guess,

r1 = y −Ax1.



2.4 Regularization by Truncated Iterative Methods 41

Proof: The residual corresponding to x = x1 + αs1 is

y −Ax = y −Ax1 − αAs1 = r1 − αAs1,

and so

φ(x) = (r1 − αAs1)TA−1(r1 − αAs1)

= α2sT
1 As1 − 2αsT

1 r1 + rT
1 A−1r1.

The claim follows immediately from this formula. �

Hence, given a sequence (sk) of directions, we may produce a sequence
(xk) of approximate solutions by setting

xk+1 = xk + αksk, αk =
sT

k rk

sT
k Ask

, (2.22)

where rk is the residual of the previous iterate, i.e.,

rk = y −Axk.

Note that the residuals in this scheme are updated according to the formula

rk+1 = y −A(xk + αksk) = rk − αkAsk.

This procedure can be carried out with any choice of the search directions sk.
The conjugate gradient method is characterized by a particular choice of the
search directions. We give the following definition.

Definition 2.17. We say that the linearly independent vectors {s1, . . . , sk}
are A-conjugate, if

sT
i Asj = 0 for i �= j,

i.e., the vectors are orthogonal with respect to the inner product defined by the
matrix A,

〈u, v〉A = uTAv.

Observe that if a given set of vectors {u1, . . . , uk} are linearly independent,
it is always possible to find A-conjugate vectors vj ∈ sp{u1, . . . , uk}, 1 ≤ j ≤ k
so that sp{u1, . . . , uk} = sp{v1, . . . , vk}. This can be done, e.g., by the Gram–
Schmidt orthogonalization process with respect to the inner product 〈 · , · 〉A.

Introduce the matrix Sk = [v1, . . . , vk] ∈ Rn×k; then the A-conjugacy of
the vectors {vj} is equivalent to

ST
k ASk = Dk = diag(d1, . . . , dk) ∈ Rk×k

with dj �= 0, 1 ≤ j ≤ k.
To understand the significance of using A-conjugate directions, consider

the following global minimization problem: given the matrix S = [s1, . . . , sk]
with linearly independent columns, find a minimum of the mapping



42 2 Classical Regularization Methods

Rk → R, h �→ φ(x1 + Skh),

i.e., seek to minimize φ(x) not sequentially over each given directions but
over the whole subspace in one single step. The following result is analogous
to Lemma 2.16.

Lemma 2.18. The function h �→ φ(x1 + Skh) attains its minimum at

h = (ST
k ASk)−1ST

k r1. (2.23)

Proof: We observe first that the matrix ST
k ASk is invertible. Indeed, if

ST
k ASkx = 0, then also xTST

k ASkx = 0, and the positive definiteness of A
and the linear independence of the columns of Sk imply that x = 0.

Since
r = y −A(x1 + Skh) = r1 −ASkh,

we have

φ(x1 + Skh) = (r1 −ASkh)TA−1(r1 −ASkh)

= hTST
k ASkh− 2rT

1 Skh + rT
1 A−1r1.

The minimum of this quadratic functional satisfies

ST
k ASkh− ST

k r1 = 0,

so the claim follows. �

The computation of the minimizer h becomes trivial if the matrix Dk =
ST

k ASk is diagonal. But this is not the only advantage of using A-conjugate
directions. Assume that the sequential minimizers x1, . . . , xk+1 have been cal-
culated as given by (2.22). Since xk+1 ∈ x1 + sp{s1, . . . , sk}, we have

φ(xk+1) ≥ φ(x1 + Skh),

with h ∈ R given by (2.23). We are now ready to establish the following result.

Theorem 2.19. Assume that the vectors {s1, . . . , sk} are linearly independent
and A-conjugate. Then

xk+1 = x1 + Skh,

i.e., the (k+1)th sequential minimizer is also the minimizer over the subspace
spanned by the directions sj, 1 ≤ j ≤ k.

Proof: Let aj = [α1, . . . , αj ]T. With this notation, we have

xj = x1 + Sj−1aj−1,

and the corresponding residual is

rj = y −Axj = r1 −ASj−1aj−1.
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We observe that by the A-conjugacy,

sT
j rj = sT

j r1 − sT
j ASj−1aj−1 = sT

j r1.

Therefore,

αj =
sT

j rj

sT
j Asj

=
sT

j r1

sT
j Asj

= hj,

i.e., we have ak = h. �

As a corollary, we get also the following orthogonality result.

Corollary 2.20. If the vectors {s1, . . . , sk} are A-conjugate and linearly in-
dependent, then

rk+1 ⊥ sp{s1, . . . , sk}.
Proof: We have

rk+1 = y −Axk+1 = r1 −ASkh,

and so
rT
k+1Sk = rT

1 Sk − hTST
k ASk = 0

by formula (2.23).
�

The results above say that if we are able to choose the next search direction
sk+1 to be A-conjugate with the previous ones, the search for the sequential
minimum gives also the global minimum over the subspace. So the question
is how to efficiently determine A-conjugate directions. It is well known that
orthogonal polynomials satisfying a three-term recurrence relation could be
used effectively to this end. However, it is possible to build an algorithm with
quite elementary methods.

Definition 2.21. Let r1 = y − Ax1. The kth Krylov subspace of A with the
initial vector r1 is defined as

Kk = Kk(A, r1) = sp{r1, Ar1, . . . , A
k−1r1}, k ≥ 1.

What is the dimension of Kk? Evidently, if r1 is an eigenvector of the
matrix A, then dim(Kk) = 1 for all k. More generally, if K ⊂ Rn is an
invariant subspace of A and dim(K) = m, then r1 ∈ K implies that Kk ⊂ K
and so dim(Kk) ≤ m. The implications will be discussed later.

Our aim is to construct the sequence of the search directions inductively.
Assume that r1 �= 0, since otherwise x1 = x∗ and we would be done. Then let
s1 = r1.

We proceed by induction on k. Assume that for some k ≥ 1, we have
constructed an A-conjugate set {s1, . . . , sk} of linearly independent search
directions such that

sp{s1, . . . , sk} = sp{r1, . . . , rk} = Kk.
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With our choice of s1, this is evidently true for k = 1. The goal is to choose
sk+1 so that the above conditions remain valid also for k + 1.

Let rk+1 = y − Axk+1 = rk − αkAsk. If rk+1 = 0, we have xk = x∗ and
the search has converged. Assume therefore that rk+1 �= 0. Since rk, sk ∈ Kk

by the induction assumption, it follows that rk+1 ∈ Kk+1. On the other hand,
by Corollary 2.20, rk+1 ⊥ sj for all j, 1 ≤ j ≤ k, thus

sp{s1, . . . , sk, rk+1} = sp{r1, . . . , rk+1} = Kk+1.

To ensure that sk+1 is A-conjugate to the previous search direction, we express
it in the form

sk+1 = rk+1 + Skβ ∈ Kk+1, β ∈ Rk.

The coefficient vector β is determined by imposing the A-conjugacy condition

ST
k Ask+1 = 0,

that is,
Dkβ = ST

k ASkβ = −ST
k Ark+1 = −(ASk)Trk+1.

Here, we have
ASk = [ASk−1, Ask].

The columns of the matrix ASk−1 belong all to A(sp{s1, . . . , sk−1}) =
A(Kk−1) ⊂ Kk = sp{s1, . . . , sk}, and rk+1 ⊥ sp{s1, . . . , sk}. Therefore,

Dkβ =

⎡⎢⎢⎢⎣
0
...
0

−sT
k Ark+1

⎤⎥⎥⎥⎦ ,

i.e., β1 = · · · = βk−1 = 0, and we have

sk+1 = rk+1 + βksk, βk = −sT
k Ark+1

sT
k Ask

.

Now we have all the necessary ingredients for the minimization algorithm.
However, it is customary to make a small modification to the updating
formulas that improves the computational stability of the algorithm. Since
rk ⊥ sk−1, we have

sT
k rk = (rk + βk−1sk−1)Trk = ‖rk‖2,

i.e., the formula (2.22) can be written as

αk =
‖rk‖2
sT

k Ask
.

Furthermore, since rk ∈ sp{s1, . . . , sk}, we have rk+1 ⊥ rk, implying that
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‖rk+1‖2 = rT
k+1(rk − αkAsk) = − ‖rk‖2

sT
k Ask

rT
k+1Ask

= ‖rk‖2βk,

i.e., the expression for βk simplifies to

βk =
‖rk+1‖2
‖rk‖2 .

Now we are ready to state the CG algorithm.

Pick x1. Set k = 1, r1 = y −Ax1, s1 = r1;
Repeat until convergence:

αk = ‖rk‖2/sT
k Ask;

xk+1 = xk − αksk;
rk+1 = rk − αkAsk;
βk = ‖rk+1‖2/‖rk‖2;
sk+1 = rk+1 + βsk;
k ← k + 1;

end

Since the conjugate directions are linearly independent, the conjugate gra-
dient algorithm needs at most n steps to converge. If the initial residual is in
an invariant subspace K of A with dim(K) = m < n, then the algorithm con-
verges at most m steps. However, when using the conjugate gradient method
to solve ill-posed inverse problems, one should not iterate until the residual is
zero. Instead, the iterations are terminated e.g., as soon as the norm of the
residual is smaller or equal to the estimated norm of the noise.

Example 8: We illustrate the use of the conjugate gradient method with
the inversion of the Laplace transform. Let the data y and the matrix A be
as in Examples 2 and 3 of this chapter with 1% normally distributed random
noise e added to the data, i.e., we have

y = Ax + e.

To write this inverse problem in a form where the conjugate gradient method
is applicable, we consider the normal equation,

ATy = ATAx + ATe = Bx + ẽ.

Observe that although the matrix B is numerically singular, this does not
prevent us from using the method since the iteration process is terminated
prior to convergence.

The approximate solutions computed by the conjugate gradient method
in the iterations 1–9 from the noisy Laplace transform data are plotted in
Figure 2.14. After the seventh iteration, the approximations get very rapidly
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Figure 2.14. Conjugate gradient approximation after iterations 1–9.

out of control. By visual inspection, one can conclude that few iterations in
this case give the best result. Observe that if we want to use the discrepancy
principle for determining the stopping index, we can use the residual norm
‖y −Axj‖ of the original equation in the stopping criterion. �

2.5 Notes and Comments

The literature on regularization of inverse problems is extensive. We refer to
the textbooks [12], [35], [50], [130] and [139].
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The truncated singular value decomposition has been treated widely in
the literature. We refer to the book [56] and references therein concerning
this topic.

The pseudoinverse A† of a matrix A ∈ Rn×m has several properties that
sometimes are useful. We mention here the Moore–Penrose equations,

A†AA† = A†, AA†A = A,

(A†A)T = A†A, (AA†)T = AA†.

In fact, these equations characterize completely the pseudoinverse. The ma-
trices A†A and AA† have a geometric interpretation as orthogonal projectors

A†A : Rn → Ker(A)⊥,

AA† : Rm → Ran(A).

In view of the original works of Tikhonov concerning ill-posed problems
(see, e.g., [129]), the term Tikhonov regularization is used somewhat loosely.
Tikhonov considered the regularization of Fredholm equations of the first kind
by minimizing the functional

F (x) = ‖Ax− y‖2 + α2Ω(x)

in a function space H . The penalty functional Ω was characterized by the
property that the sets

ΩM =
{
x ∈ H | Ω(x) ≤M

}
are precompact in H . This condition quarantees the existence of the min-
imizer. In this sense, the Tikhonov regularization as defined here coincides
with the original one only when H is finite-dimensional.

In large-scale inverse problems, the selection of the regularization param-
eter according to the discrepancy principle may be costly if one relies, e.g., on
Newton’s method. There are numerically effective methods to do the selection;
see, e.g., [20].

In addition to Morozov’s discrepancy principle, there are senveral other
selection principles of the regularization parameters. We mention here the
L-curve method (see [55]–[56]) and the generalized cross-validation (GCV)
method ([39]).

The use of Kaczmarz iteration in tomographic problems has been dis-
cussed, e.g., in the book [96], which is a comprehensive representation of this
topic in general.

At the end of Subsection 2.4.3, we considered the conjugate gradient it-
eration for nonsymmetric systems. Usually, when normal equations are con-
sidered, one avoids forming explicitly the matrix ATA. Since one works with
the matrix A and its transpose, in comparison with the usual conjugate gradi-
ent, the algorithm requires one extra matrix-vector product per iteration. The
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algorithm has several acronyms, such as conjugate gradient normal residual
(CGNR), conjugate gradient normal equation (CGNE) or conjugate gradient
least squares (CGLS) methods. For references, see, e.g., the books [1] or [54].

In addition, for nonsymmetric problems other iterative solvers are avail-
able, e.g., generalized minimal residual (GMRES) method ([19], [109]). The
various method differ from each other in the memory requirements, among
other things.



3

Statistical Inversion Theory

This chapter is the central part of this book. We explain the statistical and, in
particular, the Bayesian approach towards inverse problems and discuss the
computational and interpretational issues that emerge from this approach.

The philosophy behind the statistical inversion methods is to recast the
inverse problem in the form of statistical quest for information. We have di-
rectly observable quantities and others that cannot be observed. In inverse
problems, some of the unobservable quantities are of primary interest. These
quantities depend on each other through models. The objective of statistical
inversion theory is to extract information and assess the uncertainty about
the variables based on all available knowledge of the measurement process as
well as information and models of the unknowns that are available prior to
the measurement.

The statistical inversion approach is based on the following principles:

1. All variables included in the model are modelled as random variables.
2. The randomness describes our degree of information concerning their

realizations.
3. The degree of information concerning these values is coded in the proba-

bility distributions.
4. The solution of the inverse problem is the posterior probability distribu-

tion.

The last item, in particular, makes the statistical approach quite different
from the traditional approach discussed in the previous chapter. Regulariza-
tion methods produce single estimates of the unknowns while the statistical
method produces a distribution that can be used to obtain estimates that,
loosely speaking, have different probabilities. Hence, the proper question to
ask is not what is the value of this variable? but rather what is our information
about this variable?

Classical regularization methods produce single estimates by a more or
less ad hoc removal of the ill-posedness of the problem. The statistical method
does not produce only single estimates. Rather, is an attempt to remove the
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ill-posedness by restating the inverse problem as a well-posed extension in a
larger space of probability distributions. At the same time, it allows us to be
explicit about the prior information that is often hidden in the regulariza-
tion schemes. The similarities and differences between the statistical and the
classical approaches are discussed later in Chapter 5.

In this chapter, the discussion is based on notions such as probability,
random variables and probability densities. A brief review of these concepts
is given in Appendix B.

3.1 Inverse Problems and Bayes’ Formula

Although the results of this section hold in a more general setting, we assume
here that all the random variables are absolutely continuous, that is, their
probability distributions can be expressed in terms of probability densities.

As in the case of classical inverse problems, assume that we are measuring
a quantity y ∈ Rm in order to get information about another quantity x ∈ Rn.
In order to relate these two quantities, we need a model for their dependence.
This model may be inaccurate and it may contain parameters that are not
well known to us. Furthermore, the measured quantity y always contains noise.
In the traditional approach to inverse problems, we would typically write a
model of the form

y = f(x, e), (3.1)

where f : Rn×Rk → Rm is the model function and e ∈ Rk is vector containing
all the poorly known parameters as well as the measurement noise.

One possible approach is to determine those components of e that do not
change from measurement to measurement by appropriately chosen calibra-
tion measurements. The measurement noise, however, may be different from
one instant to the other, and regularization methods are applied to cope with
that part.

In statistical inverse problems, all parameters are viewed as random vari-
ables. As in Appendix B, we denote random variables by capital letters and
their realizations by lowercase letters. Thus, the model (3.1) would lead to a
relation

Y = f(X, E). (3.2)

This is a relation tying together three random variables X , Y and E, and
consequently their probability distributions depend on one another. However,
as we shall later see in the examples, statistical inversion theory does not
require even a model of the form (3.2) since the approach is based on relations
between probability distributions. Before further elaborating this idea, let us
introduce some nomenclature.

We call the directly observable random variable Y the measurement, and
its realization Y = yobserved in the actual measurement process the data. The
nonobservable random variable X that is of primary interest is called the
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unknown. Those variables that are neither observable nor of primary interest
are called parameters or noise, depending on the setting.

Assume that before performing the measurement of Y , we have some in-
formation about the variable X . In Bayesian theory, it is assumed that this
information can be coded into a probability density x �→ πpr(x) called the
prior density. This term is self-explanatory: It expresses what we know about
the unknown prior to the measurement.

Assume that, after analyzing the measurement setting as well as all addi-
tional information available about the variables, we have found the joint prob-
ability density of X and Y , which we denote by π(x, y). Then, the marginal
density of the unkown X must be∫

Rm

π(x, y)dy = πpr(x).

If, on the other hand, we would know the value of the unknown, that is,
X = x, the conditional probability density of Y given this information, would
be

π(y | x) =
π(x, y)
πpr(x)

, if πpr(x) �= 0.

The conditional probability of Y is called the likelihood function, because it
expresses the likelihood of different measurement outcomes with X = x given.

Assume finally that the measurement data Y = yobserved is given. The
conditional probability distribution

π(x | yobserved) =
π(x, yobserved)
π(yobserved)

, if π(yobserved) =
∫

Rn

π(x, yobserved)dx �= 0,

is called the posterior distribution of X . This distribution expresses what we
know about X after the realized observation Y = yobserved.

In the Bayesian framework, the inverse problem is expressed in the fol-
lowing way: Given the data Y = yobserved, find the conditional probability
distribution π(x | yobserved) of the variable X.

We summarize the notations and results in the following theorem which
can be referred to as the Bayes’ theorem of inverse problems.

Theorem 3.1. Assume that the random variable X ∈ Rn has a known prior
probability density πpr(x) and the data consist of the observed value yobserved

of an observable random variable Y ∈ Rk such that π(yobserved) > 0. Then the
posterior probability distribution of X, given the data yobserved is

πpost(x) = π(x | yobserved) =
πpr(x)π(yobserved | x)

π(yobserved)
. (3.3)

In the sequel, we shall simply write y = yobserved, and it is understood
that when the posterior probability density is evaluated, we use the observed
value of y.
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In (3.3), the marginal density

π(y) =
∫

Rn

π(x, y)dx =
∫

Rn

π(y | x)πpr(x)dx

plays the role of a norming constant and is usually of little importance. Notice
that it is in principle possible that π(y) = 0, that is, we get measurement data
that have, vaguely speaking, zero probability. This is, in practice, technically
seldom a problem. However, this would imply that the underlying models are
not consistent with the reality.

In summary, looking at the Bayes’ formula (3.3), we can say that solving
an inverse problem may be broken into three subtasks:

1. Based on all the prior information of the unknown X , find a prior proba-
bility density πpr that reflects judiciously this prior information.

2. Find the likelihood function π(y | x) that describes the interrelation be-
tween the observation and the unknown.

3. Develop methods to explore the posterior probability density.

Each one of these steps may be a challenging problem on its own.
Before considering these problems in more detail, we discuss briefly how

the statistical solution of an inverse problem can be used to produce single
estimates as in the classical inversion methods.

3.1.1 Estimators

In the previous discussion, the solution of the inverse problem was defined to
be the posterior distribution. As we shall see in the examples, if the unknown
is a random variable with only few components, it is possible to visualize the
posterior probability density as a nonnegative function of these variables. In
most real-world inverse problems, the dimensionality of the inverse problem
may be huge and, consequently, the posterior distribution lives in a very high-
dimensional space, in which direct visualization is impossible. However, with
a known posterior distribution, one can calculate different point estimates and
spread or interval estimates. The point estimates answer to questions of the
type “Given the data y and the prior information, what is the most probable
value of the unknown X?” The interval estimates answer questions like “In
what interval are the values of the unknown with 90% probability, given the
prior and the data?”.

Before introducing the most common estimates, let us mention that clas-
sical inversion techniques can be seen as methodologies for producing single
point estimates without a reference to any underlying statistical model. As we
shall see later in Chapter 5, the statistical Bayesian model is useful also for
analyzing these classical estimates. Thus, we emphasize here that although
the statistical theory is sometimes viewed as a systematic means of producing
point estimates, the theory is much more versatile.
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One of the most popular statistical estimates is the maximum a posteri-
ori estimate (MAP). Given the posterior probability density π(x | y) of the
unknown X ∈ Rn, the MAP estimate xMAP satisfies

xMAP = arg max
x∈Rn

π(x | y),

provided that such maximizer exists. Observe that even when it exists, it may
not be unique. The possible nonexistence and nonuniqueness indicate that the
single-estimator based approaches to inverse problems may be unsatisfactory.
The problem of finding a MAP estimate requires a solution of an optimization
problem. Typically, the search for the maximizer is done by using iterative,
often gradient-based, methods. As we shall see, in some cases this leads to
the same computational problem as with the classical regularization meth-
ods. However, it is essential not to mix these two approaches since with the
statistical approach the point estimates represent only part of the information
on the unknowns.

Another common point estimate is the conditional mean (CM) of the un-
known X conditioned on the data y, defined as

xCM = E
{
x | y} =

∫
Rn

xπ(x | y)dx,

provided that the integral converges. Finding the CM estimate generally
amounts to solving an integration problem. A technical advantage of this esti-
mate is in the fact that smoothness properties of the posterior distribution are
not as crucial as in the MAP estimation problem, in particular when solved by
gradient-based optimization. The main technical problem of CM estimation is
that the integration is typically over a very high-dimensional space, in which
common quadrature methods are not applicable. It is one of the main topics
in this chapter to show alternative ways to perform the integration.

Before passing to the interval estimates, we mention the possibly most
popular point estimate in statistics, the maximum likelihood (ML) estimate.
This estimate xML which answers the question “Which value of the unknown
is most likely to produce the measured data y?”, is defined as

xML = arg max
x∈Rn

π(y | x),

if such a maximizer exists. This is a non-Bayesian estimator, and from the
point of view of ill-posed inverse problems, quite useless: As we shall see, it
often corresponds to solving the classical inverse problem without regulariza-
tion.

A typical spread estimator is the conditional covariance, defined as

cov(x | y) =
∫

Rn
(x− xCM)(x− xCM)Tπ(x | y)dx ∈ Rn×n,

if the integral converges. Finding the conditional covariance is an integration
problem.
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As an example of interval estimates, consider the Bayesian credibility set.
Given p, 0 < p < 100, the credibility set Dp of p%, is defined through the
conditions

µ(Dp | y) =
∫

Dp

π(x | y)dx = p/100, π(x | y)
∣∣
x∈∂Dp

= constant.

Hence, the boundary of Dp is an equiprobability hypersurface enclosing p%
of the mass of the posterior distribution.

Symmetric intervals of a given credibility with respect to single compo-
nents of the unknown are also of interest. By defining the marginal density of
the kth component Xk of X ,

π(xk | y) =
∫

Rn

π(x1, · · · , xn | y)dx1 · · · dxk−1dxk+1 . . . dxn,

for a given p, 0 < p < 100, we define Ik(p) = [a, b] ⊂ R, where the endpoints
a and b are determined from the conditions∫ a

−∞
π(xk)dxk =

∫ ∞

b

π(xk)dxk = p/200.

Hence, Ik(p) is the interval containing p% of the mass of the marginal density
of Xk with equal probability mass in both tails of the density function.

The purpose of the following simple example is to show the problems
related to single point estimators.

Example 1: Given the posterior distribution, which estimate gives a bet-
ter idea of the posterior distribution? In general, given any estimate, it is
possible to construct a distribution so that the estimate is misleading. To
understand this claim, compare the estimates xMAP and xCM in the follow-
ing simple one-dimensional case. Let X ∈ R and assume that the posterior
distribution πpost(x) of X is given by

πpost(x) = π(x) =
α

σ0
φ

(
x

σ0

)
+

1− α

σ1
φ

(
x− 1
σ1

)
,

where 0 < α < 1, σ0, σ1 > 0 and φ is the Gaussian distribution,

φ(x) =
1√
2π

e−x2/2.

We observe that in this case,

xCM = 1− α,

while

xMAP =
{

0, if α/σ0 > (1− α)/σ1,
1, if α/σ0 < (1− α)/σ1.
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Figure 3.1. Examples of xCM and xMAP. The figures represent the probability
densities π(x) with parameter values α = 1/2, σ0 = 0.08 and σ1 = 0.04 (a), and
α = 0.01, σ0 = 0.001 = ασ1 and σ1 = 0.1 (b).

If we have α = 1/2 and σ0 and σ1 are small, it is highly unlikely that
x takes any value near the estimate xCM; see Figure 3.1 (a). On the other
hand, if we take σ0 = ασ1, then α/σ0 = 1/σ1 > (1 − α)/σ1 and therefore
xMAP = 0. But this is a bad estimate for x if α is small, since the likelihood
for x to take a value near x = 0 is less than α. Such a situation is depicted in
Figure 3.1 (b). In the same figure, we have also shown the square root of the
posterior variances (that is, the root mean squares), the posterior variances
being

σ2 =
∫ ∞

−∞
(x− xCM)2π(x)dx =

∫ ∞

−∞
x2π(x)dx − x2

CM.

In this example, the variance can be computed analytically. We have

σ2 = ασ2
0 + (1− α)(σ2

2 + 1)− (1 − α)2.

Notice that when the conditional mean gives a poor estimate, this is reflected
in wider variance, as seen in Figure 3.1 (a). �

3.2 Construction of the Likelihood Function

The construction of the likelihood function is often the most straightforward
part in the statistical inversion. Therefore we discuss this part first before
going on to the more subtle question of the construction of the priors. The
likelihood function contains the forward model used in classical inversion tech-
niques as well as information about the noise and other measurement and
modelling uncertainties. We discuss some of the most frequent cases below.
More complex models are discussed in more detail in Chapter 7.
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3.2.1 Additive Noise

Most often - and this is true in particular in the classical inverse problems
literature - the noise is modelled as additive and mutually independent of the
unknown X . With the classical regularization methods, however, the mutual
independence is usually implicit rather than a consciously modelled property.
Hence, the stochastic model is

Y = f(X) + E,

where X ∈ Rn, Y, E ∈ Rm and X and E are mutually independent. Assume
that the probability distribution of the noise E is known, that is,

µE(B) = P
{
E ∈ B

}
=
∫

B

πnoise(e)de.

If we fix X = x, the assumption of the mutual independence of X and E
ensures that the probability density of E remains unaltered when conditioned
on X = x. Therefore we deduce that Y conditioned on X = x is distributed
like E, the probability density being translated by f(x), that is, the likelihood
function is

π(y | x) = πnoise(y − f(x)).

Hence, if the prior probability density of X is πpr, from Bayes’ formula (3.3)
we obtain

π(x | y) ∝ πpr(x)πnoise(y − f(x)).

A slightly more complicated situation appears when the unknown X and
the noise E are not mutually independent. In this case, we need to know the
conditional density of the noise, that is,

µE(B | x) =
∫

B

πnoise(e | x)de.

In this case, we may write

π(y | x) =
∫

Rm

π(y | x, e)πnoise(e | x)de.

When both X = x and E = e are fixed, Y is completely specified, that is,
Y = y = f(x) + e, so

π(y | x, e) = δ(y − f(x)− e).

A substitution into the previous formula yields then

π(y | x) = πnoise(y − f(x) | x),

and therefore
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π(x | y) ∝ πpr(x)πnoise(y − f(x) | x).

Before proceeding, we present a small numerical example to clarify the
concepts. This example, as we shall see, does not have the typical properties
of an ill-posed inverse problem.

Example 2: Consider the case in which we have additive independent
measurement noise in our observation and this noise is mutually independent
of the unknown. It is instructive to look at a simple example that can be easily
visualized. Assume that X ∈ R2 and Y, E ∈ R3 and we have a linear model

Y = AX + E,

where A ∈ R3×2 is

A =

⎡⎣ 1 −1
1 −2
2 1

⎤⎦ .

Let us assume that E has mutually independent components that are normally
distributed with zero mean and variances equal to σ2 = 0.09. Then,

πnoise(e) ∝ exp
(
− 1

2σ2
‖e‖2

)
.

Assume furthermore that we have the prior knowledge that the components
of X satisfy

P
{|Xj| > 2

}
= 0, j = 1, 2,

and no other information is available. Then, a natural choice of prior would
be

πpr(x) ∝ χQ(x),

where χQ is the characteristic function of the cube [−2, 2]× [−2, 2]. It follows
that

π(x | y) ∝ χQ(x)exp
(
− 1

2σ2
‖y −Ax‖2

)
.

Assume that x0 = [1, 1]T is the true value of the unknown, and the data
is y = Ax0 + e, in which the realization e of the noise is drawn from πnoise

above.
In Figure 3.2, we have plotted the posterior probability distribution of

the variable X ∈ R2 as a grayscale image. The lines in the figure are the
graphs of each linear equation of the system Ax = y, where y is the noisy
data. Observe that the prior distribution has practically no effect here since
the likelihood function, considered as a function of x, is already negligible
when the condition |xj | < 2 becomes active. This is an example of an inverse
problem in which the maximum likelihood estimator would yield a feasible
estimate of the unknown. The reason for this is that the problem is not ill-
conditioned. Although the equation y = Ax is overdetermined, and therefore
no exact solution usually exists, the matrix A itself is well-conditioned. �
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Figure 3.2. An example of the posterior density with noisy data. The true value
x0 corresponding to noiseless data is marked by a cross.

3.2.2 Other Explicit Noise Models

The additive noise model is not always an adequate one. Rather, we may have
a more complicated relation tying the unknown, the observation and the noise
together through a formula of the type (3.2). Formally, we may proceed as in
the previous subsection and write

π(y | x, e) = δ(y − f(x, e)),

and further
π(y | x) =

∫
Rk

δ(y − f(x, e))πnoise(e | x)de. (3.4)

This formula, however, may not be well defined or be of little practical value.
Instead, let us consider some particular cases.

First, assume that we have a simple real-valued measurement, and the
observation model contains multiplicative noise that is mutually independent
with the unknown, that is, the stochastic model tying together X ∈ R and
Y ∈ R is

Y = Ef(X),

where E is a real-valued noise and f : R → R. Such noise could appear,
for example, when a signal is amplified by a noisy amplifier. If πnoise is the
probability density of E, the formula (3.4) gives

π(y | x) =
∫

R

δ(y − ef(x))πnoise(e)de

=
1

f(x)

∫
R

δ(y − ν)πnoise

(
ν

f(x)

)
dν =

1
f(x)

πnoise

(
y

f(x)

)
,

and the posterior density is
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π(x | y) =
πpr(x)
f(x)

πnoise

(
y

f(x)

)
.

Consider now the case in which we have a noisy measurement with an
incompletely known forward model. Let A(v) ∈ Rm×n denote a matrix that
depends on a parameter vector v ∈ Rk, and assume that the deterministic
model without measurement noise is y = A(v)x, y ∈ Rm, x ∈ Rn. Assume
further that the actual measurement is corrupted by additive noise that is
mutually independent with the unknown X and the parameter V . Thus, the
statistical model in this case becomes

Y = A(V )X + E.

If πnoise is the probability density of E which is mutually independent with
X and V , we have

π(y | x, v) = πnoise(y −A(v)x).

Furthermore, assuming that V and X are mutually independent and V has
density πparam, we obtain the likelihood density

π(y | x) =
∫

Rk

π(y | x, v)πparam(v)dv =
∫

Rk

πnoise(y −A(v)x)πparam(v)dv.

(3.5)
An inverse problem that allows a formulation of this type is the blind decon-
volution problem that we outline in the following example.

Example 3: Consider the following one-dimensional deconvolution prob-
lem. We want to estimate the function f : R→ R from the noisy observations
of the blurred image

g(t) = φ(t) ∗ f(t) =
∫ ∞

−∞
φ(t− s)f(s)ds.

We assume here that f(t) vanishes outside a fixed interval I. This problem
was already discussed in the context of the classical inversion methods in
the previous chapter. Assume that the convolution kernel φ is symmetric but
not known exactly. We seek to approximate the kernel in terms of Gaussian
kernels, that is,

φ(t) =
K∑

k=1

vkϕk(t),

where

ϕ1(t) =
1√

2πσ2
1

exp
(
− 1

2σ2
1

t2
)

,

ϕk(t) =
1√

2πσ2
k

exp
(
− 1

2σ2
k

t2
)
− 1√

2πσ2
k−1

exp
(
− 1

2σ2
k−1

t2
)

, k ≥ 2.
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Here, we take the variances σ2
k as fixed and arranged in growing order. Fur-

thermore, the coefficients vk are poorly known.
Assume now that the observation is corrupted by additive Gaussian noise.

Discretize the problem using a quadrature rule in I to approximate the convo-
lution integral. If the discretization points are denoted by t� with correspond-
ing weights w�, 1 ≤ � ≤ n, the discrete observation model becomes

y =
K∑

k=1

vkAkx + e,

where x = [f(t1), . . . , f(tn)]T ∈ Rn, Ak ∈ Rm×n, Ak(i, j) = wjϕk(ti − tj).
The vector e ∈ Rm represents the additive noise and y ∈ Rm is the noisy
observation vector at points t�. We pass to the stochastic model. Assuming
that the additive noise is zero mean white noise with variance γ2, the likelihood
is

π(y | x, v) ∝ exp

(
− 1

2γ2

∥∥y − K∑
k=1

vkAkx
∥∥2

)
.

The exponent is quadratic in v = [v1, . . . , vK ]T, that is, with respect to that
parameter the above density is Gaussian. The possibility to find a closed form
for the posterior density π(x | y) by the formula (3.5) depends entirely on the
density πparam of v. If we can choose this density to be Gaussian, an explicit
integration is possible. We return to this example later in this section. �

3.2.3 Counting Process Data

In some cases, the likelihood function is not based on a model of the type Y =
f(X, E). Rather, we may know the probability density of the measurement
itself, and the unknown defines the parameters of the density. We consider
some typical examples below.

In many applications, the measurements are based on counting of events.
As examples, we can think of an electron microscope in which the device
counts the electrons arriving the detector over a given period of time. Sim-
ilarly, in low-energy X-ray imaging, the data consists of photon counts. In
other medical applications such as PET or SPECT imaging, the data is like-
wise a quantum count. In the latter two cases the number of counts in each
observation might be very low, possibly zero.

In such cases, the signal can often be modelled as a Poisson process. Con-
sider first a single channel data. We have a model for the expected or average
observation, written in the deterministic form as

y = f(x) ∈ R.

In reality, the measurement Y is an integer-valued random variable with the
expectation y, that is,
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Y : Ω→ N, Y ∼ Poisson(y),

so the likelihood function is

π(y | x) =
f(x)y

y!
exp

(− f(x)
)
.

In the case of multichannel data, the observation is a vector y = [y1, . . . , yM ]T.
If we assume that each component has mutually independent fluctuation, we
can write

π(y | x) =
m∏

i=1

fi(x)yi

yi!
exp

(− fi(x)
)

∝ exp
(

yT log f(x)− ‖f(x)‖1
)

,

where log f(x) = [log f1(x), . . . , log fm(x)]T, and ‖f(x)‖1 =
∑ |fi(x)| denotes

the �1–norm of f(x). Since fi(x) ≥ 0, we can also write ‖f(x)‖1 = 1Tf(x)
where 1 = [1, . . . , 1]T Observe that in the above formula, the constant of
proportionality depends on y but not on x. Since in the inverse problems
we are interested in the dependence of the likelihood function on x, we have
simply left the constant out. Remember that eventually y has a fixed value
y = yobserved.

Often, a counting observation is corrupted by noise that is due to the
measurement device. For example, assume that the measurement is a Pois-
son distributed counting process corrupted by mutually independent additive
noise. In this case, we write the model as

Y = K + E, K ∼ Poisson(f(x)).

Write
π(y, k | x) = π(y | k, x)π(k | x).

If K = k is given, the distribution of Y is determined by the distribution of E.
Let us denote the probability density of E be πnoise(e), and let the distribution
of K with X = x be as above. Then we can write

π(y, k | x) = πnoise(y − k)
f(x)k

k!
exp(−f(x)).

The intermediate variable k is not of interest to us here, so we calculate the
marginal density of Y and arrive at the formula

π(y | x) =
∞∑

k=0

πnoise(y − k)
f(x)k

k!
exp(−f(x)).

Often, such likelihood functions can be approximated by using Stirling’s
formula.

In addition to the Poisson distribution above, one can encounter other
parametric observation models such as beta, gamma or log-normal likelihood
models.
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3.3 Prior Models

In the statistical theory of inverse problems, one can argue that the construc-
tion of the prior density is the most crucial step and often also the most
challenging part of the solution. The major problem with finding an adequate
prior density lies usually in the nature of the prior information. Indeed, it is
often the case that our prior knowlege of the unknown is qualitative in na-
ture. The problem then consists of transforming qualitative information into
a quantitative form that can then be coded into the prior density. For exam-
ple, a geophysicist who does subsurface electromagnetic sounding of the earth
may expect to see layered structures with nonlayered inclusions and possibly
some cracks. However, the use of a layered model can be too restrictive since
it does not allow other structures that are of interest. Similarly, in medical
imaging, one could be looking for a cancer that is known to be well located
and having possibly a “characteristic” surface structure that the trained eye
of a radiologist may recognize. These are qualitative descriptions of the belief
of what one might see, but hard to translate into the language of densities.

The general goal in designing priors is to write down a density πpr(x) with
the following property. If E is a collection of expectable vectors x representing
possible realizations of the unknown X and U is a collection of unexpectable
ones, we should have

πpr(x) >> πpr(x′) when x ∈ E, x′ ∈ U .

Thus, the prior probability distribution should be concentrated on those values
of x that we expect to see and assign a clearly higher probability to them than
to those that we do not expect to see.

In this section, we go through some explicit prior models that have been
used successfully in inverse problems, with an emphasis on their qualitative
properties. Also, we discuss how to construct priors based, for example, on
sample data and on structural information, as well as how to explore and
visualize priors to make their nature more tangible.

3.3.1 Gaussian Priors

The most commonly used probability densities in statistical inverse problems
are undoubtedly Gaussian. This is due to the fact that they are easy to con-
struct, yet they form a much more versatile class of densities than is usually
believed. Moreover, they often lead to explicit estimators. For this reason, we
dedicate a whole section (Section 3.4) to Gaussian densities.

3.3.2 Impulse Prior Densities

For the sake of definiteness, let us consider here an inverse problem in which
the unknown is a two-dimensional pixel image that represents any discretized
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distributed physical parameter or coefficient in a body. Assume that the prior
information is that the image contains small and well localized objects. This is
the case, for example, when one tries to localize a tumor in X-ray imaging or
the cortical activity by electric or magnetic measurements. In such cases, we
can frequently use impulse prior models. The characteristic feature of these
models is that they are concentrated on images with low average amplitude
with few outliers standing out against the background. One such prior is the
�1 prior. Let x ∈ Rn represent the pixel image, the component xj being the
intensity of the jth pixel. The �1 norm of x is defined as

‖x‖1 =
n∑

j=1

|xj |.

The �1 prior is defined as

πpr(x) =
(α

2

)n

exp
(− α‖x‖1

)
.

An even more enhanced impulse noise effect can be obtained by using a
probability density of the form

πpr(x) ∝ exp

⎛⎝−α

n∑
j=1

|xj |p
⎞⎠ , 0 < p < 1.

Note that the lack of convexity is in principle not a problem when sampling
is carried out.

Another density that produces few prominently different pixels with a
low-amplitude background is the Cauchy density, defined as

πpr(x) =
(α

π

)n n∏
j=1

1
1 + α2x2

j

.

To understand better the qualitative nature of these densities, let us make
random draws of pixel images out of these densities. Consider first the �1

prior. Since we deal with images, it is natural to augment the density with a
positivity constraint and write

πpr(x) = αnπ+(x) exp
(− α‖x‖1

)
,

where π+(x) = 1 if xj > 0 for all j and π+(x) = 0 otherwise. Since each com-
ponent is independent of the others, random drawing can be performed compo-
nentwise by the following standard procedure: Define first the one-dimensional
distribution function

Φ(t) = α

∫ t

0

e−αsds = 1− e−αt.
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The mutually independent components xj are now drawn by

xj = Φ−1(tj) = − 1
α

log(1− tj),

where the tj s are drawn randomly from the uniform distribution U([0, 1]).
Similarly, when we draw mutually independent components from the

Cauchy distribution with the positivity constraint, we use the distribution
function

Φ(t) =
2α

π

∫ t

0

1
1 + α2s2

ds =
2
π

arc tanαt.

In Figure 3.3, we have plotted 60× 60 noise images randomly drawn from the
�1 prior and from the Cauchy prior distribution. The parameter α appearing
in the priors is chosen in both cases equal to unity. For comparison, Gaus-
sian white noise images with a positivity constraint are also displayed. The
Gaussian white noise density with positivity constraint is

πpr(x) ∝ π+(x) exp
(
− 1

2α2
‖x‖2

)
,

the norm being the usual Euclidian norm. For the white noise prior with
positivity constraint, the one-dimensional distribution function is

Φ(t) =
1
α

√
2
π

∫ t

0

exp
(
− 1

2α2
s2

)
ds = erf

(
t

α
√

2

)
,

where erf stands for the error function,

erf(t) =
2√
π

∫ t

0

exp
(− s2

)
ds.

Here, too, we use α = 1. The grayscale in each image is linear from the
minimum to the maximum pixel value.

Let us introduce one more prior density that has been used successfully in
image restoration problems in which one seeks few outstanding features in a
low-amplitude background, namely the entropy density. Let x ∈ Rn denote a
pixel image with positive entries, xj > 0. The entropy of the image is defined
as

E(x) = −
n∑

j=1

xj log
(

xj

x0

)
,

where x0 > 0 is a given constant. The entropy density is of the form

π(x) ∼ exp (αE(x)) .

The entropy density is closely related to a regularization technique called
the maximum entropy method (MEM), in which the entropy is used as a
regularizing functional in the generalized Tikhonov method.
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Figure 3.3. Random draws from �1 prior (top row), Cauchy prior (middle row)
and white noise prior (bottom row). All priors include a positivity constraint.

The entropy density is qualitatively similar to the lognormal density, in
which the logarithm of the unknown is normally distributed. For a single
component, the lognormal density is given by

π(x) =
1√

2πσx
exp

(
− 1

2σ2
(log x− log x0)2

)
, x > 0.

For vector-valued variables with mutually independent components, the den-
sity is naturally a product of the component densities.

3.3.3 Discontinuities

Often in inverse problems, one seeks an unknown that may contain disconti-
nuities. The prior information may concern, for example, the size of the jumps
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of the unknown across the discontinuities or the probable occurrence rate of
the discontinuities.

The impulse prior densities discussed above provide a tool for implement-
ing this type of information in the prior. We consider here a one-dimensional
example. Let us assume that the goal is to estimate a function f : [0, 1]→ R,
f(0) = 0 from indirect observations. Our prior knowledge is that the func-
tion f may have a large jump at few places in the interval, but the locations
of these places are unkown to us. One possible way to construct a prior in
this case is to consider the finite difference approximation of the derivative
of f and assume that it follows an impulse noise probability distribution. Let
us discretize the interval [0, 1] by points tj = j/N , 0 ≤ j ≤ N and write
xj = f(tj). Consider the density

πpr(x) =
(α

π

)N N∏
j=1

1
1 + α2(xj − xj−1)2

.

It is again instructive to see what random draws from this distribution look
like. To perform the drawing, let us define new random variables

ξj = xj − xj−1, 1 ≤ j ≤ N. (3.6)

The probability distribution of these variables is

π(ξ) =
(α

π

)N N∏
j=1

1
1 + α2ξ2

j

,

that is, they are independent from each other. Hence each ξj can be drawn
from the one-dimensional Cauchy density. Having these mutually independent
increments at hand, the vector x is determined from (3.6). Figure 3.4 shows
four random draws from this distribution with discretization N = 1200.

The idea of this section is easy to generalize to higher dimensions. This
generalization leads us naturally to Markov random fields.

3.3.4 Markov Random Fields

A rich class of prior distributions can be derived from the theory of Markov
random fields (MRF), whose definition we give here only in the discrete case.
Let X be a Rn-valued random variable. A neighborhood system related to X
is a collection of index sets,

N = {Ni | 1 ≤ i ≤ n}, Ni ⊂ {1, 2, . . . , n},
with the following properties:

1. i /∈ Ni,
2. i ∈ Nj if and only if j ∈ Ni.
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Figure 3.4. Four random draws from the density (3.6). The parameter is α = 1.

The set Ni is the index set of the neighbors of the component Xi of X .
Let us consider the conditional distribution of the component Xi. We say

that X is a discrete Markov random field with respect to the neighborhood
system N if

πXj (B | x1, . . . , xj−1, xj+1, . . . , xn) = πXj (B | xk, k ∈ Nj).

In other words, the value of Xj depends on the values of the remaining com-
ponents only through its neighbors. The probability densities of the MRFs
are of a particular form. The Hammersley–Clifford theorem states that the
probability density of an MRF is of the form

π(x) ∝ exp

⎛⎝− n∑
j=1

Vj(x)

⎞⎠ ,

where the functions Vj depend only on xj and on components xk with k ∈ Nj .
A useful MRF prior is the total variation density. We first define the concept
of total variation of a function. Let f : D → R be a function in L1(D), the
space of integrable functions on D ⊂ Rn. We define the total variation of f ,
denoted by TV(f) as

TV(f) =
∫

Ω

|Df | = sup
{∫

D

f ∇ · g dx | g = (g1, . . . , gn)
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∈ C1
0 (D, Rn), ‖g(x)‖ ≤ 1

}
.

Here, the test function space C1
0 (D, Rn) consists of continuously differentiable

vector-valued functions on D that vanish at the boundary. A function is said
to have bounded variation if TV(f) <∞.

To understand the definition, consider a simple example. Assume that
D ⊂ R2 is an open set and B ⊂ D is a set bounded by a simple smooth curve
not intersecting the boundary of D. Let f : D → R be the characteristic
function of B, that is, f(x) = 1 if x ∈ B and f(x) = 0 otherwise. Let
g ∈ C1

0 (D, R2) be an arbitrary test function. By the divergence theorem we
obtain ∫

D

f ∇ · gdx =
∫

B

∇ · gdx =
∫

∂B

n · gdS,

where n is the exterior unit normal vector of ∂B. Evidently, this integral
attains its maximum, under the constraint ‖g(x)‖ ≤ 1, if we set n · g = 1
identically. Hence,

TV(f) = length(∂B).

Observe that the derivative of f is the Dirac delta of the boundary curve,
which cannot be represented by an integrable function. Therefore, the space
of functions with bounded variation differs from the corresponding Sobolev
space.

To find a discrete analogue, let us consider the two-dimensional problem.
Assume that D ⊂ R2 is bounded and divided into n pixels. A natural neigh-
borhood system is obtained by defining two pixels as neighbors if they share a
common edge. The total variation of the discrete image x = [x1, x2, . . . , xn]T

is now defined as

TV(x) =
n∑

j=1

Vj(x), Vj(x) =
1
2

∑
i∈Nj

�ij |xi − xj |,

where �ij is the length of the edge between the neighboring pixels. The discrete
total variation density is given now as

π(x) ∝ exp(−αTV(x)).

It is well known that the total variation density is concentrated on images
that are “blocky,” that is, images consisting of blocks with short boundaries
and small variation within each block. To understand this statement, consider
Figure 3.5 depicting three different simple images with the same energy. The
values of the pixels in these 7×7 images take three different values 0 (black), 1
(gray) or 2 (white). The total variations of these images are easy to calculate.
We see that the blocky image on the left has the smallest total variation while
the one on the right has the highest one. Hence, the left image has the highest
probability to occur when measured by the total variation density.
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Figure 3.5. Three 7×7 pixel images with equal energy but different total variation,
from left to right 18, 28 and 40, respectively

To compare the total variation prior with the previously discussed ones, we
draw randomly three noise images from the total variation prior equipped with
the positivity constraint. These draws are displayed in Figure 3.6. Although
not dramatically different from the white noise images in Figure 3.3, we can
see here clear correlation between nearby pixels.

Figure 3.6. Three total variation noise images with positivity constraints.

The MRF priors serve as useful tools in designing structural priors. As
an example, consider a medical imaging problem in which we know a priori
the location of the organ boundaries. Such prior information may be based
on anatomical data or on other imaging modalities such as X-ray or magnetic
resonance data. In medical applications, this type of information is expressed
by saying that we have a segmented image at our disposal. Assume that we
have k different tissue types and a mapping T : {1, . . . , n} → {1, . . . , k} that
classifies each pixel into one of the types. Now we can design a neighborhood
system N in such a way that

T (i) �= T (j)⇒ j /∈ Ni,

that is, pixels of different type are never neighbors. Actually, the pixels are
divided into cliques according to their type, each clique being independent of



70 3 Statistical Inversion Theory

the others. Since there is no correlation between pixels of different cliques,
even considerable jumps in the values across the organ boundaries become
possible. Examples of these types will be discussed later.

3.3.5 Sample-based Densities

Often, the construction of the prior or likelihood densities is based on a large
set of previously obtained samples of the random variable in question. For
instance, measurement noise can be analyzed by performing an extensive se-
ries of calibration measurements with a known object. Similarly, the prior
information, for example, in medical imaging applications, may be based on a
large set of data obtained surgically or via another imaging modality. These
data are sometimes called anatomical atlases.

Assume that π = π(x) is the probability density of a random variable
X ∈ Rn, and that we have a large sample of realizations of X ,

S = {x1, x2, . . . , xN},
where N is large. The objective is to approximate π based on S.

If X is a real-valued random variable and N is large, the estimation of π is
relatively straightforward: One can use, for example, a spline approximation
of the histogram of the samples. In higher dimensions, this approach is no
longer applicable. In general, the problem can be seen as a kernel estimation
problem. References on this widely studied topic can be found at the end of
this chapter; see “Notes and Comments.”

Assume that S consists of realizations of a random variable X . We can
use the set S to estimate the moments of X . The second-order statistics of X
is therefore

E{X} ≈ x =
1
N

N∑
j=1

xj (mean),

cov(X) = E{XXT} − E{X}E{X}T

≈ Γ =
1
N

N∑
j=1

xj(xj)T − xxT (covariance).

Consider the eigenvalue decomposition of the matrix Γ,

Γ = UDUT,

where U is an orthogonal matrix and D is diagonal with entries d1 ≥ d2 ≥
· · · ≥ dn ≥ 0. Typically, the vectors xj are not very dissimilar from each other;
thus the matrix Γ is singular or almost singular. Assume that dr > dr+1 ≈
0, that is, only r first eigenvalues are significantly different from zero. This
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suggests that X − E{X} could be a random variable with the property that
its values lie with a high probability in the subspace spanned by the r first
eigenvectors of Γ. Based on this analysis, we define the subspace prior given
as

π(x) ∝ exp
(− α‖(1 − P )(x− x)‖2),

where P is the orthogonal projector Rn → sp{u1, . . . , ur}, in which the vectors
uj are the eigenvectors of Γ. If all the eigenvalues of Γ are significantly different
from zero, the subspace prior gives no information. In such cases, we may still
make use of the approximate low-order statistics. The most straightforward
approximation for the probability density of X is now to use the Gaussian
approximation, that is, we have

πpr(x) ∝ exp
(
−1

2
(x− x)TΓ−1(x − x)

)
,

The success of this approximation can be evaluated, for example, by studying
the higher-order statistics of X based on the sample. Also, Γ as a sample-
based estimate for the covariance may well be numerically rank-deficient so
that Γ−1 does not exist or is otherwise unreliable. In the following example we
use a hybrid model of the subspace prior and the prior based on an estimated
covariance matrix.

Example 4: Consider a two-dimensional image deblurring problem, in
which the prior information of the image is that it consists of a round object
on a constant background. Assuming that the image area is a unit square
D = [0, 1]× [0, 1], the image is known to be of the type

f(p) = aθ
(
r − |p− p0|

)
,

where θ is the Heaviside function, a > 0 is the amplitude of the image object,
p0 ∈ D is the centerpoint and r > 0 is the radius. The parameters a, r and p0

are unknown to us. However, we assume that we have a priori information of
their distribution.

Naturally, one could formulate the inverse problem using these parameters
directly. However, in this example we use the statistics of the parameters only
to create a library of feasible images.

We divide the image area into n = k × k pixels and denote the pixelized
images by a vector x ∈ Rk. In the example below, k = 40. As the first step, we
generate a sample of pixelized images based on the parameter distributions.
In our example, we assume that the parameter distributions are

a ∼ U([0.8, 1.2]), r ∼ U([0.2, 0.25]), p0 ∼ N ((0.5, 0.5), (0.02)2I).

The sample size we use is N = 500. Having the sample {xj} of pixelized
images, we calculate approximations for the mean x and the covariance Γ.

Figure 3.7 shows the 300 largest eigenvalues of the approximate covari-
ance matrix. There is a significant gap between the eigenvalues dr and dr+1
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where r = 266. The eigenvectors corresponding to these small eigenvalues
can be described as noise along the annulus and should not be included in
the prior model. We would then probably employ the singular covariance ma-
trix obtained by truncating the eigenvalues at the cutoff level δ = 10−10 and
approximate

D = diag(d1, d2, . . . , dr, 0, . . . , 0).

When the inverse covariance is needed, we would use the pseudoinverse in-
stead. Figure 3.8 shows the computed mean and the eigenvectors correspond-
ing to the five largest eigenvalues. �
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Figure 3.7. The 300 largest eigenvalues of the estimated covariance matrix.

3.4 Gaussian Densities

Gaussian probability densities have a special role in statistical inversion the-
ory. First, they are relatively easy to handle and therefore they provide a
rich source of tractable examples. But more importantly, due to the central
limit theorem (see Appendix B), the Gaussian densities are often very good
approximations to inherently non-Gaussian distributions when the observa-
tion is physically based on a large number of mutually independent random
events.

We start with the definition of the Gaussian n-variate random variable.

Definition 3.2. Let x0 ∈ Rn and Γ ∈ Rn×n be a symmetric positive definite
matrix, denoted by Γ > 0 in the sequel. A Gaussian n-variate random variable
X with mean x0 and covariance Γ is a random variable with the probability
density

π(x) =
(

1
2π|Γ|

)n/2

exp
(
−1

2
(x− x0)TΓ−1(x− x0)

)
,
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Figure 3.8. The mean (top left) and eigenvectors of Γ corresponding to five largest
eigenvalues.

where |Γ| = det(Γ). In such case, we use the notation

X ∼ N (x0, Γ).

Remark: In the literature, Gaussian random variables are often defined
through the Fourier transform, or characteristic function as it is called in
probability theory, as follows. A random variable X is Gaussian if

E
{
exp

(− iξTX
)}

= exp
(
−iξTx0 − 1

2
ξTΓξ

)
, (3.7)

where x0 ∈ Rn and Γ ∈ Rn×n is positive semidefinite, that is, Γ ≥ 0. In this
definition, it is not necessary to require that Γ is positive definite. Definition
3.2 is not more restrictive in the following sense. Let d1 ≥ d2 ≥ · · · ≥ dn denote
the eigenvalues of the matrix Γ, and let {v1, . . . , vn} be the corresponding
eigenbasis. Assume that the p first eigenvalues are positive and dp+1 = · · · =
dn = 0. If X is a random variable with the property (3.7), one can prove that

X − x0 ∈ sp{v1, . . . , vp}

almost certainly. To see this, observe that for any vector u perpendicular to
the eigenvectors vj , 1 ≤ j ≤ p,

E
{
(uT(X − x0))2

}
= uTΓu = 0.
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Therefore, by defining the orthogonal projection

Pp : Rn → sp{v1, . . . , vp} ∼= Rp,

the random variable PpX is a p-variate Gaussian random variable in the sense
of Definition 3.2 with mean x′

0 = Ppx0 and covariance Γ′ = PT
p ΓPp. Using the

notation x = [Ppx; (1−Pp)x] = [x′; x′′] and x0 = [Ppx0; (1−Pp)x0] = [x′
0; x′′

0 ],
we have in this case

π(x) =
(

1
2π|Γ′|

)p/2

exp
(
−1

2
(x′ − x′

0)
T(Γ′)−1(x′ − x′

0)
)

δ(x′′ − x′′
0 ),

where δ denotes the Dirac delta in Rn−p.
In this section, our aim is to derive closed formulas for the conditional

means and covariances of Gaussian random variables. We start by recalling
some elementary matrix properties.

Definition 3.3. Let

Γ =
[

Γ11 Γ12

Γ21 Γ22

]
∈ Rn×n

be a positive definite symmetric matrix, where Γ11 ∈ Rk×k, Γ22 ∈ R(n−k)×(n−k),
k < n, and Γ21 = ΓT

12. We define the Schur complements Γ̃jj of Γjj , j = 1, 2,
by the formulas

Γ̃22 = Γ11 − Γ12Γ−1
22 Γ21, Γ̃11 = Γ22 − Γ21Γ−1

11 Γ12.

Observe that since the positive definiteness of Γ implies that Γjj , j = 1, 2,
are also positive definite, the Schur complements are well defined.

Schur complements play an important role in calculating conditional
covariances. We have the following matrix inversion lemma.

Lemma 3.4. Let Γ be a matrix satisfying the assumptions of Definition 3.3.
Then the Schur complements Γ̃jj are invertible matrices and

Γ−1 =
[

Γ̃−1
22 −Γ̃−1

22 Γ12Γ−1
22

−Γ̃−1
11 Γ21Γ−1

11 Γ̃−1
11

]
. (3.8)

Proof: Consider the determinant of Γ,

|Γ| =
∣∣∣∣Γ11 Γ12

Γ21 Γ22

∣∣∣∣ �= 0.

By substracting from the second row from the first one multiplied by Γ21Γ−1
11

from the left we find that

|Γ| =
∣∣∣∣Γ11 Γ12

0 Γ22 − Γ21Γ−1
11 Γ12

∣∣∣∣ = |Γ11||Γ̃11|, (3.9)
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implying that |Γ̃11| �= 0. Similarly we can prove that Γ̃22 is invertible. Equation
(3.9) is referred to as the Schur identity.

The proof of (3.8) follows from Gaussian elimination. Consider the linear
system [

Γ11 Γ12

Γ21 Γ22

] [
x1

x2

]
=
[

y1

y2

]
.

By eliminating x2 from the second equation we get

x2 = Γ−1
22 (y2 − Γ21x1),

and substituting into the first equation we obtain

(Γ11 − Γ12Γ−1
22 Γ21)x1 = y1 − Γ12Γ−1

22 y2

or, equivalently
x1 = Γ̃−1

22 y1 − Γ̃−1
22 Γ12Γ−1

22 y2.

Similarly we solve the second equation for x2 and the claim follows. �

Observe that since Γ is a symmetric matrix, so is Γ−1, and thus by setting
the off-diagonal blocks of Γ−1 equal up to transpose, we obtain the identity

Γ−1
22 Γ21Γ̃−1

22 = Γ̃−1
11 Γ21Γ−1

11 . (3.10)

We are now ready to prove the following result concerning the conditional
probability densities of Gaussian random variables.

Theorem 3.5. Let X : Ω → Rn and Y : Ω → Rk be two Gaussian random
variables whose joint probability density π : Rn × Rk → R+ is of the form

π(x, y) ∝ exp

(
−1

2

[
x− x0

y − y0

]T [Γ11 Γ12

Γ21 Γ22

]−1 [
x− x0

y − y0

])
. (3.11)

Then the probability distribution of X conditioned on Y = y, π(x | y) : Rn →
R+ is of the form

π(x | y) ∝ exp
(
−1

2
(x − x)TΓ̃−1

22 (x− x)
)

,

where
x = x0 + Γ12Γ−1

22 (y − y0).

Proof: By shifting the coordinate origin to [x0; y0], we may assume that
x0 = 0 and y0 = 0. By Bayes’ formula, we have π(x | y) ∝ π(x, y), so we
consider the joint probability density as a function of x. By Lemma 3.4 and
the identity (3.10), we have

π(x, y) ∝ exp
(
−1

2
(
xTΓ̃−1

22 x− 2xTΓ̃−1
22 Γ12Γ−1

22 y + yTΓ̃−1
11 y

))
.
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Further, by completing the quadratic form in the exponential into squares, we
can express the joint distribution as

π(x, y) ∝ exp
(
−1

2
(
(x− Γ12Γ−1

22 y)TΓ̃−1
22 (x− Γ12Γ−1

22 y) + c
))

,

where
c = yT

(
Γ̃−1

11 − Γ−1
22 Γ21Γ̃−1

22 Γ12Γ−1
22

)
y

is mutually independent of x and can thus be factored out of the density. This
completes the proof. �

Later, we need to calculate the marginal densities starting from joint prob-
ability densities. The following theorem produces the link.

Theorem 3.6. Let X and Y be Gaussian random variables with joint proba-
bility density given by (3.11). Then the marginal density of X is

π(x) =
∫

Rk

π(x, y)dy ∝ exp
(
−1

2
(x− x0)TΓ−1

11 (x− x0)
)

.

Proof: Without loss of generality, we may assume that x0 = 0, y0 = 0.
Letting L = Γ−1 and using the obvious partition of the matrix L, we have

π(x, y) ∼ exp
(
−1

2
(
xTL11x + 2xTL12y + yTL22y

))
.

Completing the term in the exponential to squares with respect to y yields

π(x, y) ∝ exp
(
− 1

2
(
(y + L−1

22 L21x)TL22(y + L−1
22 L21x)

+ xT(L11 − L12L
−1
22 L21)x

))
.

By integrating with respect to y, we find that

π(x) ∝ exp
(
−1

2
xTL̃22x

)
,

where the matrix L̃22 is the Schur complement of L22. Now the claim follows
since, by Lemma 3.4, the inverse of the Schur complement L̃22 of L22 is the
first block of the inverse of L, that is,

L̃−1
22 = (L−1)11 = Γ11.

�

Now we apply the above theorem to the following linear inverse problem.
Assume that we have a linear model with additive noise,
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Y = AX + E, (3.12)

where A ∈ Rm×n is a known matrix, and X : Ω → Rn, Y, E : Ω → Rm, are
random variables. Assume further that X and E are mutually independent
Gaussian variables with probability densities

πpr(x) ∝ exp
(
−1

2
(x− x0)TΓ−1

pr (x − x0)
)

,

and

πnoise(e) ∝ exp
(
−1

2
(e− e0)TΓ−1

noise(e− e0)
)

.

With this information, we get from Bayes’ formula that the posterior dis-
tribution of x conditioned on y is

π(x | y) = πpr(x)πnoise(y −Ax) (3.13)

∝ exp
(
−1

2
(x− x0)TΓ−1

pr (x− x0)− 1
2
(y −Ax− e0)TΓ−1

noise(y −Ax− e0)
)

.

It is straightforward to calculate the explicit form of the posterior distribu-
tion from this expression. However, the factorization approach derived in the
previous theorem allows us to avoid the tedious matrix manipulations needed
in this brute force approach. Indeed, since X and E are Gaussian, Y is also
Gaussian, and we have

E
{[

X
Y

]}
=
[

x0

y0

]
, y0 = Ax0 + e0.

Since
E
{
(X − x0)(X − x0)T

}
= Γpr,

E
{
(Y − y0)(Y − y0)T

}
= E

{
(A(X − x0) + (E − e0))(A(X − x0) + (E − e0))T

}
= AΓprA

T + Γnoise,

and, furthermore,

E
{
(X − x0)(Y − y0)T

}
= E

{
(X − x0)(A(X − x0) + (E − e0))T

}
= ΓprA

T,

we find that

cov
[

X
Y

]
= E

{[
X − x0

Y − y0

] [
X − x0

Y − y0

]T
}

=
[

Γpr ΓprA
T

AΓpr AΓprA
T + Γnoise

]
.

Hence, the joint probability density of X and Y is of the form

π(x, y) ∝ exp

(
−1

2

[
x− x0

y − y0

]T [ Γpr ΓprA
T

AΓpr AΓprA
T + Γnoise

]−1 [
x− x0

y − y0

])
.

Thus, the following useful result is an immediate consequence of Theorem 3.5.
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Theorem 3.7. Assume that X : Ω → Rn and E : Ω → Rm are mutually
independent Gaussian random variables,

X ∼ N (x0, Γpr), E ∼ N (e0, Γnoise),

and Γpr ∈ Rn×n and Γnoise ∈ Rk×k are positive definite. Assume further
that we have a linear model (3.12) for a noisy measurement Y , where A ∈
Rk×n is a known matrix. Then the posterior probability density of X given
the measurement Y = y is

π(x | y) ∝ exp
(
−1

2
(x− x)TΓ−1

post(x − x)
)

,

where
x = x0 + ΓprA

T(AΓprA
T + Γnoise)−1(y −Ax0 − e0), (3.14)

and
Γpost = Γpr − ΓprA

T(AΓprA
T + Γnoise)−1AΓpr. (3.15)

Remark: As mentioned, the posterior density can be derived directly from
formula (3.13) by arranging the quadratic form of the exponent according to
the degree of x. Such a procedure gives an alternative representation for the
posterior covariance matrix,

Γpost =
(
Γ−1

pr + ATΓ−1
noiseA

)−1
. (3.16)

Furthermore, the posterior mean can be written as

x =
(
Γ−1

pr + ATΓ−1
noiseA

)−1(
ATΓ−1

noise(y − e0) + Γ−1
pr x0

)
. (3.17)

The equivalence of formulas (3.15) and (3.16) can be shown with a tedious
matrix manipulation, and is sometimes referred to as the matrix inversion
lemma. Note that there are several different formulas which are referred to as
matrix inversion lemmas.

The practical feasibility of the different forms depends on the dimensions
n and m and also on the existence of the matrices Γpr and Γnoise or their
respective inverses. Especially, if the standard smoothness priors are employed,
Γpr does not exist and the form (3.14) cannot be used.

Remark: In the purely Gaussian case, the centerpoint x is simultaneously
the maximum a posteriori estimator and the conditional mean, that is,

x = xCM = xMAP.

Similarly, Γpost is the conditional covariance. Observe that in the sense of
quadratic forms,

Γpost ≤ Γpr,

that is, the matrix Γpr − Γpost is positive semidefinite. Since the covariance
matrix of a Gaussian probability density expresses the width of the density,
this inequality means that a measurement can never increase the uncertainty.



3.4 Gaussian Densities 79

Example 5. Consider the simple case in which the prior has covariance
proportional to the identity and mean zero, that is, X ∼ N (0, γ2I). We refer
to this prior as the Gaussian white noise prior. Similarly, assume that the
noise is white noise, E ∼ N (0, σ2I). In this particular case, we have

x = γ2AT(γ2AAT + σ2)−1y = AT(AAT + αI)−1y,

where α = σ2/γ2. This formula is known as the Wiener filtered solution of
the ill-posed problem y = Ax + e. It can be expressed in terms of classical
inverse problems that were discussed in Chapter 2. By using the singular value
decomposition of the matrix A it is easy to see that,

x = AT(AAT + αI)−1y = (ATA + αI)−1ATy.

Thus, the centerpoint of the posterior distribution is the Tikhonov regular-
ized solution of the equation Ax = y with regularization parameter α. This
re-interpretation gives new insight into the choice of the parameter α: it is the
ratio of the noise and prior variances. The statistical interpretation provides
also information about the credibility of the result as well as cross-correlation
information of the components of the estimator, of course given that the un-
derlying model for X and E, and especially for their covariances, is a feasible
one.

Observe that the above result is no surprise, since the maximum a pos-
teriori estimator is, in the Gaussian case, also the minimizer of the posterior
potential V (x | y), defined by the relation

π(x | y) ∝ exp(−V (x | y)).

In this particular case, we have by formula (3.13)

V (x | y) =
1

2γ2
‖x‖2 +

1
2σ2
‖y −Ax‖2.

that is, the posterior potential is, up to a multiplicative constant, equal to the
Tikhonov functional. �

The following is to be noted. In Tikhonov regularization the parameter α
is usually selected without any special reference to σ2. Thus, if we multiply
V (x | y) with any positive real number, we get the same minimizer, but the
implied posterior covariance would be scaled according to this factor.

3.4.1 Gaussian Smoothness Priors

In this section we consider Gaussian smoothness priors and in particular those
prior models that have structural information encoded in them. To make the
discussion easier to follow, let us consider first an example in which the pos-
terior potential and the Tikhonov functional are taken as a starting point.
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Example 6: Assume that we seek to solve the equation y = Ax + e
by classical regularization methods. Suppose further that x ∈ Rn represents
discretized values of some function f : D ⊂ Rn �→ R, which we know a priori
to be twice continuously differentiable over D. To express this information as
a constraint, we introduce the generalized Tikhonov functional

Fα(x) = ‖Ax− y‖2 + α‖Lx‖2,
where L : Rn → Rk is a discrete approximation of the Laplacian in Rn. As in
Example 5, we might expect that there is a Gaussian prior probability density
for x such that Fα is equal to the posterior potential V (x | y). Indeed, if we
assume that the data are corrupted by white noise with variance σ2, and we
set

V (x | y) =
1

2σ2
‖y − Ax‖2 +

α

2σ2
‖Lx‖2 =

1
2σ2

Fα(x),

then minimizing Fα is tantamount to maximizing the conditional density x �→
exp(−V (x | y)). Hence, a natural candidate for the prior distribution in this
case would be

πpr(x) ∝ exp
(
− 1

2γ2
‖Lx‖2

)
γ2 =

σ2

α
. (3.18)

We will refer to these types of prior as smoothness priors in the sequel. �
The aim is now to understand the nature of the smoothness from the

statistical point of view. Hence, let L ∈ Rk×n be a given matrix, and consider
the density of the form

πpr(x) ∝ exp
(
−1

2
‖L(x− x0)‖2

)
= exp

(
−1

2
(x− x0)TLTL(x− x0)

)
.

The problem with the interpretation of this density as a Gaussian density
according to Definition 3.2 is that, in general, the matrix L need not have
full column rank, implying that the matrix LTL is not necessarily invertible.
Therefore, we seek the interpretation through a limiting process.

In the following, assume that the coordinate system is chosen so that
x0 = 0.

Definition 3.8. (a) A random variable W ∈ Rk is called pure or orthonormal
white noise if W ∼ N (0, I), where I ∈ Rk×k is the unit matrix. (b) Assume
that X ∈ Rn is a Gaussian zero mean random variable. The matrix L ∈ Rk×n

is called a whitening matrix of X if

LX = W ∈ Rk

is pure white noise.

Assume that X ∈ Rn is Gaussian with positive definite covariance matrix
Γ ∈ Rn×n, and let Γ = CCT be its Cholesky factorization, where C ∈ Rn×n is
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lower triangular matrix. Then the variable Y = C−1X is white noise. Indeed,
we have

E
{
Y Y T

}
= E

{
C−1XXT(C−1)T

}
= C−1Γ(C−1)T = I.

Hence, the inverse of the Cholesky factor C of the covariance matrix provides
a natural whitening matrix of the random variable X .

Conversely, assume that a matrix L ∈ Rk×n is given. Our aim is to con-
struct a Gaussian random variable X ∈ Rn such that the matrix L is almost
a whitening matrix of X .

Assume that L ∈ Rk×n has the singular value decomposition L = UDV T,
where the diagonal elements of D are

d1 ≥ d2 ≥ · · · dp > dp+1 = · · · = dm = 0, m = min(k, n).

Partitioning V = [v1, . . . , vm] columnwise, we observe that

Ker(L) = sp{vp+1, . . . , vm},
and let Q = [vp+1, . . . , vm] ∈ Rn×(m−p).

Lemma 3.9. Let W ∈ Rk and W ′ ∈ Rm−p be two mutually independent white
noise random variables, and let

X = L†W + aQW ′, (3.19)

where L† is the pseudo-inverse of L and a > 0 is an arbitrary scalar. Then X
has covariance

Γ = L†(L†)T + a2QQT,

and
Γ−1 = LTL +

1
a2

QQT. (3.20)

Proof: By the mutual independence of W and W ′, we have

cov(X) = E
{
XXT

}
= L†E

{
WWT

}
(L†)T + a2QE

{
W ′W ′T}QT

= L†(L†)T + a2QQT = Γ,

as claimed. This matrix is invertible. In fact, if j ≤ p, we have

Γvj = L†(L†)Tvj =
1
d2

j

vj

from the definition of the pseudoinverse. On the other hand, for j > p, we
obtain

Γvj = a2vj .

It follows that the eigenvectors of Γ are vj , 1 ≤ j ≤ n with positive eigenvalues
and so
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Γ−1 =
p∑

j=1

d2
jvjv

T
j +

1
a2

n∑
j=p+1

vjv
T
j = LTL +

1
a2

QQT,

completing the proof. �

For the random variable X defined by the formula (3.19) we have

LX = LL†W = UUTW = PW,

where P is the orthogonal projection operator onto Ran(L). The covariance
matrix of PW is the identity operator on this subspace. Therefore, L is not a
whitening operator in the sense of Definition 3.8, but as close an approxima-
tion as possible.

From formula (3.20) we see that, for large a, the random variable X has
almost the desired probability density. However, in the direction of Ker(L),
the variable X has huge variance, that is, the smoothness prior provides no
information on the behavior of X in that direction. In fact, if Ker(L) �= {0},
the smoothness prior is not even a proper probability density. Indeed,

πpr(x) ∝ exp
(
− 1

2γ2
‖Lx‖2

)
= exp

⎛⎝− 1
2γ2

p∑
j=1

d2
j (v

T
j x)2

⎞⎠ ,

so by setting H = sp{v1, . . . , vp}, we have∫
H

exp
(
− 1

2γ2
‖Lx‖2

)
dx = (2π)p/2 γp∏p

j=1 dj
<∞.

However, if n > p, ∫
Rn

πpr(x)dx =∞.

We call a prior density with the above nonintegrability property an improper
density.

If the prior density is improper, we may encounter problems. Often, how-
erer, one can deal with inproper densities by compensating for the presence
of a nontrival null space, as we shall see later in this chapter.

To get a more concrete idea of what a given smoothness prior means in
practice, it is useful to consider random draws from the probability distribu-
tion. Lemma 3.9 provides us with a tool to do this drawing.

Example 7: Consider the smoothness prior obtained by discretizing the
Laplacian. More specifically, let D denote the unit square D = [0, 1]× [0, 1] ⊂
R2, and subdivide D into N × N equal square pixels. We approximate the
Laplacian of a function f in D by using the five-point finite difference scheme,
that is, if xj is the value of f at an interior pixel pj , we write

(Lx)j =
1

N2

⎛⎝∑
k∼j

xk − 4xj

⎞⎠ . (3.21)
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Here, the notation k ∼ j means that the pixels pj and pk share a common edge.
For boundary pixels various conditions can be implemented depending on the
prior information. Assume that we know that the function f is a restriction to
D of a twice continuously differentiable function whose C2-extension vanishes
outside D. Then formula (3.21) can be used also at the boundary pixels. This
leads to a matrix L ∈ RN×N that is a finite difference approximation of ∆
with the Dirichlet boundary value, that is, the domain of definition of the
Dirichlet Laplacian is

D(∆D) = {f ∈ C2(D) | f ∣∣
∂D

= 0}.
It turns out that this matrix L has a trivial null space. Therefore, random
draws from the smoothness prior can be done by the following procedure:

1. Draw a white noise vector W ∈ RN2
.

2. Solve LX = γW for X .

Observe that the whitening matrix L is sparse, and thus solving X is
numerically not too expensive. Figure 3.9 shows three random draws from
this Gaussian smoothness prior with the image size 60× 60 pixels. �

Figure 3.9. Three random draws of 60 × 60 pixel images from the smoothness
prior with the smoothness constraint defined by the Dirichlet Laplacian.

In the previous example, the smoothness prior was defined so that it be-
came proper by implementing the Dirichlet boundary condition. This is not
always justified, and in fact implementation of boundary conditions in the
prior should be avoided unless the prior information dictates the presence of
such condition. The lack of a boundary condition typically leads to improper
priors. We shall consider such priors in later examples. First, we consider the
effect of an improper prior on the posterior distribution.

Consider the posterior probability density of the linear observation model
y = Ax+e derived in Theorem 3.7. Clearly, when the prior density is improper,
the formulas for the midpoint x and the posterior covariance Γpost cannot be
used as they require the knowledge of the prior covariance Γpr that does not
exist. The difficulty can be overcome by the following result which provides
an alternative formula for the posterior density.
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Theorem 3.10. Consider the linear observation model Y = AX + E, A ∈
Rm×n, where X ∈ Rn, E ∈ Rm are mutually independent random variables
and E is Gaussian, E ∼ N (0, Γnoise). Let L ∈ Rn×m be a matrix such that
Ker(L) ∩Ker(A) = {0}. Then the function

x �→ πpr(x)π(y | x) ∝ exp
(
−1

2
(‖Lx‖2 + (y −Ax)TΓ−1

noise(y −Ax))
)

(3.22)

defines a Gaussian density over Rn with center and covariance given by the
formulas

x = (LTL + ATΓ−1
noiseA)−1ATΓ−1

noisey

and
Γ = (LTL + ATΓ−1

noiseA)−1

Proof: We start by showing that the matrix G = LTL+ATΓ−1
noiseA ∈ Rn×n

is invertible. Indeed, if x ∈ Ker(G), then

xTGx = ‖Lx‖2 + ‖Γ−1/2Ax‖2 = 0,

implying that x ∈ Ker(L)∩Ker(A) = {0}, that is, x = 0. Hence, Ker(G) = {0}
and G is invertible.

Consider the quadratic functional in the exponent of (3.22). Refomulating
it in terms of a positive definite quadratic form, we obtain

‖Lx‖2 + (y −Ax)TΓ−1
noise(y −Ax) = xTGx− 2xTATΓ−1

noisey + yTΓ−1
noisey

= (x− x)TG(x− x) + c,

where c = c(y) is mutually independent of x. Since G is a positive definite
symmetric matrix, the above expression is a potential defining a Gaussian
density with the claimed center and covariance. �

It follows immediately from the proof of the previous theorem that if the
matrices A and L have a nontrivial common kernel, the posterior density
does not define a probability density, and consequently the inverse problem
becomes underdetermined, that is, the prior and the measurement together
do not provide enough information to produce a proper posterior density, and
no solution to the problem exists.

In the following examples, we show how the smoothness priors can be used
to implement structural prior information to inverse problems. In addition,
we demonstrate how the improper priors can be explored.

Example 8: Consider a geophysical inverse problem in which one seeks
to estimate the underground structure, for example, from electromagnetic or
elastoacoustic sounding. Let us consider here a well-to-well logging problem, in
which two parallel bore holes are drilled in the earth. A high-frequency radio
transmitter is placed into one of the bore holes and a receiver into the other.
Using different transmitter–receiver positions, the attenuation between the
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holes is measured. We are interested in the two-dimensional section between
the holes.

Often, structural prior information is available. For instance, the geophys-
ical history of the area may indicate the presence of layered structures such
as sediments and layered deposits. Combined, for example, with the drilling
data, an overall idea of the direction of the layering may be available. Assume
that we have the prior information that in the plane defined by the bore holes,
the layers are perpendicular to a known vector u. Let v be a vector in the
borehole plane such that v is perpendicular to u. We assume that the mate-
rial parameter that we are estimating, denoted by � = �(p), does not oscillate
much along the layer structures, while in the direction u perpendicular to the
layers, large and rapid changes are possible. Hence, we may assume that

Lv�(p) = v · ∇�(p)

should be restricted.
To discretize the problem, we subdivide the area between the boreholes in

pixels and denote by xj the approximate value of � in the jth pixel. Let Lv

denote a finite difference approximation of the operator Lv. The prior density
that we consider here is now of the form

πpr(x) ∼ exp
(−α‖Lvx‖2

)
.

The parameter α > 0 is at this point is not specified. We return to the selection
of the parameters later.

The discretization scheme used here is as follows: Consider first derivatives
in the horizontal and vertical directions, that is, v = e1 and v = e2, respec-
tively. We use a symmetric finite difference approximation for derivatives in
the interior pixels and one-sided finite difference approximation at boundary
pixels. For a unit vector v = cos θe1 + sin θe2, we write simply

Lv = cos θLe1 + sin θLe2 .

It is easy to see that in general, the prior thus defined becomes improper. For
instance, Le1x = 0 for every pixel image x that is constant along the rows.
Therefore, the visualization of the prior is not as simple as in the previous
example. What one can do is to fix the values of the image in a number of
pixels and consider the prior density of the remaining ones conditioned on the
fixed ones. By possibly rearranging the ordering of the pixels, we may assume
that the vector x ∈ Rn is written as x = [x′; x′′], where x′ ∈ Rk contains the
fixed pixel values while x′′ ∈ Rn−k contains the unspecified pixel values. By
partitioning accordingly the matrix

LT
v Lv = B =

[
B11 B12

B21 B22

]
, (3.23)

we find that the conditional prior of X ′′ conditioned on X ′ = x′ has the
density
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πpr(x′′ | x′) ∝ exp
(−α

(
x′TB11x

′ + x′TB12x
′′ + x′′TB21x

′ + x′′TB22x
′′))

∝ exp
(
−α

(
x′′ + B−1

22 B21x
′)TB22

(
x′′ + B−1

22 B21x
′))

In the expression above, the block B22 needs to be invertible. This can be
achieved by fixing sufficiently many pixels to guarantee that the null space of
the prior of the remaining ones becomes trivial.

To demonstrate this idea, assume that the image area is a square divided in
N×N equally sized pixels. We consider the conditional prior by fixing the pixel
values at two boundary edges, one vertical and one horizontal. Figure 3.10
represents three random draws with N = 80 from the conditional prior density
with different layering directions. Pixel values at the left and bottom edges
are fixed to zero. The direction vector u perpendicular to the sediment layers
is indicated in each figure. �

Figure 3.10. Random draws from the conditional smoothness prior density with
different sedimentation directions. The pixel values on the left and bottom edges
have been fixed to value xi = 0.

Remark: Using the idea of conditioning, it is possible to create Gaussian
smoothness priors that are proper. In the previous example, assume that we
define a proper Gaussian probability density for the variables X ′ ∈ Rk,

X ′ ∼ N (x′
0, Γ

′).

Then, we obtain a new density for X by writing

π̃pr(x) = πpr(x′′ | x′)π0(x′)

∝ exp
(
−α

(
x′′ + B−1

22 B21x
′)TB22

(
x′′ + B−1

22 B21x
′)

−1
2
(x′ − x′

0)
T(Γ′)−1(x′ − x′

0)
)

= exp
(
−1

2
(x− x0)TΓ−1(x − x0)

)
,
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where the midpoint and covariance matrices are

x0 =
[

x′
0

−B−1
22 B21]x′

0

]
, Γ =

[
2αB12B

−1
22 B21 + (Γ′)−1 2αB21

2αB12 2αB22

]−1

.

This construction will be used in later chapters of the book.
Example 9: In this example, we implement structural information by us-

ing direction-sensitive prior distributions. Assume that our prior information
is that the image we are seeking to estimate has rapid changes or even dis-
continuities at known locations. Such a situation could occur, for example, in
medical imaging applications: A different imaging modality or anatomical in-
formation of the organ locations could give us at least an approximate idea of
in which rapid changes in material parameters might occur. Another applica-
tion is image enhancing in remote sensing, in which geographical information
of, for example, shorelines or urban area boundaries is available.

Let us denote by D ⊂ R2 the image area and let f : D → R denote the
unkown function to be estimated. We define a matrix field over D,

A : D �→ R2×2, A(p)T = A(p), A(p) ≥ 0.

Let A = V ΛV T be the spectral decomposition of A, where Λ = Λ(p) =
diag(λ1(p), λ2(p)) with λj(p) ≥ 0 and V = V (p) = [v1(p), v2(p)] is the matrix
whose columns are the orthonormal eigenvectors of A. The vectors vj define
a frame field in D.

Consider the functional

W : f �→
∫

D

‖A(p)∇f(p)‖2dp.

In terms of the spectral factorization of A, we have

W (f) =
2∑

j=1

∫
D

|λj(p)vj(p)T∇f(p)|2dp =
2∑

j=1

∫
D

|Lλjvj f(p)|2dp,

where the operator Lλjvj is the Lie derivative along the flow generated by the
vector field λjvj . We observe that if the flow line of this vector field crosses a
curve where f changes significantly, the contribution to the integral is large
unless λj becomes small. This simple observation is the key in designing the
prior density.

Assume that the structural information of the domain D is given in the
form of a function γ : D → R, γ ∈ C1(D). This function could be, for example,
a smooth approximation of a level set function describing the structure of
D. The aim is to construct a matrix-valued function A with the following
properties: If u ∈ R2 is perpendicular to ∇γ �= 0, then Au = u. On the other
hand, if u is collinear with ∇γ, then Au = δ(‖∇γ‖)u, where the function δ(t)
should be small as t is large. By choosing, for example, δ(t) = 1/(1 + t2), a
matrix function with the desired properties is
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A(p) = I − 1
(1 + ‖∇γ‖2)∇γ(p)(∇γ(p))T.

Indeed, the eigenvalues of A are

λ1(p) = 1, λ2(p) =
1

1 + ‖∇γ(p)‖2

corresponding to eigenvectors

v1(p) ⊥ ∇γ(p), v2(p) =
1

‖∇γ(p)‖∇γ(p),

when ∇γ(p) �= 0.
To consider the discrete problem, assume that the image area D is dis-

cretized into n pixels and denote by xk the pixel value of f in the kth pixel.
Figure 3.11 shows the level set function that corresponds to the prior infor-
mation. We assume it to be known a priori that the pixels inside and outside
the shape are correlated, while the correlation across the boundary should be
negligible.

Figure 3.11. The level set function defining the structure.

Let Lj ∈ Rk×n denote the discrete matrix approximation of the operator
Lλjvj such that

2∑
j=1

∫
D

|Lλjvj f(p)|2dp ≈
2∑

j=1

xTLT
j Ljx = xTBx.

The matrix B is symmetric and positive semidefinite. In this example, choose
the function δ such that when ∇γ �= 0, then δ(‖∇γ‖) = 0. In the discrete
approximation, this means that for pixels xk and x� whose center points are
on different sides of the boundary curve, we set(

Lj

)
k,�

=
(
Lj

)
�,k

= 0, j = 1, 2,
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that is, the discrete directional derivative across the boundary curve vanishes.
In the sense of Markov random fields, the pixels are divided into two cliques
according to which side of the boundary their center point is. The structural
prior density is defined as

πpr(x) ∼ exp
(
−α

1
2
xTBx

)
,

where α > 0 is a parameter whose value in this example is not important.
This prior now has the important property that pixel values on different sides
of a boundary line where the original function f is allowed to jump should
not be correlated.

Figure 3.12. Three examples of the conditional correlations between pixels. The
two fixed pixels (upper left corner, a pixel at the center of the image) are marked
with black, and the highest correlation (that is, autocorrelation) corresponds to
white.

To give a statistical interpertation of this prior, we consider the conditional
covariances of various pixels. First, observe that the dimension of the kernel
of the operator B is 2. Indeed, Bx = 0 if and only if x represents a constant
function inside and outside the set plotted in Figure 3.11. Therefore, it suffices
to fix the value of x at two pixels, one inside and one outside. We pick two
such pixels, and consider the conditional prior of the remaining pixels. The
fixed pixels are at the upper left corner of the image and right at the center of
it. Using the partitioning in formula (3.23), the conditional covariance of the
remaining pixels is B−1

22 . Each column of this matrix tells how strongly the
corresponding pixel is correlated with other pixels. We calculate four columns
of this matrix corresponding to pixels in different places of the image and plot
the correlation in Figure 3.12. The fixed pixels are marked in these picures
with black. These pictures reveal that the resulting prior density works as it
should: Pixels at different sides of the discontinuities are not correlated at all.
�
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3.5 Interpreting the Posterior Distribution

The third task in the statistical inversion technique is to develop methods for
exploring the posterior probability densities. Before discussing such tools in
the next section, let us make some general remarks about how the posterior
density should be viewed in the context of inverse problems.

The interpretation of the posterior distribution as the solution of an inverse
problem is a subtle issue. To properly grasp its meaning, it is important to
understand thoroughly the meaning of the credibility sets and intervals. For
example, while it would seem natural to jump into conclusions like “The
probability that the true value of the unknown is in the set Dp is p%.,” this
interpretation is incorrect as the following example shows.

Example 10: Consider the following trivial inverse problem: Determine
the value of x ∈ R by measuring directly x with some additive mutually
independent noise. Here, the statistical model is

Y = X + E.

Let us assume that the prior probability density of X is zero mean Gaussian
with unit variance while the density of the noise E is zero mean Gaussian
with variance σ2. Thus, the posterior probability density of X is

π(x | y) ∝ exp
(
−1

2
x2 − 1

2σ2
(y − x)2

)
.

This density is Gaussian with respect to x. Indeed, by completing in squares
and ignoring factors that depend on y only, we find that, for given data y,

π(x | y) ∝ exp

(
−1 + σ2

2σ2

(
x− y

1 + σ2

)2
)

.

From this expression we can immediately see the conditional mean xCM and
variance γ2 of x to be

xCM =
y

1 + σ2
, γ2 =

σ2

1 + σ2
.

In this case it is easy to calculate credibility intervals. For instance, the 90%
credibility interval I(90) is

I(90) ≈ [xCM − αγ, xCM + αγ], α ≈ 1.64.

Assume now that the data corresponds to a “true” value of x, say x = x0 > 0
and moreover, the additive noise realization in the data acquisition happens
to be negligible. In this case, we have approximately y ≈ x0 > 0. Now it may
happen that in this case x0 /∈ I(90). In fact, if yγ > α, we have

xCM + αγ < xCM + γ2y = y ≈ x0.
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To understand this result, notice that the condition x0 > α/γ is rather im-
probable. Indeed, we have∫ ∞

α/γ

πpr(x)dx <

∫ ∞

α

πpr(x)dx < 0.05.

This example shows that one needs to be careful with interpretations and not
to forget the role of the prior density. It also underlines the importance of
modelling the prior distribution correctly, so that it truly respects the prior
information about the unknown. This is particularly important in cases when
the prior is informative, that is, when it has a strong biasing effect on the
posterior distribution. �

3.6 Markov Chain Monte Carlo Methods

The abstract definition of the solution of an inverse problem as the posterior
probability distribution is not very helpful in practice, if we have no means
of exploring it. Various random sampling methods have been proposed, and
we discuss here an effective class of these, known as the Markov chain Monte
Carlo techniques (MCMC for short).

In Section 3.1.1, in which we discussed briefly single estimates based on the
posterior distribution, it was shown that the maximum a posteriori estimate
leads to an optimization problem, while the conditional mean and conditional
covariances require integration over the space Rn where the posterior density is
defined. It is clear that if the dimension n of the parameter space Rn is large,
the use of numerical quadrature rules is out of the question: An m-point
rule for each direction would require mn integration points, exceeding the
computational capacity of most computers. Another problem with quadrature
rules is that they require a relatively good knowledge of the support of the
probability distribution, which is usually part of the information that we are
actually looking for.

An alternative way to look at the problem is the following. Instead of eval-
uating the probability density at given points, let the density itself determine
a set of points, a sample, that supports well the distribution. These sample
points can then be used for approximate integration. The MCMC methods
are at least on the conceptual level relatively simple algorithms to generate
sample ensembles for Monte Carlo integration.

3.6.1 The Basic Idea

Before going into detailed analysis, we discuss first the basic idea behind
Monte Carlo integration.

Let µ denote a probability measure over Rn. Further, let f be a scalar
or vector-valued measurable function, integrable over Rn with respect to the
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measure µ, that is, f ∈ L1(µ(dx)). Assume that the objective is to estimate
the integral of f with respect to the measure µ. In numerical quadrature
methods, one defines a set of support points xj ∈ Rn, 1 ≤ j ≤ N and the
corresponding weights wj to get an approximation∫

Rn

f(x)µ(dx) ≈
N∑

j=1

wjf(xj).

Typically, the quadrature methods are designed so that they are accurate for
given functions spanning a finite-dimensional space. Typically, these functions
are polynomials of restricted degree.

In Monte Carlo integration, the support points xj are generated randomly
by drawing from some probability density and the weights wj are then de-
termined from the distribution µ. Ideally, the support points are drawn from
the probability distribution determined by the measure µ itself. Indeed, let
X ∈ Rn denote a random variable such that µ is its probability distribution. If
we had a random generator such that repeated realizations of X could be pro-
duced, we could generate a set of points distributed according to µ. Assume
that {x1, x2, . . . , xN} ⊂ Rn is such a representative ensemble of samples dis-
tributed according to the distribution µ. We could then seek to approximate
the integral of f by the so-called ergodic average,∫

Rn

f(x)µ(dx) = E
{
f(X)

} ≈ 1
N

N∑
j=1

f(xj). (3.24)

The MCMC methods are systematic ways of generating a sample ensemble
such that (3.24) holds. We need some basic tools from probability theory to
do this.

Let B = B(Rn) denote the Borel sets over Rn. A mapping P : Rn ×B→
[0, 1] is called a probability transition kernel, if

1. for each B ∈ B, the mapping Rn → [0, 1], x �→ P (x, B) is a measurable
function;

2. for each x ∈ Rn, the mapping B → [0, 1], B �→ P (x, B) is a probability
distribution.

A discrete time stochastic process is an ordered set {Xj}∞j=1 of random
variables Xj ∈ Rn. A time-homogenous Markov chain with the transition
kernel P is a stochastic process {Xj}∞j=1 with the properties

µXj+1(Bj+1 | x1, . . . , xj) = µXj+1 (Bj+1 | xj) = P (xj , Bj+1). (3.25)

In words, the first equality states that the probability for Xj+1 ∈ Bj+1

conditioned on observations X1 = x1, . . . , Xj = xj equals the probability con-
ditioned on Xj = xj alone. This property is stated often by saying that “the
future depends on the past only through the present.” The second equality
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says that time is homogenous in the sense that the dependence of adjacent
moments does not vary in time. Let us emphasize that in (3.25) the kernel P
does not depend on time j.

More generally, we define the transition kernel that propagates k steps
forward in time, setting

P (k)(xj , Bj+k) = µXj+k
(Bj+k | xj)

=
∫

Rn

P (xj+k−1, Bj+k)P (k−1)(xj , dxj+k−1), k ≥ 2,

where it is understood that P (1)(xj , Bj+1) = P (xj , Bj+1). In particular, if
µXj denotes the probability distribution of Xj , the distribution of Xj+1 is
given by

µXj+1(Bj+1) = µXj P (Bj+1) =
∫

Rn

P (xj , Bj+1)µXj (dxj). (3.26)

The measure µ is an invariant measure of P (xj , Bj+1) if

µP = µ, (3.27)

that is, the distribution of the random variable Xj before the time step j →
j + 1 is the same as the variable Xj+1 after the step.

We still need to introduce few concepts concerning the transition kernels.
Given a probability measure µ, the transition kernel P is irreducibile (with
respect to µ) if for each x ∈ Rn and B ∈ B with µ(B) > 0 there exists an
integer k such that P (k)(x, B) > 0. Thus, regardless of the starting point,
the Markov chain generated by the transition kernel P visits with a positive
probability any set of positive measure.

Let P be an irreducible kernel. We say that P is periodic if, for some integer
m ≥ 2, there is a set of disjoint nonempty sets {E1, . . . , Em} ⊂ Rn such that
for all j = 1, . . . , m and all x ∈ Ej , P (x, Ej+1( mod m)) = 1. In other words, a
periodic transition kernel generates a Markov chain that remains in a periodic
loop for ever. A kernel P is an aperiodic kernel if it is not periodic.

The following result is of crucial importance for MCMC methods. The
proof of this theorem will be omitted. For references, see “Notes and Com-
ments” at the end of the chapter.

Proposition 3.11. Let µ be a probability measure in Rn and {Xj} a time-
homogenous Markov chain with a transition kernel P . Assume further that µ
is an invariant measure of the transition kernel P , and that P is irreducible
and aperiodic. Then for all x ∈ Rn,

lim
N→∞

P (N)(x, B) = µ(B) for all B ∈ B, (3.28)

and for f ∈ L1(µ(dx)),
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lim
N→∞

1
N

N∑
j=1

f(Xj) =
∫

Rn

f(x)µ(dx) (3.29)

almost certainly.

The above theorem gives a clear indication how to explore a given probabil-
ity distribution: One needs to construct an invariant, aperiodic and irreducible
transition kernel P and draw a sequence of sample points x1, x2, . . . using this
kernel, that is, one needs to calculate a realization of the Markov chain.

The property (3.29) is the important ergodicity property used in Monte
Carlo integration. The convergence in (3.28), stating that µ is a limit distri-
bution for the transition kernel P , can be stated also in a slightly stronger
form; see “Notes and Comments.”

In the following sections, we discuss how to construct transition ker-
nels with the desired properties. The two most common procedures are the
Metropolis–Hastings algorithm and the Gibbs sampler. A large number of vari-
ants of these basic methods have been proposed.

3.6.2 Metropolis–Hastings Construction of the Kernel

Let µ denote the target probability distribution in Rn that we want to explore
by the sampling algorithm. To avoid measure-theoretic notions, we assume
that µ is absolutely continuous with respect to the Lebesgue measure, µ(dx) =
π(x)dx. We wish to determine a transition kernel P (x, B) such that µ is its
invariant measure.

Let P denote any transition kernel. When a point x ∈ Rn is given, we can
postulate that the kernel either proposes a move to another point y ∈ Rn or
it proposes no move away from x. This allows us to split the kernel into two
parts,

P (x, B) =
∫

B

K(x, y)dy + r(x)χB(x),

where χB is the characteristic function of the set B ∈ B. Although K(x, y) ≥ 0
is actually a density, we may think of K(x, y)dy as the probability of the move
from x to the infinitesimal set dy at y while r(x) ≥ 0 is the probability of x
remaining inert. The characteristic function χB of B appears since if x /∈ B,
the only way for x of reaching B is through a move.

The condition P (x, Rn) = 1 implies that

r(x) = 1−
∫

Rn

K(x, y)dy. (3.30)

In order for π(x)dx to be an invariant measure of P , we must have the identity

µP (B) =
∫

Rn

(∫
B

K(x, y)dy + r(x)χB(x)
)

π(x)dx



3.6 Markov Chain Monte Carlo Methods 95

=
∫

B

(∫
Rn

π(x)K(x, y)dx + r(y)π(y)
)

dy

=
∫

B

π(y)dy

for all B ∈ B, implying that

π(y)(1 − r(y)) =
∫

Rn

π(x)K(x, y)dx. (3.31)

By formula (3.30), this is tantamount to∫
Rn

π(y)K(y, x)dx =
∫

Rn

π(x)K(x, y)dx. (3.32)

This condition is called the balance equation. In particular, if K satisfies the
detailed balance equation, which is given by

π(y)K(y, x) = π(x)K(x, y) (3.33)

for all pairs x, y ∈ Rn, then the balance equation holds a fortiori. Conditions
(3.32) and (3.33) constitute the starting point in constructing the Markov
chain transition kernels used for stochastic sampling.

In the Metropolis–Hastings algorithm, the aim is to construct a transition
kernel K that satisfies the detailed balance equation (3.33).

Let q : Rn×Rn → R+ be a given function with the property
∫

q(x, y)dy =
1. The kernel q is called the proposal distribution or candidate-generating ker-
nel for reasons explained later. Such a function q defines a transition kernel,

Q(x, A) =
∫

A

q(x, y)dy.

If q happens to satisfy the detailed balance equation, we set simply K(x, y) =
q(x, y), r(x) = 0 and we are done. Otherwise, we correct the kernel by a
multiplicative factor and define

K(x, y) = α(x, y)q(x, y), (3.34)

where α is a correction term to be determined. Assume that for some x,
y ∈ Rn, instead of the detailed balance we have

π(y)q(y, x) < π(x)q(x, y). (3.35)

Our aim is to choose α so that

π(y)α(y, x)q(y, x) = π(x)α(x, y)q(x, y). (3.36)

This is achieved if we set
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α(y, x) = 1, α(x, y) =
π(y)q(y, x)
π(x)q(x, y)

< 1. (3.37)

By reversing x and y, we see that the kernel K defined through (3.34) satisfies
(3.33) if we define

α(x, y) = min
(

1,
π(y)q(y, x)
π(x)q(x, y)

)
. (3.38)

This transition kernel is called the Metropolis–Hastings kernel.
The above derivation does not shed much light on how to implement the

method. Fortunately, the algorithm turns out to be relatively simple. Usually,
it is carried out in practice through the following steps.

1. Pick the initial value x1 ∈ Rn and set k = 1.
2. Draw y ∈ Rn from the proposal distribution q(xk, y) and calculate the

acceptance ratio

α(xk, y) = min
(

1,
π(y)q(y, xk)
π(xk)q(xk, y)

)
.

3. Draw t ∈ [0, 1] from uniform probability density.
4. If α(xk, y) ≥ t, set xk+1 = y, else xk+1 = xk. When k = K, the desired

sample size, stop, else increase k → k + 1 and go to step 2.

Before presenting some examples, a couple of remarks are in order. First,
if the candidate-generating kernel is symmetric, that is,

q(x, y) = q(y, x)

for all x, y ∈ Rn, then the acceptance ratio α simplifies to

α(x, y) = min
(

1,
π(y)
π(x)

)
.

Hence, we accept immediately moves that go towards higher probability and
sometimes also moves that take us to lower probabilities. In particular, the
symmetry condition is satisfied if the proposal distribution corresponds to a
random walk model, that is,

q(x, y) = g(x− y),

for some nonnegative even function g : Rn → R+, that is, g(x) = g(−x).
An important but difficult issue is the stopping criterion, that is, how

to decide when the sample is large enough. This question, as well as the
convergence issues in general, will be discussed later in the light of examples.

Example 11: In this example, we test the Metropolis–Hastings algorithm
with a low-dimensional density. Consider a density π in R2 defined as
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Figure 3.13. Contour plot of the density given in formula (3.39).

π(x) ∝ exp

(
−10(x2

1 − x2)2 −
(

x2 − 1
4

)4
)

. (3.39)

The contour plot of this density is shown in Figure 3.13.
We construct a Metropolis–Hastings sequence using the random walk pro-

posal distribution to explore this density. Let us define

q(x, y) ∝ exp
(
− 1

2γ2
‖x− y‖2

)
.

In other words, we assume that the random step from x to y is distributed as
white noise,

W = Y −X ∼ N (0, γ2I).

This choice of the proposal distribution gives rise to the following updating
scheme:

Pick initial value x1. Set x = x1

for k = 2 : K do
Calculate π(x)
Draw w ∼ N (0, γ2I), set y = x + w
Calculate π(y)
Calculate α(x, y) = min(1, π(y)/π(x))
Draw u ∼ U([0, 1])
if u < α(x, y)

Accept: Set x = y, xk = x,
else

Reject: Set xk = x,
end

end
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Figure 3.14 shows the outcomes of four runs of the algorithm with different
values of the constant γ > 0 controlling the random step length. In the figures,
we have marked the sample points with dots. The iteration was started at the
lower right corner from where the algorithm walks by random steps towards
the ridge of the density.

From these scatter plots, one can observe the following features of the
algorithm. When the step length is small, the process explores the density
very slowly. In particular, we see in the top left figure that the chain has not
yet visited large parts of the support of the density. The density of the points
indicate that new proposals are accepted frequently, and the sampler moves
slowly but steadily. When the step length is increased, the coverage increases.
On the other hand, the increasing step length has a prize. When the step
length becomes larger, the ratio of accepted proposals gets smaller. In the
runs shown in this example, the proportion of accepted proposals are 96% for
the smallest step length corresponding to γ = 0.01, 87% for γ = 0.05, 78% for
γ = 0.1 and only 16% for γ = 1.

Another feature that can be observed in the scatter plots is that when the
chain is started (in our case from the lower right corner at x = [1, 5,−0.8]), it
takes a while before the chain starts to properly sample the distribution. In
particular, when the step length is small, the chain has a long tail from the
starting value to the proper support of the density. Usually, these warming-up
draws represent poorly the distribution to be explored and one should try to
remove them from the sample. The beginning of the chain is often called the
burn-in.

The questions that arise are, which step size is the best, and also, how long
is the burn-in phase. Some insight can be obtained by considering, for example,
the time evolution of single components. Figure 3.15 shows the evolution of
the first component in our example. The curve in 3.15(a) clearly shows a
long burn-in period: Up to roughly 500 draws, there is a clear drift towards
a value around which the curve starts to oscillate. In the three other curves
(b)–(d), one could conclude that the burn-in is faster. Another feature worth
mentioning is the correlation between different draws. Clearly, in curves (a)–
(c), the correlation length is quite significant, that is, there are low-frequency
components in these curves. This means that the draws are not mutually
independent, a feature that slows down the convergence of the Markov chain
integration. This issue will be discussed later in more detail. As a rule of
thumb, one can say that if the diagnostic curves look like “fuzzy worms”,
such as in Figure 3.15(d), the step size is large enough. �

3.6.3 Gibbs Sampler

A slightly different algorithm is obtained if the candidate-generating kernel is
defined by using the density π directly and a block partitioning of the vectors
in Rn.
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(d)

Figure 3.14. Outcomes of the random walk Metropolis–Hastings runs with differ-
ent step sizes, (a) γ = 0.01, (b) γ = 0.05, (c) γ = 0.1 and and (d) γ = 1. The sample
size in each figure is 5000.

We introduce first some notations. Let I = {1, 2, . . . , n} be the index set
of Rn and I = ∪m

j=1Im a partitioning of the index set into disjoint nonempty
subsets. We denote by kj the number of the elements in Ij , that is, kj = #Ij .
By definition, we have k1 + · · ·+ km = n. Accordingly, we may partition Rn

as Rn = Rk1 × · · · × Rkm and correspondingly

x = [xI1 ; . . . ; xIm ] ∈ Rn, xIj ∈ Rkj , (3.40)

where the components of x are rearranged so that xi ∈ R is a component of
the vector xIj if and only if i ∈ Ij .

The following notation is used: We write

x−Ij = [xI1 ; . . . ; x̂Ij ; . . . ; xIm ]
= [xI1 , . . . ; xIj−1 , xIj+1 ; . . . ; xIm ];

in other words, the negative subindex or the hat denotes that the correspond-
ing elements are deleted from the vector.
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Figure 3.15. Convergence diagnostics for the component x1 with the values of γ
as in Figure 4.12.

Note that if we choose kj = 1 for all j, then m = n and the vector xIj is
simply the jth component of the vector x. This is often the case in practice,
and the notation x−j is used for the n−1-vector with the jth element deleted.

If X is an n-variate random variable with the probability density π, the
probability density of the ith block XIi conditioned on all XIj = xIj for which
i �= j, is given by

π(xIi | x−Ii) = Ciπ(xI1 , . . . , xIi−1 , xIi , xIi+1 , . . . , xIm),

where Ci is a normalization constant. With these notations, we can define a
transition kernel K by the formula

K(x, y) =
m∏

i=1

π(yIi | yI1 , . . . , yIi−1 , xIi+1 , . . . , xIm), (3.41)

and we set
r(x) = 0.
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Although this transition kernel does not in general satisfy the detailed balance
equation (3.33), it satisfies the weaker but sufficient balance condition (3.32).
To prove this claim, consider first the left side of (3.32). We observe that since
by definition the conditional probability densities are normed to be proper
probability densities, we have∫

Rki

π(xIi | xI1 , . . . , xIi−1 , yIi+1 , . . . , yIm)dxIi = 1

for all i = 1, . . . , m. It follows that∫
Rkm

K(y, x)dxIm =
∫

Rkm

m∏
i=1

π(xIi | xI1 , . . . , xIi−1 , yIi+1 , . . . , yIm)dxIm

=
m−1∏
i=1

π(xIi | xI1 , . . . , xIi−1 , yIi+1 , . . . , yIm)
∫

Rkm

π(xIm | yI1 , . . . , yIm−1)dxIm

=
m−1∏
i=1

π(xIi | xI1 , . . . , xIi−1 , yIi+1 , . . . , yIm).

Inductively, by integrating always with respect to the last block of x, we obtain∫
Rn

K(y, x)dx = 1.

This observation implies that∫
Rn

π(y)K(y, x)dx = π(y)
∫

Rn

K(y, x)dx = π(y).

Consider now the right side of (3.32). Observing that K(x, y) is independent
of xI1 , by the definition of marginal probability density, we have∫

Rk1

π(x)K(x, y)dxI1 = K(x, y)
∫

Rk1

π(x)dxI1 = K(x, y)π(xI2 , . . . , xIm).

By substituting K in the above formula we see that∫
Rk1

π(x)K(x, y)dxI1

=

(
m∏

i=2

π(yIi | yI1 , . . . , yIi−1 , xIi+1 , . . . , xIm)

)
× π(yI1 | xI2 , . . . , xIm)π(xI2 , . . . , xIm)

=

(
m∏

i=2

π(yIi | yI1 , . . . , yIi−1 , xIi+1 , . . . , xIm)

)
π(yI1 , xI2 , . . . , xIm).
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We continue inductively, integrating next with respect to xI2 . The general
step in this process is∫

Rki

π(yI1 , . . . , yIi−1 , xIi , . . . xIm)π(yIi | yI1 , . . . , yIi−1 , xIi+1 , . . . , xIm)dxIi

= π(yI1 , . . . , yIi−1 , xIi+1 , . . . xIm)π(yIi | yI1 , . . . , yIi−1 , xIi+1 , . . . , xIm)

= π(yI1 , . . . , yIi−1 , yIi , xIi+1 , . . . , xIm).

By integrating over all blocks of x, we arrive at the desired formula,∫
Rn

π(x)K(x, y)dx = π(y),

showing that (3.32) holds. The algorithm just obtained is known as the Gibbs
sampler. The special case when m = n and k1 = · · · = km = 1, the algorithm
is called the single component Gibbs sampler.

Although the construction of the Gibbs sampler, as opposed to the
Metropolis–Hastings kernel, is not based on the requirement that the transi-
tion kernel satisfies the detailed balance equation, it is often seen as a special
case of the Metropolis–Hastings algorithm. While algorithmically they yield
essentially the same method, the main difference is that the proposal is always
accepted in the Gibbs sampler.

Before presenting examples illustrating the convergence of the method,
we summarize the practical steps needed for actual implementation of the
algorithm.

1. Pick the initial value x1 ∈ Rn and set k = 1.
2. Set x = xk. For 1 ≤ j ≤ m, draw yIj ∈ Rkj from the kj-dimensional

distribution π(yIj | yI1 , . . . , yIj−1 , xIj+1 , . . . , xIm).
3. Set xk+1 = y. When k = K, the desired sample size, stop. Else, increase

k → k + 1 and repeat from step 2.

As mentioned above, the crucial difference between the Metropolis–Hastings
and Gibbs sampler algorithms is that the proposal in Gibbs sampler is always
accepted. On the other hand, the drawing process in the latter may be more
complicated and time consuming than in the Metropolis–Hastings algorithm,
where the proposal distribution can be simpler to handle.

Example 12: We consider the same two-dimensional distribution as in
Example 11, this time using the single component Gibbs sampler. In this
example, the algorithm can be written along the following lines:

Pick initial value x1. Set x = x1

for j = 2 : N do
Calculate Φ1(t) =

∫ t

−∞ π(x1, x2)dx1

Draw u ∼ U([0, 1]), set x1 = Φ−1
1 (u)

Calculate Φ2(t) =
∫ t

−∞ π(x1, x2)dx2
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Draw u ∼ U([0, 1]), set x2 = Φ−1
2 (u)

Set xk = x
end

−2 −1 0 1 2
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Figure 3.16. The first 10 draws produced by the Gibbs sampler. The samples are
marked by a square, and the componentwise updating paths from sample to sample
are drawn.

In Figure 3.16, the first 10 draws are shown. To emphasize the drawing
process, the segments joining consecutive sample points are also plotted. �

Example 13: As a less trivial example than the one considered above,
we consider the blind deconvolution problem introduced in Example 3 of this
chapter. The problem is to estimate the pair (x, v) ∈ Rn × RK , where x
represents the image and v consists of the weights of the Gaussian kernels
that constitute the unknown convolution kernel. The observation y ∈ RN

with additive Gaussian noise of variance γ2 is linked to the unknowns via the
likelihood function

π(y | x, v) ∝
⎛⎝− 1

2γ2

∥∥∥∥∥y −
K∑

k=1

vkAkx

∥∥∥∥∥
2
⎞⎠ .

Let us assume that the random variables X and V are mutually independent.
The prior probability density of X is assumed to be a white noise prior,
X ∼ N (0, α2I), where α > 0 is fixed.

The prior density of the parameter vector is likewise assumed to be Gaus-
sian. We set

πparam(v) ∝ exp
(
−1

2
β2‖L(v − v0)‖2

)
,

with β > 0 known. Here, v0 ∈ RK corresponds to an approximate kernel and
L is a first-order difference matrix. This means that we assume that the first
basis function is a good guess for the convolution kernel. Using the differences
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of Gaussian kernels as basis functions and the difference matrix as L are due
to numerical stability.

Hence, the joint probability density is

π(x, v, y) ∝ exp

⎛⎝− 1
2γ2

∥∥∥∥∥y −
K∑

k=1

vkAkx

∥∥∥∥∥
2

− 1
2α2
‖x‖2 − 1

2
β2‖L(v − v0)‖2

⎞⎠ .

We observe that while the density is not Gaussian with respect to the vector
[x; v], the conditional probabilities are. We have

π(x | v, y) ∝ exp

⎛⎜⎝−1
2

∥∥∥∥∥∥
⎡⎣γ−1

∑K
k=1 vkAk

α−1I

⎤⎦x−
[

γ−1y
0

]∥∥∥∥∥∥
2
⎞⎟⎠ .

Similarly, by defining

S =
[
A1x, A2x, . . . , AKx

] ∈ Rn×K ,

we can write

π(v | x, y) ∝ exp

(
−1

2

∥∥∥∥[ γ−1S
βL

]
v −

[
γ−1y
βLv0

]∥∥∥∥2
)

.

Now we may design a block form Gibbs sampling algorithm with the fol-
lowing simple steps.

1. Choose initial values for v and x, for example, by

v = v0, x = x0 =

⎡⎣γ−1
∑K

k=1 v0,kAk

√
2αL

⎤⎦† [
γ−1y

0

]
,

and set j = 0.
2. Update v: Draw η ∈ Rn+K , η ∼ N (0, I) and set

vj+1 =
[

γ−1S
βL

]† ([
γ−1y
βLv0

]
+ η

)
.

3. Update x: Draw ξ ∈ R2n, ξ ∼ N (0, I) and set

xj+1 =

⎡⎣γ−1
∑K

k=1 vj+1,kAk

√
2αL

⎤⎦†([
γ−1y

0

]
+ ξ

)
.

4. Set j ← j + 1 and repeat from step 2 until the desired sample size is
reached.
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Figure 3.17. The true convolution kernel and the representation kernels φk, k =
1, . . . , 5.

We apply the above algorithm to the one-dimensional blind deconvolution
problem, in which the true convolution kernel is a Gaussian with STD σ =
0.025. The basis functions φk, 1 ≤ k ≤ 5 are chosen as in Example 3 with
(σ1, . . . , σ5) = (0.02, 0.04, 0.06, 0.08, 0.1). The basis functions are plotted in
Figure 3.17. The parameter values defining the prior densities are α = 0.08 and
β = 100, and the vector v0 defining the center of the prior is v0 = [1; 0; 0; 0; 0].
The standard deviation γ of the additive Gaussian noise is 1% of the maximum
value of the noiseless data vector.

Figure 3.18 shows the true image and true convolution kernels, the initial
guesses (v0, x0) as well as the computed CM estimates using a sample sixe of
5000.
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Figure 3.18. The conditional mean estimates of the image and the kernel.

For comparison, let us seek the MAP estimate using the following sequen-
tial optimization scheme:

1. Choose initial values (v0, x0) and set j = 0.
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2. Update vj ← vj+1 by maximizing π(v | xj , y).
3. Update xj ← xj+1 by maximizing π(x | vj+1, y).
4. Set j ← j + 1 and repeat from step 2 until convergence.

The updating formulas are particularly simple in the present case. We have

vj+1 =
[

γ−1S
βL

]† [
γ−1y
βLv0

]
, xj+1 =

⎡⎣γ−1
∑K

k=1 vj+1,kAk

√
2αL

⎤⎦† [
γ−1y

0

]
.

Comments concerning the convergence of this scheme can be found in
“Notes and Comments” at the end of this chapter. Here we display the results
obtained by merely 20 iterations; see Figure 3.19. �
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Figure 3.19. The MAP estimates of the image and the kernel.

Further examples of both the Metropolis–Hastings and Gibbs sampler are
given later in Chapters 5 and 7.

3.6.4 Convergence

As indicated in the previous sections, it is not simple to decide when the
MCMC sample is large enough to cover the probability distribution in ques-
tion. Proposition 3.11 states that

lim
N→∞

1
N

N∑
n=1

f(Xn) =
∫

f(x)π(x)dx

provided that the transition kernel P satisfies certain conditions. Hence, the
success of the Metropolis–Hasting and Gibbs sampler algorithms depends
largely on whether they satisfy the assumptions of Proposition 3.11. There
are known sufficient conditions concerning the density π that guarantee the
ergodicity of these methods. In the following proposition, we give some rel-
atively general conditions. The proof is omitted here. For the literature, we
refer to “Notes and Comments.”
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Proposition 3.12. (a) Let π : Rn → R+ be a probability density, and E+ =
{x ∈ Rn | π(x) > 0}, and let q : Rn × Rn → R+ be a candidate-generating
kernel and Q(x, A) be the corresponding transition probability function. If Q
is aperiodic, then the Metropolis–Hastings chain is also aperiodic. Further, if
Q is irreducible and α(x, y) > 0 for all (x, y) ∈ E+×E+, then the Metropolis–
Hastings chain is irreducible.

(b) Let π be a lower semicontinuous density and E+ = {x ∈ Rn | π(x) >
0}. The Gibbs sampler defines an irreducible and aperiodic transition kernel if
E+ is connected and each (n− 1)-dimensional marginal π(x−j) =

∫
R

π(x)dxj

is locally bounded.

An example of a probability density in which the Gibbs sampler does not
converge is given by

π(x) = π(x1, x2) ∝ χ[0,1]×[0,1] + χ[2,3]×[2,3] ,

where χ[a,b] denotes the characteristic function of the interval [a, b]. This den-
sity is bimodal and the jump from one of the squares to the other happens
with probability zero.

In practical applications, the crucial question is to decide whether a sample
is large enough. A partial answer is obtained by the central limit theorem; see
Appendix B. Assume that the variables Yn = f(Xn) are mutually independent
and equally distributed with E(Yj) = y and cov(Yj) = σ2, and define

ỸN =
1
N

N∑
n=1

Yn

and further,

ZN =

√
N(ỸN − y)

σ
.

Then, ỸN → y almost surely and, asymptotically, ZN is normally distributed,
that is,

lim
N→∞

P
{
Zn ≤ z

}
=

1√
2πσ2

∫ z

−∞
exp

(
− 1

2σ2
s2

)
ds.

The above result says that the approximation error behaves as

1
N

N∑
n=1

f(Xn)−
∫

f(x)π(x)dx ∼ σ√
N

provided that the samples are independent. In practice, however, it often hap-
pens that consecutive elements show correlation. The shorter the correlation
length, the faster the approximation can be assumed to converge. Another
problem with the asymptotic formula above is that the variance σ is hard to
estimate.
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The independence of the consecutive draws can be estimated from the
sample itself. Assume that we are interested in the convergence of the integral
of f(x) ∈ R with respect to the probability density π(x). Let us denote zj =
f(xj), where {x1, . . . , xN} ⊂ Rn is a MCMC sample and let z = N−1

∑
zj .

The sample-based estimate of the scaled time series autocovariance of zj can
be computed as

γ′
k =

1
(N − k)γ0

N−k∑
j=1

(zj − z)(zj+k − z) (3.42)

where γ0 = N−1‖z‖2. Later in this book, we illustrate by examples the use of
the ideas in this section.

3.7 Hierarcical Models

We have pointed out that many of the the classical regularization methods for
solving ill-posed problems can be viewed as constructing estimators based on
the posterior distribution. This issue will be discussed further in Chapter 5.
A large part of the literature discussing regularization techniques is devoted
to the problem of selecting the regularization parameters, the Morozov dis-
crepancy principle being the most commonly used one. A question frequently
asked is, whether the Bayesian approach provides any similar tools. In par-
ticular, in the examples presented so far, the prior densities typically depend
on parameters such as variance and midpoint that are always assumed to
be known. From the point of view of classical methods, this corresponds to
knowing ahead of time the regularization parameters.

In the Bayesian framework the answer to the question how the parameters
should be chosen is: If a parameter is not known, it is a part of the inference
problem. This approach leads to hierarchical models, also known as hyperprior
models. We shall discuss this topic by considering an example.

Example 14: Consider a linear inverse problem with additive Gaussian
noise,

Y = AX + E, E ∼ N (0, Γnoise).

Assume that the prior model for X is also a Gaussian,

X ∼ N
(

x0,
1
α

Γpr

)
,

where Γpr is a known symmetric positive definite matrix, but α > 0 is poorly
known. Hence, we write a conditional prior for X ∈ Rn, assuming that α was
known, as

πpr(x | α) =
αn/2√

(2π)n|Γpr|
exp

(
−1

2
α xTΓ−1

pr x

)
,
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that is, the prior density is conditioned on the knowledge of α. Assume further
that we have a hyperprior density πh(α) for the parameter α. We assume here
that this density is a Rayleigh distribution,

πh(α) =
α

α2
0

exp

(
−1

2

(
α

α0

)2
)

, α > 0, (3.43)

where α0 > 0 is the centerpoint of the hyperprior which we take to be fixed.
This issue, however, is elaborated below. The joint probability distribution of
α and X is therefore

π(α, x) = πpr(x | α)πh(α)

∝ α(n+2)/2 exp

(
−1

2
α xTΓ−1

pr x− 1
2

(
α

α0

)2
)

.

Considering now both α and X as unknowns, we write Bayes’ formula condi-
tioned on the observation Y = y as

π(x, α | y) ∝ α(n+2)/2 exp
(
− 1

2
α xTΓ−1

pr x

− 1
2

(
α

α0

)2

− 1
2
(y −Ax)TΓ−1

noise(y −Ax)
)

.

This formula allows us to estimate α and X simultaneously.
To demonstrate the use of this formula, let us consider a deconvolution

problem in two dimensions. More precisely, we consider the problem intro-
duced in Chapter 2, Example 5. Thus, the matrix A is a 322×322 = 1024×1024
matrix approximation of the convolution with the kernel K(t) = exp(−a|t|),
where a = 20, and the true image in the unit square [0, 1]× [0, 1] is the same
used in the aforementioned example.

First, we study the effect of the hyperparameter α0. To this end, we cal-
culate the MAP estimates for the pair (X, α) for various values of α0. In
particular, we are interested in the effect of this parameter on the estimated
value of α.

The MAP estimate is found by seeking the minimizer of the functional
F : R× Rn → R, given by

F (α, x) =
1
2
α xTΓ−1

pr x +
1
2

(
α

α0

)2

+
1
2
(y−Ax)TΓ−1

noise(y−Ax)− n + 2
2

log α.

(3.44)
In our example, we use the same noise and prior structure as in the Example
5 of Chapter 2, that is,

Γnoise = σ2I, Γpr = I,
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Figure 3.20. The MAP estimate of the prior parameter α as a function of the
hyperparameter α0 (left). The histogram of α based on 5000 MCMC draws with
α0 = 2 (right).

where the noise level σ is 0.5% of the maximum entry of the noiseless signal.
Figure 3.20 shows the MAP estimate of α as a function of the hyperparam-

eter α0. The result demonstrates that the MAP estimate is rather insensitive
to the hyperparameter provided that it is not very small. Large values corre-
spond to wide hyperpriors. Observe that if instead of the Rayleigh distribution
(3.43) we had chosen merely a flat positivity constraint prior,

πh(α) = π+(α), (3.45)

the function F+ corresponding to (3.45) would be

F+(α, x) =
1
2
α xTΓ−1

pr x +
1
2
(y −Ax)TΓ−1

noise(y −Ax) − n

2
log α,

that is, essentially similar to F with α0 →∞.
To assess the reliability of the MAP estimate of the hyperparameter, we

study the probability distribution of α by using MCMC techniques. The
MCMC is based on a block version of the Gibbs sampler. First, we fix the
hyperparameter α0 = 2. As an initial point for the calculation, we choose

α = α0, x =
[

σ−1A√
αI

]† [
σ−1y

0

]
,

that is, the initial value of x is the MAP estimate conditioned on α = α0.
Having the initial values, we start the iteration: A new value for α is drawn
from the one-dimensional density

π(α | x, y) ∝ exp

(
−1

2
α ‖x‖2 − 1

2

(
α

α0

)2

+
n + 2

2
log α

)
.
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Having updated the parameter α, we then update the value of x by drawing
its value from the density

π(x | α, y) ∝ exp
(
− 1

2
α‖x‖2 − 1

2σ2
‖y −Ax‖2

)
.

Observe that this density is Gaussian, so the drawing can be performed in a
single batch operation. Indeed, we perform the drawing by the formula

x =
[

σ−1A√
αI

]†(
ξ +

[
σ−1y

0

])
,

where ξ is a white noise vector in R2n.
We calculate a sample of 5000 draws. Figure 3.20 shows the distribution

of the parameters α. The distribution is rather narrow, so the MAP estimate
is rather informative.

It is interesting and instructive to compare the results to the stan-
dard Morozov discrepancy principle of choosing the Tikhonov regularization
parameter. Recall that by writing the Tikhonov regularized solution as

xδ = argmin
(‖Ax− y‖2 + δ‖x‖2),

the parameter δ is chosen by the condition

‖Axδ − y‖2 = Tr
(
Γn

)
= nσ2,

and the corresponding parameter α is then computed by

αMorozov =
δ

σ2
.

This procedure produces a value αMorozov = 19.2, a value that is clearly larger
than the CM or MAP estimate. Figure 3.21 shows the Tikhonov regularized
estimate with this choice of the parameter α, and for comparison, the CM
estimate based on the previously explained MCMC run.

When comparing these results, in the terminology of the classical reg-
ularization theory one is tempted to say that the CM estimate is “under-
regularized” when compared to the Tikhonov regularization. However, from
the statistical point of view, the CM estimate is consistent with the prior.
If one uses a white noise prior with unknown variance, the CM estimate is
expected to display the characteristics of a noise image. In our example, the
true image is not a typical white noise image. It is possible to demonstrate
that if we draw a large number of images from the white noise distribution
with a given variance, as an estimate for the true variance the CM estimate
is superior to that given by the Morozov discrepancy principle.

The estimation theory is discussed in more detail in Chapter 5 of this
book. We also show results with hyperprior models where the true images are
more consistent with the prior. �
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Figure 3.21. The Tikhonov regularized solution with regulariation parameter
selected by the discrepancy principle (left) and the CM estimate based on 5000
MCMC draws with α0= 2 (right).

3.8 Notes and Comments

Traditionally, the field of inverse problems has been developed from a basis of
deterministic models. The notion of statistical inference in inverse problems
has been advocated by some outhors, particularly in geophysical inverse prob-
lems in which these ideas have been cultivated for some time; see, e.g., [126],
[125], [82]. More recent reviews on statistical inversion include [90, 91, 92, 124].

A classic reference on statistical inference is Laplace’s Memoir on inverse
probability from 1774; see [122]). It is interesting to note that in Laplace’s
work, the idea of statistical inverse problems is not very far.

The literature concerning Bayesian statistics is enormous. For the central
concepts and methodology, we refer to [15] which is a classical textbook on
Bayesian statistics. We also note that the statistics community is somewhat
divided between the Bayesian school and the so-called frequentist school. The
frequentists’ criticism concerns mostly the use of prior models. A classical text
on the frequentist methodology and interpretation is [25], while the philo-
sophical differences between the two schools are discussed for example in [84].
Within the frequentist paradigm, we also refer to so-called robust methods
[61], in which the error model related to the likelihood is iteratively adjusted
based on the actual data.

In contrast to the deterministic inversion approaches and the underlying
philosophy in which a solution is always forced, the statistical approach is
somewhat different in the following sense. Given the prior information and
models as well as the measurements, we may still end up in a situation in
which the posterior distribution is improper. Formally we would have infinite
variances with respect to certain subspaces or manifolds. This would imply
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that we if we are fair, we acknowledge that the prior information and the
measurements are not enough to produce any reliable estimate.

As for the everyday notion of the word prior, we note that this does not
necessarily refer to “temporally prior” although this would usually be the
case. Rather, the word refers to the prior modelling being carried out without
the data that is to be used in the likelihood.

The posterior mean formulas (3.14) and (3.17) are often not used compu-
tationally if the covariances are not to be computed. For example, for (3.17)
we can write

x = arg min
x

∥∥∥∥[LnoiseA
Lprior

]
x−

[
Lnoise(y − e0)

Lpriorx0

]∥∥∥∥ ,

where Lnoise and Lprior are the Cholesky factors of Γnoise and Γpr, respectively.
This least squares problem can be solved by using the QR decomposition.

When applying the statistical approach, it is important that the unknown
is the one of primary interest. For instance, if we want to estimate a variable
Z = G(X) and the observation model is Y = F (X) + E, E being noise, we
should not try to estimate first X and then compute Z: If G is nonlinear, we
have usually G(xCM) �= (G(x))CM, and the estimation error variance is often
larger for G(xCM).

It is possible, at least in the Gaussian case, to develop a statistical in-
version theory in Hilbert spaces of infinite dimensions or, more generally, in
distribution spaces. We refer to the articles [83] and [86].

The total variation prior has been used in classical approach to inverse
problems as a Tikhonov-type penalty term; see, e.g., [30] and [139]. For the
properties of functions with bounded total variation, we refer to the book [45].

The impulse noise priors such as the �1-prior and the maximum entropy
prior have been analyzed in the article [31], where it was demonstrated that
in image denoising, they favor estimates that are almost black.

A simplified proof of the Hammersley–Clifford theorem can be found in
the article [13]. As a reference concerning continuous Markov random fields,
see the textbook [107].

A reference on kernel estimation methods that are useful in construct-
ing sample-based prior densities is [127]. For the construction of sample- or
simulation-based priors and their application to electrical impedance tomog-
raphy, see [132, 135].

Structural priors, as presented in this book, were discussed in the article
[66].

For Markov chain Monte Carlo methods, we refer to the monograph [85]
and the book [44]. The former contains a wealth of alternative algorithms for
the basic Metropolis–Hastings and Gibbs sampler algorithms presented in this
book. The original references concerning these methods are [40, 41, 57, 89].

The convergence issues and mixing properties of the MCMC methods were
not discussed in detail. These topics are relatively involved, and we refer to
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the articles [117] and [128] for further discussion. The central ideas in those
articles go back to [97].

In the blind deconvolution problem of Example 13, we used a sequential
optimization method for computing the MAP estimate. The convergence of
this iteration scheme is discussed in the article [14]. The blind deconvolution
problem is widely studied because of its importance in many applied fields.
Often, it is treated as a total least squares problem. For a recent reference,
see [102].

There are numerous cases in which the construction of an explicit model for
the prior can be exceedingly cumbersome. One possibility is to use Bayesian
neural networks; see for example [78, 79].



4

Nonstationary Inverse Problems

In several applications, one encounters a situation in which measurements
that constitute the data of an inverse problem are done in a nonstationary
environment. More precisely, it may happen that the physical quantities that
are the focus of our primary interest are time dependent and the measured
data depends on these quantities at different times. For example, consider
the continuous monitoring of the human heart by measuring the magnetic
fields outside the body due to bioelectromagnetism. In these measurements,
the observed signal is weak and the noise level high. If the target was a static
source, one could average a sequence of measurements to reduce the noise
level. However, measurements at different time instances give information of
the state of the heart at that particular moment and an averaging of the
measurements at different times gives a more or less useless averaged signal.

Inverse problems of this type are called here nonstationary inverse prob-
lems. In this section, we derive a Bayesian model for a class of nonstationary
problems and discuss the corresponding statistical inversion methods. These
methods are referred to as Bayesian filtering methods for historic reasons. Un-
doubtedly, the most famous and also the most widely used of these methods
is the Kalman filter that we derive as a special case.

4.1 Bayesian Filtering

In this section, as in the previous chapter, we limit the discussion to finite-
dimensional models. Much of the material in this section could immediately be
extended to infinite-dimensional Hilbert spaces. Also, for the sake of clarity, we
use discrete time evolution models. In some applications, the discrete evolution
model is derived from a continuous evolution model, for example, from a
stochastic differential equation. We shall consider such cases in the preliminary
example below and especially in Chapter 7.
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4.1.1 A Nonstationary Inverse Problem

Let us introduce an example that clarifies the concepts discussed in this chap-
ter.

Example 1: Consider a waveform ψ : R→ R that moves with a constant
velocity c along the real axis, that is, we have a function

u(s, t) = ψ(s− ct), t > 0, s ∈ R. (4.1)

We assume that at fixed locations s = z�, 0 ≤ z1 < z2 < · · · < zL ≤ 1,
the amplitude of u through a blurring kernel is observed. More precisely, we
assume that the observed data at time t is

g(z�, t) =
∫ ∞

−∞
K(z� − s)u(s, t)dt + v�(t), 1 ≤ � ≤ L,

where the convolution kernel K is given as

K(s) = 1−
(s

d

)2

, if |s| ≤ d, K(s) = 0, if |s| > d,

and d > 0 is the width parameter of the blurring kernel. The observations are
corrupted by additive noise v�(t) with relatively high amplitude. Furthermore,
assume that the time instants of the observations are tk, 0 ≤ t0 < t1 < · · ·.
The problem is to estimate the function u in the interval [0, 1] from this data.

The degree of difficulty of this problem depends heavily on what our prior
information of the underlying situation is. We shall consider two cases:

(i) We assume that u(s, tk) and u(s, tk+1) are not very different functions.
(ii) We know that u(s, t) is a wave moving to the right, but the wave speed and

the waveform are not exactly known. Hence, we assume that u satisfies
the equation

∂u

∂s
+

1
c

∂u

∂t
≈ 0,

where c > 0 is the guessed wave speed. The fact that the above equation
may not be exact is due to the uncertainty about the wave speed and
whether the linear wave propagation model is correct.

For later use, we discretize the problem. Let s0 = 0 < s1 < . . . < sN = 1
be a discretization of the interval [0, 1] into equal intervals of length 1/N . The
discretized observation model is then a linear one. By using, for example, the
trapezoid rule, we write the discrete model as

Yk = GXk + Vk, k ≥ 0,

where
Xk = [u(s1, tk), u(s2, tk), . . . , u(sN , tk)]T ∈ RN ,

and G ∈ RL×N is the matrix with elements
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G�,n = wjK(z� − sn),

where w� is the weight of the quadrature rule, and Vk ∈ RL is the noise vector,

Vk = [v1(tk), . . . , vL(tk)]T.

Despite of the simplicity of the observation model, the high noise level
makes the problem difficult when no prior information is present. In fact, each
time slice constitutes a separate inverse problem and the sequential nature of
the measurement provides no help.

However, if the sampling frequency is high compared to the propagation
velocity of the wave, one could try to average few consecutive observations
and thus reduce the noise level, hoping that the underlying function u does
not change much during the averaging window. Of course, if the propagation
velocity c is high, averaging causes severe blurring in the reconstruction.

To understand how the prior information helps here, consider the case (i)
above. We assume that the underlying dynamics of the vectors Xk is unknown
to us. A possible “black box” model to account for the unknown dynamics
could be a random walk model, that is, we write

Xk+1 = Xk + Wk+1,

where Wk+1 is a Gaussian random vector. In this model, the variance of
Wk+1 is a parameter that controls the difference between the state vectors
at consecutive time instants. The modelling of the statistics of Wk might be
based on available prior infomation or might be chosen ad hoc.

Finally, let us consider the case (ii) in which we have approximate informa-
tion about the true underlying dynamics of the state. We use the approximate
model

∂u

∂t
= −c

∂u

∂s
+ e(s, t),

where the term e is a small but unknown function representing the modelling
error. We discretize this equation first with respect to s by a finite difference
scheme. By writing

∂u

∂s
(sn, t) ≈ N(u(sn, t)− u(sn−1, t)),

we end up with a semidiscrete model,

dX(t)
dt

= LX(t) + Z(t) + E(t), (4.2)

where L ∈ RN×N is the finite difference matrix,

L = −cN

⎡⎢⎢⎢⎣
1 0 . . . 0
−1 1 0

...
. . .

...
0 . . . −1 1

⎤⎥⎥⎥⎦ ,
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the vector Z(t) ∈ RN represents the unknown value of u at the left end of the
interval,

Z(t) = cN [u(s0, t), 0, . . . , 0]T,

and E(t) ∈ RN corresponds to the modelling error e(s, t),

E(t) = [e(s1, t), . . . , e(sN , t)]T.

By assuming that the time step between consecutive observation instants is
τ > 0, we discretize equation (4.2) by the implicit Euler scheme, yielding the
evolution equation

Xk+1 = FXk + Wk+1,

where
F = (I − τL)−1 ∈ RN×N ,

and the vector Wk+1 ∈ RN is

Wk+1 = F
(
Z(tk+1) + E(tk+1)

)
.

The numerical discussion of this example is postponed until we have de-
veloped the statistical machinery a bit further. �

4.1.2 Evolution and Observation Models

Motivated by the previous example, we shall now define the Bayesian filtering
problem for discrete time stochastic processes.

Let {Xk}∞k=0 and {Yk}∞k=1 be two stochastic processes. The random vector
Xk ∈ Rnk represents the quantities that we are primarily interested in, and
it is called the state vector. The vector Yk ∈ Rmk represents the measure-
ment. We refer to it as the observation at the kth time instant. For the sake
of definiteness, we assume that the probability distributions are absolutely
continuous with respect to the Lebesgue measure so that we can talk about
probability densities rather than distributions. We postulate the following
three properties for these processes:

1. The process {Xk}∞k=0 is a Markov process, that is,

π(xk+1 | x0, x1, . . . , xk) = π(xk+1 | xk).

2. The process {Yk}∞k=1 is a Markov process with respect to the history of
{Xk}, that is,

π(yk | x0, x1, . . . , xk) = π(yk | xk).

3. The process {Xk}∞k=0 depends of the past observations only through its
own history, that is,

π(xk+1 | xk, y1, y2, . . . , yk) = π(xk+1 | xk).
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These postulates can be illustrated by the following dependency scheme (or
neighborhood system):

X0 → X1 → X2 → · · · → Xn → · · ·
↓ ↓ ↓
Y1 Y2 Yn

If the stochastic processes {Xn}∞n=0 and {Yn}∞n=1 satisfy conditions 1–3 above,
we call this pair an evolution–observation model. Evidently, for the evolution–
observation model to be completely specified, we need to specify the following:

1. The probability density of the initial state X0.
2. The Markov transition kernels π(xk+1 | xk), k = 0, 1, 2, . . ..
3. The likelihood functions π(yk | xk), k = 1, 2, . . ..

To avoid possible confusion due to our shorthand notation, let us em-
phasize here that the Markov chain {Xk}∞k=0 needs not be time-homogenous,
that is, the transition kernels π(xk+1 | xk) can vary in time. Similarly, it is
important that the likelihood functions π(yk | xk) are allowed change in time.

To better understand the assumptions above, consider the case that is
often the starting point in practice: Assume that we have a Markov model
describing the evolution of the states Xk and an observation model for vectors
Yk depending on the current state Xk,

Xk+1 = Fk+1(Xk, Wk+1), k = 0, 1, 2, . . . , (4.3)

Yk = Gk(Xk, Vk). k = 1, 2, . . . . (4.4)

Here the functions Fk+1 and Gk are assumed to be known functions, and the
random vectors Wk+1 ∈ Rpk+1 and Vk ∈ Rqk are called the state noise and
observation noise, respectively. The equation (4.3) is called the state evolution
equation while (4.4) is called the observation equation.

In order that the processes {Xk}∞k=0 and {Yk}∞k=0 are an evolution–
observation model, we make the following assumptions concerning the state
noise and observation noise processes:

1. For k �= �, the noise vectors Wk and W� as well as Vk and V� are mutually
independent and also mutually independent of the initial state X0.

2. The noise vectors Wk and V� are mutually independent for all k, �.

We emphasize that having a system of the form (4.3)–(4.4) is not necessary
for the Bayesian approach.

The inverse problem considered in this chapter is to extract information of
the state vectors Xk based on the measurements Yk. Similarly to the discussion
in the previous chapter, in the Bayesian approach we do not only try to find
a single estimate of the state but rather get the posterior distribution of the
state vector conditioned on the observations. To this end, let us denote

Dk = {y1, y2, . . . , yk},
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The conditional probability of the state vector xk conditioned on all the mea-
surements y1, . . . , yn is denoted as

π(xk | y1, . . . , yn) = π(xk | Dn).

It is understood that π(xk | D0) = π(xk).
Several different problems can be considered here. To set the terminology

straight, we give the following classification that is in agreement with the
classical literature.

Definition 4.1. Assume that the stochastic processes {Xk}∞k=0 and {Yk}∞k=1

form an evolution–observation model. The problem of determining the condi-
tional probability

1. π(xk+1 | Dk) is called a prediction problem;
2. π(xk | Dk) is called a filtering problem;
3. π(xk | Dk+p), p ≥ 1 is called a p-lag (fixed-lag) smoothing problem;
4. when the complete measurement sequence DK = {y1, . . . , yK} is finite,

π(xk | DK), 1 ≤ k ≤ K is called a (fixed interval) smoothing problem.

Clearly, the problems listed above serve different purposes. In problems in
which real-time information of the underlying state xk is vital, the filtering
approach is important. This is the case, for example, in control problems in
which one has to act based on the current state. On the other hand, if one has
a possibility to perform a longer series of observations before estimating the
state xk, the smoothing approaches might be preferred since they yield smaller
estimation errors than filtering. The prediction problem may be interesting
per se, for example, when future decisions need to be made based on current
knowledge as in financial problems. Often, however, the prediction problem
is just an intermediate step for the filtering step. It is also possible to predict
over longer horizons than a single time step.

We begin our the discussion by considering the Bayesian filtering prob-
lems and by deriving the basic updating formulas for conditional probability
distributions. More precisely, it is our goal to derive formulas that allow us to
construct the following recursive updating scheme:
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π(x0)
↓

π(x1|x0) −→ evolution updating
↓

π(x1)
↓

observation updating ←− π(y1|x1)
↓

π(x1 | D1)
↓

π(x2|x1) −→ evolution updating
↓

π(x2 | D1)
↓

observation updating ←− π(y2 | x2)
↓

π(x2 | D2)
↓
...

Other common terms for the evolution and observation updates especially in
the engineering literature are time and measurements updates, respectively.
In this type of recursive scheme, the state evolution equation is used for solv-
ing the prediction problem from the filtering problem of the previous time
level, while the new observations are used to update the predicted probability
distribution. Therefore, we need to find formulas for the following updating
steps:

1. Time evolution updating: Given π(xk | Dk), find π(xk+1 | Dk) based on
the Markov transition kernel π(xk+1 | xk).

2. Observation updating: Given π(xk+1 | Dk), find π(xk+1 | Dk+1) based on
the new observation yk+1 and the likelihood function π(yk+1 | xk+1).

The updating equations are given in the following theorem.

Theorem 4.2. Assume that the pair {Xk}∞k=0, {Yk}∞k=0 of stochastic pro-
cesses is an evolution–observation model. Then the following updating for-
mulas apply:

1. Time evolution updating: We have

π(xk+1 | Dk) =
∫

π(xk+1 | xk)π(xk | Dk)dxk. (4.5)

2. Observation updating: We have

π(xk+1 | Dk+1) =
π(yk+1 | xk+1)π(xk+1 | Dk)

π(yk+1 | Dk)
, (4.6)
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where
π(yk+1 | Dk) =

∫
π(yk+1 | xk+1)π(xk+1 | Dk)dxk+1.

Proof: To prove the identity (4.5), consider the probability density

π(xk+1, xk, Dk) = π(xk+1 | xk, Dk)π(xk, Dk)

= π(xk+1 | xk)π(xk | Dk)π(Dk),

where we used the fact that based on the evolution equation, if xk is known,
xk+1 is conditionally independent of the previous observations. Further,

π(xk+1, Dk) =
∫

π(xk+1, xk, Dk)dxk,

so by substituting the previous identity we find that

π(xk+1 | Dk) =
π(xk+1, Dk)

π(Dk)
=
∫

π(xk+1 | xk)π(xk | Dk)dxk.

This proves (4.5).
To derive the observation updating formula (4.6), we write first

π(xk+1 | Dk+1) =
π(xk+1, Dk+1)

π(Dk+1)
. (4.7)

Consider the joint probability distribution π(xk+1, Dk+1). Then

π(xk+1, Dk+1) = π(yk+1, xk+1, Dk) = π(yk+1 | xk+1, Dk)π(xk+1, Dk).

From the equation (4.4) and the mutual independence of Vk, we deduce that
yk+1 is conditionally independent of the previous observation if xk+1 is known,
that is,

π(yk+1 | xk+1, Dk) = π(yk+1 | xk+1).

Substituting these expressions in formula (4.7) we have

π(xk+1 | Dk+1) =
π(yk+1 | xk+1)π(xk+1, Dk)

π(Dk+1)
.

Furthermore, since

π(xk+1, Dk) = π(xk+1 | Dk)π(Dk),

and
π(Dk+1) = π(Dk, yk+1) = π(yk+1 | Dk)π(Dk),

it follows now that

π(xk+1 | Dk+1) =
π(xk+1, Dk+1)

π(Dk+1)
=

π(yk+1 | xk+1)π(xk+1 | Dk)
π(yk+1 | Dk)

,



4.2 Kalman Filters 123

proving equation (4.6). �

Before discussing the computational issues, it is useful to give an interpre-
tation for the derived equations. Consider first equation (4.5). The integrand
in this formula is simply the joint probability distribution of the variables xk

and xk+1 conditioned on the observations Dk. Hence, formula (4.5) is simply
the marginal probability distribution of xk+1, that is, the probability distri-
bution of xk+1 regardless of what the value of xk was.

Similarly, the equation (4.6) is easy to interpret in terms of the statistical
inversion. Assume that we have computed the distribution π(xk+1 | Dk), and
we consider this distribution as the prior distribution for xk+1 when the new
observation yk+1 arrives. Then equation (4.6) is nothing other than the Bayes
formula.

With these interpretations in mind, we consider next the simplest of all
models, the Gaussian linear case.

4.2 Kalman Filters

4.2.1 Linear Gaussian Problems

Theorem 4.2 of the previous section leads to the well known formulas of the
Kalman predictor and Kalman filter, if the following special conditions hold:
First, the state equations are linear with additive noise processes, that is,

Xk+1 = Fk+1Xk + Wk+1, k = 0, 1, 2, . . . , (4.8)

Yk = GkXk + Vk k = 1, 2, . . . . (4.9)

Here, we assume that Fk+1 and Gk are known matrices. Further, the noise vec-
tors Wk+1 and Vk are Gaussian with known means and covariances. Without
a loss of generality, we may assume that they are zero mean vectors. Third,
the noise vectors are mutually independent, that is,

Wk ⊥W�, Vk ⊥ V�, k �= �,

and
Wk ⊥ V�.

Finally, the probability distribution of X0 is known and Gaussian. Again,
without a loss of generality, we can assume that X0 is zero mean.

Under these rather restrictive conditions, the following theorem holds.

Theorem 4.3. Assume that the above assumptions are valid. Denote xk|� =
E(xk | D�) and Γk|� = cov (xk | D�) and define π(x0) = π(x0 | D0). Then the
time evolution and observation updating formulas take the following forms:
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1. Time evolution updating: Assume that we know the Gaussian distribution

π(xk | Dk) ∼ N (xk|k , Γk|k).

Then,
π(xk+1 | Dk) ∼ N (xk+1|k , Γk+1|k),

where

xk+1|k = Fk+1xk|k, (4.10)

Γk+1|k = Fk+1Γk|kFT
k+1 + Γwk+1 , (4.11)

2. Observation updating: Assume that we know the Gaussian distribution

π(xk+1 | Dk) ∼ N (xk+1|k , Γk+1|k).

Then,
π(xk+1 | Dk+1) ∼ N (xk+1|k+1, Γk+1|k+1),

where

xk+1|k+1 = xk+1|k + Kk+1(yk+1 −Gk+1xk+1|k), (4.12)

Γk+1|k+1 = (1−Kk+1Gk+1)Γk+1|k, (4.13)

and the matrix Kk+1, known as the Kalman gain matrix, is given by the
formula

Kk+1 = Γk+1|kGT
k+1(Gk+1Γk+1|kGT

k+1 + Γvk+1)
−1,

Proof: As explained at the end of Section 4.1, the product π(xk+1 |
xk)π(xk | Dk) is the joint probability distribution of xk and xk+1. The claimed
formula for the evolution update follows now from the Theorem 3.6 in Chapter
3. The claim concerning the observation updating is a direct consequence of
Theorem 3.7 in Chapter 3 Indeed, by interpreting π(xk+1 | Dk) = πpr(xk+1)
and π(yk+1 | xk+1) = πnoise(yk+1 − Gk+1xk+1) where πnoise is the proba-
bility distribution of the observation noise vk+1, the result follows by direct
substitution. �

Usually the initial state is not very well known. This is handled typically
by setting the initial covariance large. This uncertainty is reflected in the
variances of the first estimates, but this transition effect usually soon wears
out.

As an application of the Kalman filters, we return to the introductory
Example 1 of the previous subsection.

Example 1 (continued): Having developed the necessary tools for dis-
cussing linear Gaussian nonstationary inverse problems, we continue the Ex-
ample 1 described in the beginning of this chapter.

Assume that the waveform ψ consists of two Gaussian humps,
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ψ(s) = a1exp
(
− 1

s2
1

(s− c1)2
)

+ a2exp
(
− 1

s2
2

(s− c2)2
)

,

where a1 = 1.5, a2 = 1.0, s1 = 0.08, s2 = 0.04 and c1 = 0.1, c2 = 0.25. The
propagation velocity is c = 0.04, and the observations are done at unit time
intervals. We assume that there are 11 evenly distributed observation points,
and the wave is followed for 20 time units. The additive observation noise is
Gaussian white noise with standard deviation of 5% of the maximum noiseless
signal. Figure 4.1 shows the true wave during the observation sequence.

Figure 4.1. The true wave u(s − ct).

We estimate the wave based on the dynamic observation using the random
walk model and the wave propagation model. In the random walk model, the
state noise is Wk+1 ∼ N (0, γ2I), where γ = 0.1.

In the wave propagation model, we consider two cases. First, we assume
that the propagation speed is known and second, that it is known only ap-
proximately so that the employed propagation speed is c = 1.5c, that is, we
grossly overestimate the speed. Note also that we estimate u(s, t) rather than
ψ(s) since we are not necessarily sure that the overall linear wave propagation
model is otherwise completely correct.

The state noise covariance in this case is

E
{
Wk+1W

T
k+1

}
= F

(
E
{
Z(tk+1)Z(tk+1)T

}
+ E

{
E(tk+1)E(tk+1)T

})
FT

= F
(
α2e1e

T
1 + γ2I

)
FT,

where e1 = [1, 0, . . . , 0]T, α2 is the variance of the boundary value at the left
end of the interval and γ2 is the variance of the modelling error. We use tha
value α = 0.1 in both cases. For the correct wave speed, the modelling error
is assumed to be smaller than with incorrect wave speed. In the calculations,
we use γ = 10−4 for the correct wave speed and γ = 0.1 for the incorrect one.
It turns out that the method is quite insensitive to these parameters.

Figure 4.2 shows the results of the Kalman filter-based estimates. Not
surprisingly, the wave propagation model gives a smoother estimate, since it
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Figure 4.2. Kalman filtered estimates. The top one is based on the random walk
model, the right one on wave propagation model with correct speed and the left one
with overestimated speed.

has a built-in smoothing prior. Notice also that the method is quite robust
with respect to propagation speed estimate. The estimates with correct and
incorrect wave speed estimates are not equal, but the difference is too small
to be visible. In practice, this is an important feature in many applications,
see especially the the similar but much more complex example in Chapter 7.
�

In the following sections, we consider Bayes filtering when the linearity
and/or normality assumptions are not satisfied.

4.2.2 Extended Kalman Filters

The effectiveness of Kalman filtering is based on the fact that Gaussian densi-
ties remain Gaussian in linear transformations. Hence, the density updating is
achieved by updating only the mean and the covariance. For nonlinear mod-
els, this is no longer true. However, one can try to approximate the densities
by Gaussian densities and follow the evolution of these approximations. The
success depends strongly on the properties of the nonlinear evolution models.
Such approximation is called extended Kalman filtering (EKF).

Consider an evolution–observation model
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Xk+1 = Fk+1(Xk) + Wk+1, k = 0, 1, 2, . . . , (4.14)

Yk = Gk(Xk) + Vk, k = 1, 2, . . . , (4.15)

where the mappings Fk+1 and Gk are assumed to be differentiable. The state
noise Wk and observation noise Vk are as in the previous section, that is,
Gaussian, zero mean and mutually independent. We assume that the initial
distribution π(X0) is known. As usual, we interpret π(X0 | D0) = π(X0) for
the empty observation D0.

In the following discussion, we use the following notations. We denote
by πG(xj | Dk) a Gaussian approximation of the conditional density π(xj |
Dk), j = k, k + 1. The quality of the approximation is not assessed in any
way here. Instead, we give the updating steps for computing the Gaussian
approximations based on the evolution–observation model (4.14)–(4.15).

Assume that πG(xk | Dk) is known,

πG(xk | Dk) ∼ N (xk|k, Γk|k).

The first step is to approximate π(xk+1 | Dk). We write the time evolution
updating formula (4.5) as

π(xk+1 | Dk) =
∫

π(xk+1 | xk)π(xk | Dk)dxk

≈
∫

π(xk+1 | xk)πG(xk | Dk)dxk.

To obtain the Gaussian approximation for the transition kernel π(xk+1 | xk),
we use the linearized approximation of Fk+1 around the center xk|k,

Xk+1 = Fk+1(Xk) + Wk+1

≈ Fk+1(xk|k) +DFk+1(xk|k)
(
Xk − xk|k

)
+ Wk+1,

where DF denotes the Jacobian of F . The propagation step of the standard
Kalman filter gives immediately the updated Gaussian approximation. We
write

πG(xk+1 | Dk) ∼ N (xk+1|k, Γk+1|k),

where

xk+1|k = Fk+1(xk|k),

Γk+1|k = (DFk+1)Γk|k(DFk+1)T + Γwk+1,

where we denoted for brevity DFk+1 = DFk+1(xk|k).
To derive the observation updating, we use the Bayes formula (4.6) and

write
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π(xk+1 | Dk+1) ∝ π(yk+1 | xk+1)π(xk+1 | Dk) (4.16)

≈ π(yk+1 | xk+1)πG(xk+1 | Dk)

∝ exp
(
− 1

2
(
xk+1 − xk+1|k

)TΓ−1
k+1|k

(
xk+1 − xk+1|k

)
−1

2
(
yk+1 −Gk+1(xk+1)

)TΓ−1
vk+1

(
yk+1 −Gk+1(xk+1)

))
.

To find a Gaussian approximation for this density, the most straightforward
method is to approximate Gk+1 by its linearization about xk+1|k, that is,

Gk+1(xk+1) ≈ Gk+1(xk+1|k) +DGk+1(xk+1|k)(xk+1 − xk+1|k).

This approximation yields immediately a Gaussian approximation,

πG(xk+1 | Dk+1) ∼ N (xk+1|k+1, Γk+1|k+1),

where

xk+1|k+1 = xk+1|k + Kk+1

(
yk+1 −Gk+1(xk+1|k)

)
, (4.17)

Γk+1|k+1 =
(
1−Kk+1DGk+1

)
Γk+1|k, (4.18)

and the gain matrix is

Kk+1 = Γk+1|kDGT
k+1

(DGk+1Γk+1|kDGT
k+1 + Γvk+1

)−1
.

Above, we have denoted DGk+1 = DGk+1(xk+1|k+1).
This is the simplest and most straightforward version of EKF. When the

computation time is not a crucial issue, one can refine the observation updat-
ing step by including an inner iteration loop as follows.

Instead of accepting xk+1|k as the linearization point in (4.16), one can
first seek iteratively a minimizer of the exponent, that is,

x∗ = arg min
(
f(x)

)
,

where

f(x) =
(
x− xk+1|k

)TΓ−1
k+1|k

(
x− xk+1|k

)
+
(
yk+1 −Gk+1(x)

)TΓ−1
vk+1

(
yk+1 −Gk+1(x)

)
.

The minimization can be done with desired accuracy.
An iterative Gauss–Newton minimization starts with the initial value x0 =

xk+1|k, and the updating step xj → xj+1 is the following. We linearize Gk+1

about the current point xj ,

Gk+1(x) ≈ Gk+1(xj) +DGk+1(xj)(x− xj).
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By defining

δx = x− xk+1|k, yj = yk+1 −Gk+1(xj), DGj
k+1 = DGk+1(xj),

the approximation of f becomes

f(x) ≈ δxTΓk+1|kδx

+
(
yj −DGj

k+1(xk+1|k − xj − δx)
)TΓ−1

vk+1

(
yj −DGj

k+1(xk+1|k − xj − δx)
)
.

The minimizer of this quadratic expression is

δx =
(
Γ−1

k+1|k + (DGj
k+1)

TΓ−1
vk+1
DGj

k+1

)−1(
yj −DGk+1(xk+1|k − xj)

)
.

The updated value is defined as xj+1 = xk+1|k + δx. This can be expressed
in terms of a Kalman gain matrix. From the matrix inversion lemma, or the
equivalence of formulas (3.15) and (3.16), it follows that

xj+1 = xk+1|k +
(
1−Kj

k+1DGj
k+1

)
Γk+1|k

(
yj −DGj

k+1(xk+1|k − xj)
)
,

where

Kj
k+1 = Γk+1|kDGj

k+1

(DGj
k+1Γk+1|k(DGj

k+1)
T + Γvk+1

)−1
.

The iteration is repeated until convergence. Then one sets xk+1|k+1 = xj ≈ x∗.
The covariance matrix Γk+1|k+1 is then obtained by formula (4.18), using x∗
as a linearization point.

Finally, we remark that if the nonlinearities are weak, we may possi-
bly consider the globally linearized problem in which the approximations
DF (xk) ≈ DF (x̄) and DG(xk) ≈ DG(x̄) at some point x̄ may yield prac-
tically feasible approximations.

4.3 Particle Filters

In applications, the observation and evolution models may be cumbersome or
impossible to linearize. This is the case, for example, when the models are non-
differentiable or not given in a closed form. As in the case of stationary inverse
problems discussed in the previous chapter, one may try to use Monte Carlo
methods to simulate the distributions by random samples. Such methods are
known as particle filters. In this section, we discuss some of these simulation
methods.

In principle, the goal in particle filter methods is to produce sequentially
an ensemble of random samples {x1

k, x2
k, . . . , xN

k } distributed according to the
conditional probability distributions π(xk+1 | Dk) (prediction) or π(xk | Dk)
(filtering). The vectors xj

k are called particles of the sample, thus the name
particle filter. To this end, we have to consider two simulation steps: Having
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a sample simulating the probability distribution π(xk | Dk), we must be able
to produce a new sample simulating π(xk+1 | Dk), and, further, a sample
simulating π(xk+1 | Dk+1). This is done by means of the updating formulas
derived in Theorem 4.2.

The following rather straightforward particle filter method is known as
the sampling importance resampling algorithm, or briefly SIR. We give the
algorithm in a concise form below.

1. Draw a random sample {xn
0}Nn=1 from the initial distribution π(x0) =

π(x0 | D0) of the random variable X0 and set k = 0.
2. Prediction step: For k ≥ 0 given, let {xn

k}Nn=1 be a sample distributed
according to π(xk | Dk). Approximate the integral (4.5) as

π(xk+1 | Dk) =
∫

π(xk+1 | xk)π(xk | Dk)dxk ≈ 1
N

N∑
n=1

π(xk+1 | xn
k ).

3. Sample from predicted density: Draw one new particle x̃n
k+1 from π(xk+1 |

xn
k ), 1 ≤ n ≤ N .

4. Calculate relative likelihoods

wn
k+1 =

1
W

π(yk+1 | x̃n
k+1), W =

N∑
n=1

π(yk+1 | x̃n
k+1).

5. Resample: Draw xn
k+1, 1 ≤ n ≤ N from the set {x̃n

k+1}, where the prob-
ability of drawing the particle x̃n

k+1 is wn
k+1. Increase k −→ k + 1 and

repeat from 2.

Before presenting applications and examples, a few comments are in order.
The prediction step 2 is a straightforward Monte Carlo integration approxi-
mation that should be familiar already from the context of MCMC methods
of the previous section. Indeed, it is but a realization of the approximation∫

f(xk)π(xk | Dk)dxk ≈ 1
N

N∑
n=1

f(xn
k ),

with f(xk) = π(xk+1 | xk).
The steps 3–5 can be understood as importance sampling. We use the

density π(xk+1 | Dk) as a proposal density and assign later a relative
probability weight to each proposed particle by using the likelihood. Note
that we draw one new particle from each one of the individual densities
xk+1 �→ π(xk+1 | xn

k ), 1 ≤ n ≤ N . This updating strategy is called lay-
ered sampling. From the point of view of the algorithm, this choice is not
essential. We might as well draw each new particle from the approximated
density given in step 2. However, there is evidence that it is often advisable
to use layered sampling to get better coverage of the density. Moreover, as we
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shall see in the forthcoming examples, the layered sampling is often very easy
to accomplish.

To give a more concrete feel for the SIR algorithm, let us consider one
updating round in a simple example.

Example 2: We consider a simple one-dimensional model. Assume that
for some k, π(xk | Dk) is a Rayleigh distribution,

π(xk | Dk) = xk exp
(
−1

2
x2

k

)
, xk ≥ 0.

Let {x1
k, . . . , xN

k } be a random sample drawn from this distribution.
Consider a simple random walk model,

Xk+1 = Xk + Wk+1, Wk+1 ∼ N (0, γ2),

corresponding to the transition density

π(xk+1 | xk) =
1√
2πγ2

exp
(
− 1

2γ2
(xk − xk+1)2

)
.

Now we perform the layered sampling: For each n, draw wn from the density
N (0, γ2) and set

x̃n
k+1 = xn

k + wn.

Thus we have produced the prediction cloud of particles. Observe that due to
our assumptions, the particles should be distributed according to the density

π(xk+1 | Dk) =
∫

π(xk | Dk)π(xk+1 | xk)dxk

=
1√
2πγ2

∫ ∞

0

xk exp
(
−1

2
x2

k −
1

2γ2
(xk − xk+1)2

)
dxk.

Assume now that the observation model is again the simplest imaginable,

Yk+1 = Xk+1 + Vk+1, Vk+1 ∼ N (0, σ2),

that is, the likelihood density is

π(yk+1 | xk+1) =
1√

2πσ2
exp

(
− 1

2σ2
(yk+1 − xk+1)2

)
,

and the outcome of our measurement is yk+1 = ymeas. Then the relative
likelihoods are simply

wn
k+1 =

1
W

exp
(
− 1

2σ2
(ymeas − x̃n

k+1)
2

)
,

where W is a norming constant. Finally, we do the resampling: For every n,
1 ≤ n ≤ N , draw a random number t ∼ U([0, 1]) and set
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Figure 4.3. Schematic representation of the SIR filtering. Top left: Particles drawn
from π(xk | Dk). Top right: Particles propagated to approximate the predicted
distribution π(xk+1 | Dk). Bottom left: Relative likelihoods coded by a gray scale.
Bottom right: Resampled particles approximating π(xk+1 | Dk+1).

xn
k+1 = x̃�

k+1, when
�−1∑
j=1

wj
k+1 < t ≤

�∑
j=1

wj
k+1.

In Figure 4.3, the above steps have been illustrated graphically. �
Having defined the particle filtering procedure, let us look at some of its

properties.
Consider the problem of calculating an estimate for an integral of a given

function g(xk+1) with respect to the measure π(xk+1 | Dk+1)dxk+1, that is,
the conditional expectation of g(xk+1) conditioned on Dk+1. At the time slice
t = k +1, we have two samples at our disposal, namely the prediction sample
{x̃n

k+1} and the resampled one, {xn
k+1}. These two samples yield two different

approximations, namely∫
g(xk+1)π(xk+1 | Dk+1)dxk+1 ≈

N∑
n=1

wn
k+1g(x̃n

k+1) = θ̃g, (4.19)

or alternatively,
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g(xk+1)π(xk+1 | Dk+1)dxk+1 ≈ 1

N

N∑
n=1

g(xn
k+1) = θg. (4.20)

The question arises, which one of these estimates is preferable. To settle this
question, observe that both θ̃g and θg are realizations of a random variable,
since the samples are generated via a random process. It is therefore advisable
to select that variable which has a smaller variance. It can be shown that the
resampling phase increases the variance, so the estimate (4.19) could produce
more accurate estimates.

From the practical point of view, an important question is how large par-
ticle samples should be. The convergence of the estimation process can be
assessed by estimating the variance of the estimate θ̃g in (4.19). Indeed, by
repeating the filtering with the same data M times and computing the corre-
sponding estimates (4.19), denoted here as θ̃mg, 1 ≤ m ≤M , we may estimate

var(θ̃g) ≈ 1
M

M∑
m=1

(θmg)2 − (θg)2, θg =
1
M

m∑
m=1

θ̃mg. (4.21)

This quantity gives often a good understanding of the adequacy of the number
of particles.

The second comment concerns the so-called thinning, or impoverishment of
the sample: It may happen that the relative likelihoods wn

k+1 of the prediction
particles x̃n

k+1 are very unevenly distributed, only a few of them having a
relative likelihood of significant size. As a consequence, after resampling, the
sample consists of copies of very few prediction particles. Such a situation
may occur if the likelihood π(yk+1 | xk+1) is very narrow or if the true time
evolution of the system differs significantly from the evolution model used in
the filtering so that the prediction sample goes badly astray. Remedies to this
phenomenon have been suggested in the literature.

These problems are present also in the stationary Markov chain Monte
Carlo algorithms. Indeed, a grossly infeasible prior makes reliable sampling
always technically very difficult. In the dynamical case, the use of well-justified
prior models (that is, reliable time evolution models) becomes even more
important.

4.4 Spatial Priors

The time evolution model in the Bayes filtering can be seen as a form of prior
information. Indeed, in the obsevation updating step, the evolution-based pre-
dicted density appears as a prior density for the subsequent measurement.

In several applications, the state vectors Xk represent discretized versions
of spatially distributed parameters. We may have prior information concerning
these parameters outside the context of the time evolution. Indeed, if we were
to estimate Xk purely based on the observation Yk, we might know that Xk
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is a priori distributed according to a prior density πpr(xk). As an example, we
may assume that the spatial prior is a smoothness prior. The question then
becomes, how to incorporate such spatial prior density into the time evolution
model.

The key to this is, naturally, Bayes’ formula. Indeed, let us write

π(xk+1 | xk) =
πpr(xk+1)π(xk | xk+1)

π(xk)
, (4.22)

where
π(xk) =

∫
πpr(xk+1)π(xk | xk+1)dxk+1.

Here, the transition probability density π(xk | xk+1) can be seen as a back
transition density from xk+1 to xk.

Example 3: As an example of the above discussion, let us consider the
random walk time evolution model augmented with a Gaussian smoothness
prior. Let

πpr(xk+1) ∝ exp
(
−1

2
‖Lxk+1‖2

)
be a smoothness prior, where L denotes a discrete approximation matrix of a
differential operator. If no Markov model for the process {Xn}∞n=0 is given, we
could estimate Xk from the observation Yk simply by using the above density
as a prior. Let us assume, on the other hand, that in addition to the above
prior information of Xk+1, we want to enforce a random walk time evolution,

Xk+1 = Xk + Wk+1, Wk+1 ∼ N (0, γ2I).

From this model, we infer that

π(xk | xk+1) ∝ exp
(
− 1

2γ2
‖xk − xk+1‖2

)
.

Hence, the forward transition kernel becomes

π(xk+1 | xk) ∝ 1
π(xk)

exp
(
− 1

2γ2
‖xk − xk+1‖2 − 1

2
‖Lxk+1‖2

)
,

the denominator being the integral of the numerator. To understand how the
random walk time evolution step should be modified, let us rewrite the above
formula in a more suggestive form.

Rearranging the terms in the exponential, we have

1
2γ2
‖xk − xk+1‖2 +

1
2
‖Lxk+1‖2 =

1
2γ2

(xk+1 −G−1xk)TG(xk+1 −G−1xk)

+
1

2γ2

(
‖xk‖2 − ‖G−1/2xk‖2

)
,
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where
G = I + γ2LTL.

Hence,

π(xk+1 | xk) ∝ exp
(
− 1

2γ2
(xk+1 −G−1xk)TG(xk+1 −G−1xk)

)
.

This transition probability corresponds to a modified time evolution model,
namely

Xk+1 = G−1Xk + Uk+1, Uk+1 ∼ N (0, γ2G−1).

This formula is quite easy to interpret: The operator G−1 is a smoothing
operator, thus removing nonsmoothness of Xk, while the noise Uk+1 is drawn
from a Gaussian smoothness density. �

Let us now see how the updating formulas (4.5) and (4.6) of Theorem
4.2 change. Substitution of the equation (4.22) into the evolution updating
equation (4.5) yields

π(xk+1 | Dk) =
∫

π(xk+1 | xk)π(xk | Dk)dxk (4.23)

= πpr(xk+1)
∫

π(xk | xk+1)
π(xk)

π(xk | Dk)dxk.

The observation updating (4.6) remains as it was before.
It turns out that for practical reasons, it is sometimes useful to regroup the

various densities. Assume that we want to perform the SIR algorithm using the
above updating scheme. Let {xn

k}Nn=1 denote a sample distributed according
to the conditional density π(xk | Dk). Then, the layered approximation of the
prediction density π(xk+1 | Dk) becomes

π(xk+1 | Dk) ≈ 1
N

N∑
n=1

πpr(xk+1)
π(xn

k | xk+1)
π(xn

k )
.

Hence, the layered sampling of the prediction sample {x̃n
k+1} requires that

we draw x̃n
k+1 from the density xk+1 �→ πpr(xk+1)π(xn

k | xk+1)/π(xn
k ). In

particular in higher space dimensions this may be a cumbersome task if the
prior density πpr(xk+1) is complicated. For this reason, we consider an alter-
native way of grouping the updating steps. Let us substitute (4.23) into the
observation updating formula (4.6). We obtain

π(xk+1 | Dk+1) =
π(yk+1 | xk+1)π(xk+1 | Dk)

π(yk+1 | Dk)

=
π(yk+1 | xk+1)πpr(xk+1)

∫ π(xk|xk+1)
π(xk) π(xk | Dk)dxk

π(yk+1 | Dk)
.
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Let us now define a weighted evolution updating formula as

π̃(xk+1 | Dk) =
∫

π(xk | xk+1)
π(xk)

π(xk | Dk)dxk,

and the augmented observation updating as

π(xk+1 | Dk+1) =
π(yk+1 | xk+1)πpr(xk+1)π̃(xk+1 | Dk)

π(yk+1 | Dk)
.

We collect these formulas for later reference into a theorem, which is a special
version of the earlier and more fundamental Theorem 4.2

Theorem 4.4. Assume that {Xk}∞k=0 and {Yk}∞k=1 are processes that form an
evolution–observation model. Further, let the transition probability π(xk+1 |
xk) be given as

π(xk+1 | xk) =
πpr(xk+1)π(xk | xk+1)

π(xk)
.

Then either of the following updating formulas can be used to incorporate the
spatial prior model:

1. Weighted evolution updating: We have

π̃(xk+1 | Dk) =
∫

π(xk | xk+1)
π(xk)

π(xk | Dk)dxk. (4.24)

2. Augmented observation updating: We have

π(xk+1 | Dk+1) =
π(yk+1 | xk+1)πpr(xk+1)π̃(xk+1 | Dk)

π(yk+1 | Dk)
. (4.25)

We consider the above result from two different points of view. First, we
give a modified particle filter algorithm including the spatial prior. Second,
we use it to give an alternative interpretation of the spatial prior in the case
of Gaussian linear case.

A modification of the sampling importance resampling algorithm can be
obtained in a rather straightforward manner from the above theorem:

1. Draw a random sample {xn
0}Nn=1 from the initial distribution π(x0) =

π(x0 | D0) of X0 and set k = 0.
2. Prediction step: For k ≥ 0 given, assume that {xn

k}Nn=1 is a sample dis-
tributed according to the density π(xk | Dk). Approximate (4.24) as

π̃(xk+1 | Dk) ≈ 1
N

N∑
n=1

π(xn
k | xk+1)
π(xn

k )
.
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3. Layered sampling: for 1 ≤ n ≤ N , draw x̃n
k+1 from the density xk+1 →

π(xn
k | xk+1)/π(xn

k ).
4. Calculate the relative augmented likelihoods

wn
k+1 =

1
W

πpr(x̃n
k+1)π(yk+1 | x̃n

k+1), W =
N∑

n=1

πpr(xn
k+1)π(yk+1 | xn

k+1).

5. Resample by drawing {xn
k+1}Nn=1 from the discrete set {x̃n

k+1}Nn=1, with
P(x̃n

k+1) = wn
k+1.

As explained before, the above form of the SIR algorithm may be conve-
nient when the back transition probability density π(xk | xk+1) is simple (for
example, random walk) while the spatial prior density is such that drawing
from the density πpr(xk+1)π(xk | xk+1) would be cumbersome.

As a follow-up to Theorem 4.4, consider the special case in which the
observation model has additive Gaussian noise and the spatial prior is, for
simplicity, a Gaussian density. Hence, let the observation model at time tk+1

be of the form

Yk+1 = G(Xk+1) + Vk+1, Vk+1 ∼ N (0, S). (4.26)

Further, let us assume that the spatial prior is of the form

πpr(xk+1) ∝ exp
(
−α2

2
‖Lxk+1‖2

)
.

Consider the formula (4.25). We have

π(xk+1 | Dk+1) =
π(yk+1 | xk+1)πpr(xk+1)π̃(xk+1 | Dk)

π(yk+1 | Dk)

=
π̃(yk+1 | xk+1)π̃(xk+1 | Dk)

π(yk+1 | Dk)
,

where the modified likelihood function is defined as

π̃(yk+1 | xk+1) = π(yk+1 | xk+1)πpr(xk+1)

∝ exp
(
− 1

2
‖S−1/2(G(xk+1)− yk+1)‖2 − α2

2
‖Lxk+1‖2

)

= exp

(
−1

2

∥∥∥∥S−1/2

([
G(xk+1)

αS1/2Lxk+1

]
−
[

yk+1

0

])∥∥∥∥2
)

.

By comparing the resulting formulas to those appearing in the original formu-
lation of Theorem 4.2, we may now give the following interpretation. Assume
that instead of (4.26), the observation model is
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Yk+1

Zk+1

]
=
[

G(Xk+1)
αS1/2LXk+1

]
+
[

Vk+1

Ṽk+1

]
,

where
Vk+1, Ṽk+1 ∼ N (0, S)

are mutually independent. Then, π̃(yk+1 | xk+1) is the likelihood function of
this observation with the realized data[

Yk+1

Zk+1

]
=
[

yk+1

0

]
.

This interpretation appears rather natural: We may assume that we make
a fictitious observation concerning the “nonsmoothness” LXk+1 of the state
Xk+1, and, according to our prior information, we expect this random variable
to be small.

4.5 Fixed-lag and Fixed-interval Smoothing

Kalman filtering is an example of on-line estimation schemes in which the
computational load and memory requirements do not increase with time. In
automatic control problems, the estimates of Xk are needed immediately after
the observation Yk; such applications require real-time estimation, in which
the requirements for computational speed are strict.

In some situations the estimates can be computed completely off-line,
that is, only after all observations have been obtained. For nonstationary
inverse problems, the relevant off-line schemes are the fixed-lag smoother
and the fixed-interval smoother, defined in Definition 4.1. We treat here only
the Gaussian linear case with first-order Markov assumptions. The extended
smoothers for nonlinear evolution–observation models are similar to the ex-
tended Kalman filter explained above. There are also particle filter versions
for smoothers, but for common inverse problems these are usually computa-
tionally much too complex to implement in practice.

The term “smoothing” is historic and was coined for the first applications
in which the observation model was simply Yk = Xk + Vk, Yk ∈ R. By assum-
ing, for example, a random walk for the evolution model, the estimates xk|k+p

clearly resembled a “smoothed” observation sequence.
Consider a linear evolution–observation model (4.8–4.9) with mutually in-

dependent Gaussian state noise and observation noise. As stated in Definition
4.1, the fixed-lag smoothing problem is to calculate π(xk | Dk+p), p ≥ 1.
Clearly, in the Gaussian case, it suffices to calculate the midpoints and the
covariances, xk|k+p and Γk|k+p. To emphasize the instant when the estimate
is computed, we consider instead the quantities xk−p|k and Γk−p|k.

We define an augmented state vector
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Zk =

⎡⎢⎣ Xk

Xk−1

...Xk−p

⎤⎥⎦ ,

and write an evolution–observation model for it. By augmenting the equation
(4.8) by identities Xk−� = Xk−�, we obtain

Zk+1 =

⎡⎢⎢⎢⎢⎢⎢⎣
Fk+1 0 . . . 0

I 0

0 I
...

...
. . .

0 . . . I 0

⎤⎥⎥⎥⎥⎥⎥⎦Zk +

⎡⎢⎢⎢⎢⎢⎣
Wk+1

0
0
...
0

⎤⎥⎥⎥⎥⎥⎦ , (4.27)

Yk = [Gk 0 . . . 0]Zk + Vk. (4.28)

The Markov properties of the pair {Zk}, {Yk} required in Kalman filtering are
clearly fulfilled. The representation (4.27)–(4.28) is of the form (4.8)–(4.9).

By applying the Kalman filter to the system (4.27-4.28) we obtain the
estimates zk|k. But clearly the last block of the Kalman filter estimate zk|k is
xk−p|k as desired. Of course, the above yields all fixed-lag estimates up to lag
p. The above calculation shows the versatility of the evolution–observation
models: Given one model, one can easily generate new ones.

While the pair (4.27)–(4.28) could be used to obtain the fixed-lag esti-
mates, this is not computationally efficient unless the the sparsity of the asso-
ciated matrices is exploited. Also, we are not usually interested in all possible
cross-covariances between the estimates with different lags. There are a num-
ber of variations that differ in computational cost and stability. We show below
a version in which we replace the observation update of the standard Kalman
filter recursion with the following: At each time k, compute recursively for
� = 0, . . . , p,

xk−�|k = xk−�|k−1 + Kk−�(yk −Gkxk|k−1), (4.29)

Kk−� = Γ(�,0)
k|k−1G

T
k (GkΓk|k−1G

T
k + Γvk

)−1, (4.30)

Γ(�+1,0)
k+1|k = Γ(�,0)

k|k−1(I −KkGk)TFT
k , (4.31)

where
Γ(�,0)

k|k−1 = E
{
(xk−� − xk−�|k−1)(xk − xk|k−1)T

}
,

and Γ(0,0)
k|k−1 = Γk|k−1 is the one-step predictor covariance which initializes the

lag iteration.
To derive the recursion (4.29)–(4.31), one starts from the generic form

(4.27)–(4.28) and effectively takes into account the structure of the matrices,
which yields the recursions. The detailed derivation is omitted.
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Depending on p, we may have a very large number of matrices and vectors
that we have to store. However, note that the overall computational complex-
ity is less that p-fold when compared to the Kalman filter.

The fixed-interval smoother consists of the conventional computation of
the Kalman filter and predictor estimates and storing these estimates. Then,
by exploiting the fact that the Kalman filter can be written in a form that
orthogonalizes the observation sequence, and taking into account that the esti-
mates can be written as a projection with respect to this orthogonal sequence,
one can show that the fixed-interval smoother estimates and the respective
covariances can be obtained by the backward iteration

xk−1|T = xk−1|k−1 + Ak−1(xk|T − xk|k−1), (4.32)

Γk−1|T = Γk−1|k−1 + Ak−1

(
Γk|T − Γk|k−1

)
AT

k−1, (4.33)

for k = T, T − 1, . . . , 2 where the backward gain matrices Ak are given by

Ak = Γk|kFk+1Γ−1
k+1|k , k = 1, . . . , T − 1. (4.34)

Note again that the storage requirement can be significant. However, the
backward gain matrices are not needed simultaneously and so the requirement
is not on the core memory.

How much better the smoothed estimates are when compared to the on-
line Kalman filtered estimates depends on the evolution–observation model
in a nontrivial way. In some cases the filtered estimate errors possess a delay
type structure which is largely absent in the smoothed estimates. In some
other cases the decrease of estimation error can be practically negligible and
costly in view of the increased computational complexity.

4.6 Higher-order Markov Models

The discussion of nonstationary inverse problems so far is based on first-order
Markov properties of the processes {Xn}∞n=0 and {Yn}∞n=1. In this section, we
generalize the discussion to the case in which some of these properties are no
longer valid. In particular, we consider the cases in which the state process
is a p–Markov process, or the observation has memory, that is, the measured
output depends on the past. Also, a combination of these cases is studied.

Consider first the case in which the pair {Xn}∞n=0 and {Yn}∞n=1 satisfies
the following properties:

1. The process {Xk}∞k=0 is a p-Markov process, that is,

π(xk+1 | x0, x1, . . . , xk) = π(xk+1 | xk−p+1, xk−p+2, . . . , xk).

2. The process {Yk}∞k=1 is a Markov process with respect to the history of
{Xk}, that is,

π(yk | x0, x1, . . . , xk) = π(yk | xk).
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3. The process {Xk}∞k=0 depends of the past observations only through its
own history, that is,

π(xk+1 | xk, y1, y2, . . . , yk) = π(xk+1 | xk).

It is understood above that for negative index values k, we set Xk = 0 iden-
tically, that is, the process is trivial. Compared to the earlier discussion, only
the first condition is altered, saying that the current value depends on the
past only via the p previous values.

There is a very simple method to transform this problem such that the
previous results can be applied. Similarly as in the previous section, let us
define a new process {Zk}∞k=0 as

Zk =

⎡⎢⎢⎢⎣
Xk

Xk−1

...
Xk−p+1

⎤⎥⎥⎥⎦ , k ≥ 0.

The realizations of Zk are denoted by zk. It is easy to see that for this process,
we have

π(zk+1 | z0, . . . , zk) = π(xk−p+2, . . . , xk+1 | x0, x1, . . . , xk)

= π(xk−p+2, . . . , xk+1 | xk−p+1, . . . , xk)

= π(zk+1 | zk),

that is, the process {Zk}∞k=0 is a Markov process. Furthermore, we have

π(yk | z0, z1, . . . , zk) = π(yk | x0, x1, . . . , xk) = π(yk | xk)

= π(yk | xk−p+1, . . . , xk) = π(yk | zk).

Finally, we deduce that

π(zk+1 | zk, y1, y2, . . . , yk) = π(xk−p+2, . . . , xk+1 | xk−p+1, . . . , xk, y1, . . . , yk)

= π(xk−p+2, . . . , xk+1 | xk−p+1, . . . , xk)

= π(zk+1 | zk),

as a moments reflection shows. In conclusion, the pair {Zk}∞k=0, {Yk}∞k=1 is
an evolution–observation model. Thus we may use directly all the results to
estimate Zk and hence Xk.

Consider the following evolution model. Assume that we have a linear
p-Markov evolution model,

Xk+1 = F1Xk + F2Xk−1 + · · ·+ FpXk−p+1 + Wk+1,
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where Fj , 1 ≤ j ≤ p, are known matrices. By definition of the process Zk, we
obtain immediately the Markov-type evolution equation,⎡⎢⎢⎢⎣

Xk+1

Xk

...
Xk−p+2

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣
F1 F2 . . . Fp−1 Fp

I 0 . . . 0 0
...

...
...

0 0 . . . I 0

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

Xk

Xk−1

...
Xk−p+1

⎤⎥⎥⎥⎦+

⎡⎢⎢⎢⎣
Wk+1

0
...
0

⎤⎥⎥⎥⎦ ,

that is, Zk satisfies an evolution model of the form

Zk+1 = FZk +Wk+1.

which is a linear first-order Markov model for Zk. The linear observation
model is written as (4.28). This allows one to apply the standard Kalman
filtering.

Quite similarly, we may treat the case in which the evolution model is
Markovian while the observation equation has memory, that is, instead of the
simple equation (4.4), we have an observation having q-timestep memory,

Yn = GnXn + Gn−1Xn−1 + Gn−q+1Xn−q+1 + Vn, q > 1.

With the same definition for the multistate Zn =
[
Xn; Xn−1; . . . ; Xn−q+1

]
as

before, we have now the observation equation

Yn =
[
Gn Gn−1 · · · Gn−q+1

]
Zn + Vn,

the state evolution in this case being similar to (4.27).
Finally, we may naturally combine the above ideas and consider p-Markov

processes with observation having q-timestep memory. The multistate vector
is then defined as Zn =

[
Xn; Xn−1, . . . , Xn−r+1

]
, where r = max(p, q).

Higher-order Markov models appear naturally when the continuous time
evolution is described by higher-order differential equations. As an example,
consider an evolution model

∂2u(r, t)
∂t2

= p(r, D)u(r, t) + e(r, t).

Here, p(r, D) is a spatial differential operator, and the term e(r, t) represents
the modelling error. An explicit discretization in the spatial direction leads to
a semidiscrete vector differential equation

d2x(t)
dt2

= Px(t) + w(t), x(t) ∈ RN .

Similarly to the discussion of Example 1, we may discretize the time variable.
Setting tk = kτ , k = 0, 1, 2, . . ., we write an approximate equation

τ−2
(
x(tk−1)− 2x(tk) + x(tk+1)

)
= Px(tk+1) + w(tk+1).

By solving this equation for x(tk+1), we obtain a 2–Markov evolution model.
It is left to the reader to verify that in fact, the reduction of the 2-Markov

model into a 1-Markov model in this section corresponds to writing the second-
order equation above as a first-order system.
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4.7 Notes and Comments

The original idea of Kalman filters goes back to the classic work [70] of
Kalman. The idea of using Kalman filters in parameter estimation, or in in-
verse problems, is not new in the engineering literature. The first instance
known to the authors is [77] in which Kalman filtering is mentioned as a
possible algorithm for inverse thermal problems. A classical book on Kalman
filters and smoothers is [4]. For particle filters, or bootstrap filters, as they are
sometimes called, see [85]. The discussion of the particle filters is also based
on numerous articles; see [21], [29], [46], and those in the book [33].

The derivation of discrete evolution models from continuous ones should
be based on the use of stochastic differential equations. The reference [98]
contains a good introduction to this topic. The book discusses also some in-
teresting applications with potential sources of new inverse problems. Observe
also that there is a continuous time version of the Kalman filter which relies
on continuous time measurements, known as the Kalman–Bucy filter; see, for
example, [69] for further details.

The Kalman filter recursions are obtained also by considering any finite
variance Markov problem with possibly non-Gaussian noise processes as the
optimal estimator with linear structural constraint for the estimator; see [17].
This treatment in this reference is based on Hilbert spaces induced by time
series.

The computational complexity of the Kalman filter and smoothers may
seem prohibitive for many real-time applications. However, in the linear Gaus-
sian case, note that the covariances and the Kalman gain do not depend on
the observations, hence these can be precomputed. Also, if the evolution and
observation models are time invariant, that is, Fk ≡ F and Gk ≡ G, the co-
variances and the Kalman gain may converge in time so that we only need to
compute

xk+1|k+1 = Fxk|k + K(yk+1 −GFxk|k)
= Kyk+1 + (I −G)Fxk|k = Kyk+1 + Bxk|k

at each time.
The treatment in this chapter assumed that the state space is continuous.

In fact, the presented evolution–observation model is an example of a hidden
Markov model. This larger class includes also models for which the state is
discrete and finite, that is, it assumes values only in a finite set. These models
and the respective estimation algorithms are discussed, for example, in [34].
Also, we have assumed that the state variable has finite dimensions. For a
treatment on infinite-dimensional system theory, see [26].

The idea of spatial regularization in Bayes filtering by augmented fictitious
observations was presented in the articles [10] and [68].
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Classical Methods Revisited

This chapter contains a refined discussion of various topics in inverse prob-
lems. In addition to a deeper look at the classical methods, we also review
briefly the fundamentals of estimation theory both in the standard and the
general linear estimator form. First, we consider some of the classical regular-
ization methods from the point of view of the statistical approach. We set up
a few test cases of linear inverse problems of different levels of difficulty. These
test cases are spatial imaging problems with either blurred or tomography ob-
servations. We shall then use the most common variants of truncated singular
value decomposition, truncated conjugate gradient iterations and Tikhonov
regularization and see how these methods perform statistically. In particu-
lar, we compare the performance of these methods with conditional mean or
maximum a posteriori estimators employing feasible prior models.

We emphasize that the main purpose is to show the importance of prior
modelling rather than actual comparison. We also demonstrate how the sta-
tistical techniques can be used to assess the performance of classical methods
that are derived without a reference to statistics. Rather than considering sin-
gle test cases, we set up distributions and carry out the performance analysis
over ensembles. Another question discussed here is the sensitivity problem of
mismodelling the prior and the likelihood. Of course, this is an issue with both
the classical and statistical approaches.

In prior modelling, the discussion focuses on effects due to discretization.
Discretization also naturally affects the likelihood model. Another topic is the
proper modelling of the measurement noise. We demonstrate that the knowl-
edge of the noise level alone is often not sufficient for satisfactory estimation
of the unknowns. Hence, a measurement noise with a special covariance struc-
ture may be a severe problem for methods using the discrepancy principle for
selecting regularization parameters.

Last but not least, we discuss the infamous inverse crimes, mentioned
occasionally in the preceeding chapters. Inverse crimes are closely related to
discretization of the likelihood models. We demonstrate that especially in the
low noise case - not to mmention the asymptotic case in which the noise
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level tends to zero - numerical tests performed with inverse crimes may yield
completely misleading conclusions regarding the feasibility and performance
of a method in practice. Several of the topics discussed in this chapter are
recurrent themes that show up also in the last chapter of the book.

5.1 Estimation Theory

The solution of an inverse problem, from the point of view of Bayesian statis-
tics, is the posterior probability density. However, rather than the density,
a practitioner usually wants a single estimate of the unknown. The classical
methods satisfy this demand typically by setting up a regularized optimiza-
tion problem whose solution is a feasible estimate. The regularization is often
carried out by penalizing the solution for unwanted properties. Tikhonov reg-
ularization is the model method of such thinking. However, as noted earlier,
adhering to classical methods neglecting feasible statistical modelling makes
it difficult, for example, to assess the errors in the solutions.

We discuss first briefly the statistical estimation theory and show that the
above reasoning can also lead to the typical Bayesian estimators - the maxi-
mum a posteriori and conditional mean estimates. We discuss the estimation
error of affine estimators. This part of the work is used later when we analyze
the average performance of classical inversion methods over ensembles rather
than in a single example.

5.1.1 Maximum Likelihood Estimation

The maximum likelihood estimation is by far the most popular estimation
method, for example, in engineering literature. Recall that given the likelihood
density π(y | x), the maximum likelihood estimator xML of x is characterized
by the condition

π(y | xML) ≥ π(y | x̂) (5.1)

for any estimator x̂ of x. From the point of view of ill-conditioned inverse
problems the problem is the sensitivity of the maximum likelihood estimates
to noise and other errors. In the case of the linear Gaussian observation model

Y = AX + E , E ∼ N (0, Γn),

where A : Rn → Rm and Γn is positive definite, the maximum likelihood
estimation is reduced to the (weighted) output least squares (OLS) problem,

min
x

(
(y −Ax)TΓ−1

n (y −Ax)
)

= min
x
‖Ln(y −Ax)‖2 , (5.2)

where LT
n Ln = Γ−1

n . This problem is unstable for ill-conditioned matrices A
and the minimizer is meaningless.
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In the regularized output least squares (ROLS) approaches, a penalty term
is added to the object functional. Such methods are essentially the same as
the Tikhonov regularization. As pointed out earlier in this book, Tikhonov
regularization can be seen as solving a maximum a posteriori estimator with
an appropriately defined prior model. Hence, it acts as a bridge between non-
Bayesian and Bayesian estimation problems.

5.1.2 Estimators Induced by Bayes Costs

In the sequel, consider an indirect observation Y = y ∈ Rm of a random
variable X ∈ Rn. Let x̂ = x̂(y) denote an estimator of x that depends on the
observed y. To set up a Bayesian framework for estimation, let us define a
cost function Ψ : Rn×Rn → R so that Ψ(x, x̂) gives a measure for the desired
and undesired properties of the estimator x̂ of x. The Bayes cost is defined as

B(x̂) = E
{
Ψ(X, x̂(Y ))

}
=
∫ ∫

Ψ(x, x̂(y))π(x, y)dx dy.

Further, we can write

B(x̂) =
∫ ∫

Ψ(x, x̂)π(y | x)dy πpr(x)dx

=
∫

B(x̂ | x)πpr(x)dx = E
{
B(x̂ | x)

}
,

where
B(x̂ | x) =

∫
Ψ(x, x̂)π(y | x)dy

is the conditional Bayes cost.
In the Bayes cost method we fix the cost function Ψ and define the esti-

mator x̂B so that
B(x̂B) ≤ B(x̂)

for all estimators x̂ of x.
By using the Bayes formula, we write the Bayes cost in the form

B(x̂) =
∫ ∫

Ψ(x, x̂)π(x | y)dxπ(y)dy.

Since the marginal density π(y) satisfies π(y) ≥ 0 and the estimator x̂(y)
depends only on y, the minimizer of the Bayes cost is found by solving

x̂B(y) = arg min
{∫

Ψ(x, x̂)π(x | y)dx

}
= arg min

{
E
{
Ψ(x, x̂)

∣∣ y}}.

The most common choice for the cost function is Ψ(x, x̂) = ‖x− x̂‖2 which
induces the mean square error criterion,
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B(x̂) = E
{‖X − X̂‖2} = Tr

(
corr(X − X̂)

)
,

where we denoted X̂ = x̂(Y ), and corr(X − X̂) denotes the correlation matrix,

corr
(
X − X̂

)
= E

{
(X − X̂)(X − X̂)T

} ∈ Rn×n.

In this case, the Bayes estimator is called the mean square estimator, denoted
by xMS. It turns out that in fact,

xMS =
∫

xπ(x | y) dx = xCM, (5.3)

that is, the mean square estimator and the conditional mean of x given y
coincide. To see the equality (5.3), we observe that for any estimator x̂,

E
{‖X − x̂‖2 | y} = E

{‖X‖2 | y}− ∥∥E{X | y}2∥∥+
∥∥E{X | y}− x̂

∥∥2

≥ E
{‖X‖2 | y}− ∥∥E{X | y}2∥∥,

and the equality holds only if x̂(y) = E{X | y} = xCM. Furthermore, the
expectation of the estimation error of the mean square estimator vanishes,
i.e.,

E
{
X − xCM

}
= E

{
X − E

{
X | y}} = 0.

Hence, the mean square estimator minimizes the trace of the covariance of
the estimation error matrix and thus we have yet another equivalent term,
the minimum (error) variance estimator, for the mean square estimator.

Summarizing, although the computation of the conditional mean is tech-
nically an integration problem, it is thus also a solution to an optimization
problem which needs little persuasion.

Consider now the other commonly used Bayes estimator, the maximum a
posteriori estimator. It turns out that the MAP estimate is asymptotically a
solution to the Bayes cost optimization with a specific cost function. Define

Ψ(x, x̂) =
{

0, |xk − x̂k| < ε for all k, 1 ≤ k ≤ n
1 otherwise

where ε > 0 is a small constant. We have

B(x̂ | y) =
∫
|xk−x̂k|>ε

π(x | y) dx

= 1−
n∏

k=1

∫ x̂k+ε

x̂k−ε

π(x | y) dxk

≈ 1− (2ε)nπ(x̂ | y)

by the mean value theorem. Thus we can minimize B(x̂ | y) by maximizing
π(x̂ | y) which is equivalent to computing the MAP estimate. Note that as
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ε→ 0, Ψ → 1 uniformly and thus this cost is called the uniform cost. Loosely
speaking, while the CM estimators penalized heavily large errors that are due
to some subsets of the support of πpr, for the MAP estimator small and large
errors are weighted equivalently. The important thing is to understand the
following: both estimates are optimal over their own criteria.

Statistical estimation theory is closely related to statistical decision theory.
Bayesian decision theory employs Bayes costs that assign appropriate weights
to decisions. For instance, if in a medical application, one needs to avoid a
false negative decision in patient treatment, one sets a heavy penalty for such
an outcome. The importance of careful Bayesian modelling is emphasized
in decision making since ambiguous decision instances are often related to
infrequent events that occur far from the maxima of the probability densities.

5.1.3 Estimation Error with Affine Estimators

In this section we restrict ourselves to the linear Gaussian likelihoods and
priors. Hence, consider a linear model with additive noise,

Y = AX + E, (5.4)

where A ∈ Rm×n is known, X ∈ Rn and E ∈ Rm are independent and
Gaussian, X ∼ N (x0, Γpr), E ∼ N (0, Γn). We wish to obtain an estimate for
X using the affine estimation rule

x̂ = ϕ + Φy ∈ Rn, ϕ ∈ Rn, Φ ∈ Rn×m. (5.5)

Note that estimates obtained by some classical methods, such as Tikhonov
regularization, TSVD, Landweber and Kaczmarz iteration can be written in
this form. Similarly, the Bayesian CM and MAP estimates are included in the
discussion. On the other hand, the estimates obtained by truncated Krylov
subspace methods do not fall into this category. For instance, the truncated
CG method leads to estimates of the type

x̂(y) =
k∑

j=1

ajA
j(y − Ax0),

but the coefficients aj depend on the data y.
The estimate error correlation1 is

corr
(
X − X̂

)
= E

{
(X − X̂)(X − X̂)T

}
(5.6)

= E
{
(X − ΦAX − ΦE − ϕ)(X − ΦAX − ΦE − ϕ)T

}
= (1− ΦA)Γpr(1− ΦA)T + ΦΓnΦT + C,

1In our terminogy the correlation and covariance matrices coincide when the
mean of the error vanishes. In statistics, correlation is sometimes used to refer to
scaled covariance.
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where
C =

(
(1− ΦA)x0 − ϕ

)(
(1− ΦA)x0 − ϕ

)T (5.7)

is a rank-one matrix. Observe that

E
{
X − X̂

}
= x0 − ϕ− ΦAx0.

Thus, in the frequentist terminology, C would be said to be due to the bias,
that is, E{X − X̂} being possibly nonvanishing. For the conditional mean
estimate, C = 0. This result requires that the conditional mean estimate
be constructed using the actual prior density of the variable X . In practice,
however, since the estimators are always based on computational models of
the priors, the condition C = 0 may not be satisfied. The modelling errors of
prior densities will be discussed later in this chapter.

In this chapter we use the trace of the estimate error correlation matrix as
a measure of the quality of an estimator. Let us define the normalized estimate
error of an estimate x̂ by

D = D(x̂) =
Tr

(
corr

(
X − X̂

))
Tr

(
corr(X)

) =
Tr
(
corr

(
X − X̂

))(
Tr
(
Γpr

)
+ ‖x0‖2

) . (5.8)

The denominator does not depend on y and is used to normalize the error
measure. Observe that with this normalization, for the trivial estimator x̂ = 0
we have D(0) = 1. Thus, for an affine estimator x̂, the condition D(x̂) = 1
means that the estimate is as informative as the trivial one, while for a perfect
estimator D = 0. In the case of severely ill-posed inverse problems we can
easily have ‖X − X̂‖ > Tr

(
corr (X)

)
, or D > 1, as we shall see later in this

chapter. We remark that if we forget about the issues related to modelling, D
is precisely the measure that the mean square, or conditional mean estimator
seeks to minimize.

The sensitivity of D to typical modelling errors of either the prior density
or the likelihood will be discussed later in this and the last chapter.

5.2 Test Cases

In this section we specify first the numerical models that we use as test prob-
lems later in this chapter. We discuss only additive noise and linear observation
models with the assumption that the unknown and the noise are independent.
In the following three subsections, we specify the prior distributions, the ob-
servation operators and the additive noise distributions.

5.2.1 Prior Distributions

Consider two different Gaussian distributions that are used as prior models.
In both cases, the object to be estimated is a pixelized image in Ω = [−1, 1]×
[−1, 1] discretized into n identical elements.
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The first prior density, denoted by πsmooth, is homogeneously smooth and
is constructed by convolving a Gaussian white noise field with a truncated
Gaussian blurring kernel. Let gµ : R2 → R be a blurring kernel,

gµ(p) =
{

exp(−µ|p|2), |p|2 < (1/µ) log(1/a),
0, otherwise, (5.9)

where µ = 200 and a = 10−4. Hence, we have truncated the values below
the cut-off level a. Further, if we let G ∈ Rn×n be a discrete approximation
matrix for convolution with the kernel gµ, we have

πsmooth ∼ N (0, GGT).

If X ∼ πsmooth, we may easily generate samples of X by setting

xij =
∑

k

∑
�

gµ(p1,i−k, p2,j−�)νk,�,

where (p1,i, p2,j) is the center of the pixel (i, j) and ν is white noise. Examples
of draws from this distribution are given in Figure 5.1.

Figure 5.1. Four draws from the smooth Gaussian distribution πsmooth.

The second, more complicated distribution is based on external informa-
tion on structural properties of the image. We denote this prior by πstruct.
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The basic setup has already been discussed in Section 3.4. Qualitatively, the
images are known to consist of an annulus, its exterior and interior, and the
the variable is smooth within all three subdomains. The correlation across the
boundaries of the three subdomains is almost vanishing.

The boundaries of the annulus are concentric circles with radii 0.62 and
0.9. The prior is constructed similarly to that in Example 8 in Section 3.4.
The eigenvalues of the anisotropy matrix A(p) ∈ R2 are λ1(p) = λ2(p) = c for
the pixels p in the interior of the smooth domains. The constant c is different
inside and outside of the annulus. In a layer of approximately two pixels
close to the discontinuities, the ratio of the eigenvalues is λ1/λ2 = 1015, the
smaller eigenvalue corresponding to an eigenvector perpendicular to the circle
of discontinuity. Such a choice leads to a very low correlation between the
subdomain pixels. This construction leads to an improper preliminary prior
density of the form

πpre(x) ∝ exp
(
−1

2
xTBx

)
,

where the matrix B is costructed similarly to that in Example 8 in Section 3.4.
Drawing random samples of the density πpre is of course impossible since the
matrix B has at least one vanishing eigenvalue and is therefore not invertible.
However, we can construct a proper prior distribution that has all the desired
properties by a conditioning trick similar to that in Example 7 of Section 3.4:
We select a number of pixels and condition the remaining ones on them. Thus,
if I = [1, 2, . . . , n] = I ′ ∪ I ′′, I ′ ∩ I ′′ = ∅, we write

πstruct(x) = πpre(xI′ | xI′′)πmarg(xI′′ ).

In other words, we assume that we can pose a marginal distribution on the
variables xI′′ and that the set I ′′ is such that the conditional distribution is
proper. In this example we assume that the selected pixels xI′′ are independent
and Gaussian.

Figure 5.2 shows the geometric setting. The pixels with indices in I ′′ are
marked by circles. Figure 5.3 shows four random draws from this density. The
relevant parameter values used in the generation of these draws are given in
Table 5.1.

5.2.2 Observation Operators

Consider different types of observation operators, a conventional truncated
Gaussian blur with various widths and limited angle tomography operators.
The limited angle tomography problems are numerically more challenging.

As blurring operator we employ a discretized convolution operator which
is similar to the smoothing operator that was used in the construction of the
smooth prior distribution. Thus the kernel gµ is as in (5.9). The truncation
parameter is a = 10−4. For the width parameter, we use two different values,
µ = 80 or µ = 40. The former value gives a faster decaying kernel than the
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Figure 5.2. The overall setting of the second Gaussian example, the anisotropic
smoothness Gaussian distribution πstruct, showing the 16+16+1 marginalized pixels.

Table 5.1. The parameters used to create the second Gaussian ensemble with an
annulus. The eigenvalues refer to the eigenvalues λj(p), the mean and the variance
to those pixels with indices in I ′′. We have c0 = 200/84.

eigenvalues mean variance

Outer subdomain
corners c0 0 100 c−2

0

near annulus c0 0 10 c−2
0

Inner subdomain c0 1 10 c−2
0

Annulus 100 c0 6 10 c−2
0

Annulus boundary
tangential c0

radial 10−15 c0

latter. The discretized convolution matrices are denoted by Alb ∈ Rn×n, “lb”
for low blur, and Amb ∈ Rn×n, “mb” for medium blur, respectively.

The tomography problem was already introduced in Subection 2.4.2. The
tomography data consists of projections of the image in various directions.
Conventional tomographic imaging is based on obtaining the projection data
of the image to directions that cover at least half a revolution. If the pro-
jection directions θ are limited between θmax and θmin, the angle between
these limits is called the illumination angle. Furthermore, the angle separa-
tions θk+1 − θk between single projection directions should be small and the
measurement density on the transversal line should be sufficiently dense. In
some applications these requirements are not met. We investigate two such
cases.

In the first one, although the illumination angle is relatively large, 3π/4,
there are only 7 projection angles so that the angle separations are large. The
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Figure 5.3. Four draws from the anisotropic smoothness Gaussian distribution
πstruct.

measurement density on the transversal line is large enough to be considered
as full.

In the second case we have a small illumination angle of 3π/8. Moreover,
there are again only 7 projection angles, and in this case the measurement
density on the transversal plane is very sparse, one-sixth of the previous case.
The measurement geometry in this case for a single angle is depicted in Fig-
ure 5.4. We denote the corresponding observation matrices by Awa, “wa” for
wide angle, and Ana, “na” for narrow angle, respectively.

A good overall picture of the sparsity of the data can be obtained by
viewing an example sinogram in the conventional full angle dense data case
and the two considered limited angle cases; see Figure 5.5. In a sinogram
each column contains projection data for a single angle. Neighboring columns
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Figure 5.4. The geometry in the second case of limited angle tomography showing
the 9 projections per angle.

correspond to neighboring angles. Thus, for example, a single pixel will be seen
as a sinusoidal trace in the sinogram, the amplitude and phase determining
the location of the pixel in the image.

5.2.3 The Additive Noise Models

The modelling of noise is very often neglected and the standard Gaussian
white noise model is employed. In many cases it can be shown that the noise is
actually Gaussian and in some cases the noise variance can also be calculated.
However, with complex measurement systems the modelling of the noise may
not be particularly simple. There are several kinds of noise sources such as
electromagnetic interference in industrial environments, disturbances in power
supply and contact problems with leads, for example, for which the white noise
model is completely inappropriate even as an approximation.

Furthermore, many error models are not additive. For example, Poisson
distributed observation models are common in emission tomography. In this
case one has to consider the observation itself to be a random draw from a
distribution rather than having any additive error. Also, in many cases the er-
rors might be multiplicative such as when the observations have been obtained
by analog demodulation. The most common noise models were discussed in
Chapter 3.

We shall consider mostly Gaussian noise in this chapter. An example of
mismodelling of non-Gaussian noise will be discussed later in this chapter. If
E ∼ N (0, Γn), we define the noise level of E to be
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Figure 5.5. The sinograms of a draw from the anisotropic nonhomogeneous smooth
Gaussian distribution. Top: Full sinogram. The horizontal axis refers to the number
of projection angle and the vertical axis to a single projection for the associated
projection angle. Middle: The first limited angle case (sparse angle, full transver-
sal density). Bottom: The second limited angle case (sparse angle, low transversal
density).
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Noise level =
(

Tr (Γn)
maxTr (AΓprAT)

)1/2

. (5.10)

Classical regularization techniques rely on some principle for choosing the
regularization parameter, eigenvalue truncation level or iteration stopping.
The usual criterion is the discrepancy principle, which does not take into
account the statistical noise structure. To investigate how severely this affects
the estimation error, we consider the following observation model,

Y = AX + Eν , Eν =
√

1− ν E0 +
√

ν E1 ,

where E0 and E 1 constitute the observation error and ν ∈ [0, 1]. Both E0 and
E1 are Gaussian, zero mean and mutually independent with covariances Γn0

and Γn1, respectively, so that

cov (Eν) = cov (
√

1− ν E0 +
√

ν E1) = (1− ν)Γn0 + νΓn1.

By assuming that
Tr
(
Γn0

)
= Tr

(
Γn1

)
= δ2, (5.11)

we observe that
Tr
(
cov (Eν)

)
= δ2 .

Thus, when the Morozov criterion is used, the discrepancy is independent of
the balance parameter ν. This means that classical regularization methods
that rely on the discrepancy principle yield the same estimators for all ν.
However, it turns out that the estimation error is sensitive to the value of the
parameter.

5.2.4 Test Problems

Using the above models for observation operators, priors and noise, we set
up four problems that we seek to solve and analyze by classical methods and
by Bayesian estimation. The test problems consist of combinations of prior
models, observation models and noise models that are listed in Table 5.2. In
addition, we consider separately problems related to noise mismodelling and
prior mismodelling.

Table 5.2. The test problems. The noise in these cases is white noise. The noise
levels are computed according to formula (5.10).

prior density observation noise level

Case I πsmooth Alb 2%
Case II πstruct Amb 10%
Case III πstruct Awa 5%
Case IV πstruct Ana 5%
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5.3 Sample-Based Error Analysis

Having defined our test models in Table 5.2, we apply the statistical error
analysis to the classical inversion methods discussed in Chapter 2. In particu-
lar, we are interested in calculating the estimation errors D(x̂) defined in (5.8)
and its dependence on the various parameters appearing in the estimators.

Here, we return to the recurrent theme of modelling errors. When deriving
formula (5.6), we assumed that the random variable Y representing the data
came from the linear model (5.4) and the linear estimator (5.5) is based on
the same model. This assumption, however, is at the core error of an inverse
crime. In reality, estimators are always based on an incomplete model while
the data comes from the real world. If we base our error analysis on closed
formulas derived with the flawed assumption of identifiability of an object
with its incomplete model, the results are bound to be overly optimistic. For
this reason, we simulate the reality as follows.

Assume that the affine estimator x̂ is calculated based on the model (5.4).
Then we generate a more accurate model

Ỹ = ÃX̃ + Ẽ, (5.12)

where X̃ represents the true unkown. Typically, we assume that X̃ is repre-
sented in a finer discretization mesh than the model vector X . Accordingly,
the matrix Ã corresponds to a finer mesh than the model matrix A. Also, the
noise vector Ẽ may be different from the noise E used in constructing the
estimator. The dimension of Ỹ , however, is the same as the dimension of Y ,
since we are modelling data of known dimension.

Assume that the model vector X is obtained from X̃ by a linear operator
P , i.e.,

X = PX̃.

Typically, P is a projection operator from a finer mesh onto the coarser
mesh where the estimation is done. If X̃ is a Gaussian random variable,
X̃ ∼ N (x̃0, Γ̃pr), then X is a random variable with X ∼ N (P x̃0, P Γ̃prP

T). In
our numerical simulations, we assume that the prior distribution of X is the
projected one, i.e.,

x0 = P x̃0, Γpr = P Γ̃prP
T.

This assumption is not necessary, and in fact we will show an example where
this assumption is violated.

The error estimation strategy in the ensuing chapters is now the following:
Having established an affine estimator x̂ based on the incomplete model (5.4),
we generate a large sample{

(x̃1, ỹ1), . . . , (x̃N , ỹN )
}

based on the model (5.12). From this sample, we calculate a sample of norm
squared errors,



5.4 Truncated Singular Value Decomposition 159{‖P x̃1 − x̂(ỹ1)‖2, . . . , ‖P x̃N − x̂(ỹN )‖2},

and consider the distribution of these errors. The estimate error D can be
computed as a sample average, i.e., we compute

corr
(
X − X̃) ≈ 1

N

N∑
j=1

(
(P x̃j − x̂(ỹj))(P x̃j − x̂(ỹj))T

)
,

and the scaled trace of this matrix.
We use the estimation error (5.8) as a measure for the modelling error.

Since the conditional mean was shown to coincide with the mean square esti-
mator that minimizes the estimation error, it may seem unfair to compare the
performance of the classical estimators to that of the CM estimator. However,
we emphasize that since the CM estimator that we use is also constructed by
using the approximate model (5.4), the a priori optimality of this estimator
is no longer true. More than comparing the estimator performances, the em-
phasis in this section is on demonstrating the importance of prior modelling
when the overall difficulty that is related to the ill-posedness of A and the
noise covariance Γe, gets heavier. Thus, the CM estimator which is not based
on an inverse crime is a natural reference estimator.

5.4 Truncated Singular Value Decomposition

Consider the model (5.4). Let {(un, vn, λn)} be the singular system of the
matrix A, i.e., A = UΛV T and r the TSVD truncation index; see Section 2.2.
If r is determined by the discrepancy principle, the truncation level depends
on the data. Statistically, the TSVD method can be thought of as a MAP
estimator, where the prior information corresponds to having

X ∈ span
{
v1, . . . , vr

}
with probability one. Strictly speaking, such information is not in line with
the Bayesian interpretation, where the prior information is independent of
the observation. In the presence of independent prior information, the perfor-
mance of the TSVD method, from the Bayesian viewpoint, depends how well
the eigenvectors of the observation matrix and the prior covariance matrix
correspond to each other.

Letting

Vr =
[
v1, . . . , vr

]
, Ur =

[
u1, . . . , ur

]
, Λr = diag(1/λ1, . . . , 1/λr),

we can write the affine estimator corresponding to TSVD as

x̂TSVD(y) = ΦTSVDy = VrΛ
−1
r UTy.
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If we denote the dependency of the TSVD estimator on the truncation level
r explicitly by x̂TSVD(y) = x̂TSVD,r(y), we select the truncation according to
the Morozov discrepancy principle as

r = max
{
r′ | ‖y −Ax̂TSVD,r′(y)‖ ≤ τ

√
mσ

}
,

where the adjustment parameter τ is chosen τ = 1.1 and the noise E ∈ Rm is
white noise, Tr (Γn) = Tr (σ2I) = mσ2 (see Example 4 in Section 2.3).

We shall test the performance of the TSVD estimator in all four test cases
of Table 5.2. The results are compared to the CM estimator,

x̂CM(y) = ϕCM + ΦCMy (5.13)

=
(
x0 − ΓprA

T
(
AΓprA

T + Γn

)−1
Ax0

)
+ ΓprA

T
(
AΓprA

T + Γn

)−1
y.

Consider first the Case I, a smooth object with mild blurring. The overall
ill-posedness of the problem is relatively low. Some true, finely meshed un-
knowns x̃j drawn from the prior density N (x̃0, Γ̃pr) and the corresponding
CM and TSVD estimates are shown in Figure 5.6.

To analyze the performance in terms of estimate errorD, we draw a sample
of 500 pairs (x̃j , ỹj), compute the estimates x̂TSVD(ỹj) and x̂CM(ỹj) and the
corresponding norm squared errors ‖P x̃j − x̂(ỹj)‖2 for both estimators. We
show the histograms of the norm-squared errors in Figure 5.7. The estimate
errors are the normed averages of these errors.

Due to the mildly ill-posed nature of the problem, the TSVD estimates
are relatively good although the CM estimates clearly carry more fine grain
structural information. The errors are small for both estimators. We carry out
the same analysis with sample size N = 500 with the test problems II–IV.

In Case II the distribution of the unknown is the structured distribution
πstruct but the observation operator is the medium blur. The level (5.10) of
the additive noise is 10% which means that although the ill-posedness of the
problem is somewhat higher than in the previous example, the problem is still
not too difficult to solve. Some true unknowns and the corresponding CM
and TSVD estimates are shown in Figure 5.8. The distribution of the norm
squared errors is shown in Figure 5.9.

With the TSVD estimates, the boundaries of the annulus are severely
blurred and the artifacts due to the approximating subspaces are clearly vis-
ible as blobs in the corners of the images and as notches along the annulus.
This case is much more difficult also for the CM estimates due to the model
approximation error for the prior. The changes in the intensity along the an-
nulus can, however, be traced. As for the quantitative measure, the estimate
errors for the TSVD begin to escape from the CM errors; see Figure 5.9

In Case III, the unknown follows the nonsmooth distribution and the ob-
servation is the transversally densely sampled limited angle tomography data.
The level of the additive noise is 5%, which means that the overall ill-posedness
of the problem is not too high since the distribution of the projection angles
is almost π.
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Figure 5.6. Case I. Left: draws form the smooth image distribution. Middle: CM
estimates. Right: TSVD estimates.

Some true unknowns and the corresponding CM and TSVD estimates are
shown in Figure 5.10. The distribution of the estimation errors is shown in
Figure 5.11. In this case the approximating subspace of TSVD is different
from the two previous cases. This is clearly visible in the overall visual quality
of the TSVD estimates. The boundaries of the annulus are more pronounced,
but the estimates are noisier than in the two preceding cases. Note that the
streak artifacts typical for the limited angle tomography are clearly visible
in both the TSVD and CM estimates. However, note that in the CM esti-
mates the streaks are not visible within the annulus. This is due to the prior
covariance structure: The annulus subregion has smaller variance between the
neighboring pixels than the two other subregions; see Table 5.1. As for the
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Figure 5.7. Case I. The norm squared error distributions for the CM and TSVD
estimates. The estimate error norm here and in the figures to ensue mean the nor-
malized estimate error.

errors, the TSVD errors have clearly surpassed the CM errors with maximum
error of approximately 0.7. The CM errors are still concentrated near 0.01.

Finally, in Case IV the distribution of the unknown is again the nonsmooth
distribution and the observation is the narrow angle tomography data with
sparse tranversal sampling. The additive noise level is 5% and the overall
ill-posedness of the problem is very high since the distribution of projection
angles is less than π/2. Some true unknowns and the corresponding CM and
TSVD estimates are shown again in Figure 5.12. The distribution of the esti-
mation errors is shown in Figure 5.13.

This is the case in which the TSVD estimates finally blow up. The data is
completely inadequate to allow the estimation of the unknown without a fea-
sible prior model. As in the previous case, the structure of the approximating
TSVD subspace is clearly visible. It is also to be noted that the data is so poor
that the CM estimates begin to be prior dominated, thus becoming smoother
than in the previous case. Note that for the CM estimates x̂CM tends to the
prior mean x0 as either the number of measurements tends to zero or the
likelihood covariance tends to infinity. However, note that the intensity vari-
ations along the annulus can be traced relatively well in the CM estimates.
This information is not included in the prior model.

5.5 Conjugate Gradient Iteration

The analysis for the iterative methods depends on the method. We shall dis-
cuss here only one method, the basic conjugate gradient (CG) iterations with
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Figure 5.8. Case II. Left: Draws form the structured image distribution. Middle:
CM estimates. Right: TSVD estimates.

discrepancy-based stopping criterion. In the case when the matrix A is non-
square, we use the conjugate gradient normal residual (CGNR) iterations
which solve the normal equations without explicitly forming them.

The affine estimator corresponding to the conjugate gradient iteration can
be written explicitly in terms of the projector on the Krylov subspace, K� =
x0 + span {r, Ar, . . . , A�−1r} where r = y −Ax0 is the first residual and x0 is
the initial value of the iteration. Such a representation is not very informative
due to the iterative nature of the algorithm.

It is worth mentioning that the statistical interpretation of the CG estima-
tor is not straightforward. The stopping criterion of the iteration restricts the
solution to an affine subspace. Hence, one would be tempted to say that the
prior information here is a subspace prior, but the subspace itself depends on
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Figure 5.9. Case II. Estimate error distribution for the CM and TSVD estimates.

the output through the residual, i.e., the subspace is a stochastic subspace. We
can say that the prior is based on the observation operator in the sense that
the basis vectors of the Krylov subspace are linear combinations of the rows
of the observation matrix. Thus the estimates are also linear combinations of
the rows of the observation matrix and, of course, of x0.

We run the same test cases I–IV as before to analyze the performance of
the CG estimation. As in the TSVD examples above, we use the discrepancy
principle for the stopping criterion. Let xinit = 0, and denote by xj the jth
CG iterate. We set

x̂CG(y) = xr, r = min
{
j | ‖y −Axj‖ ≤ τ

√
mσ

}
,

where τ = 1.1 as before and σ is the standard deviation of the additive white
noise of dimension m.

Visually, the results are very similar to those obtained by TSVD estima-
tion. For this reason, we do not display single estimates. Instead, we show
the error distributions computed from an ensemble of 500 samples. In Fig-
ure 5.14, the error distributions of the estimates are shown in all four test
cases. In comparison to the TSVD case, the CG method performs somewhat
better in Cases I–III. In Case IV where the prior modelling becomes crucial
the CG estimates become useless as expected.

5.6 Tikhonov Regularization

We consider here the basic form of the Tikhonov regularization,

x̂Tikh(y) = arg min
(‖Ax− y‖2 + α‖x‖2),
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Figure 5.10. Case III. Left: Draws form the nonsmooth image distribution. Mid-
dle: CM estimates. Right: TSVD estimates. Limited angle tomography with dense
tranversal density data.

or, explicitly,

x̂Tikh(y) =
[

A√
αI

]† [
y
0

]
=
(
ATA + αI

)−1
ATy = ΦTikhy.

The regularization parameter α is again determined by the Morozov discrep-
ancy principle with the discrepancy δ = τ

√
mσ, τ = 1.1.

As discussed in Chapter 3, the Tikhonov regularization estimate can be
interpreted statistically as the CM or MAP estimate with a white noise prior.
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Figure 5.11. Case III. Estimate error distribution for the CM and TSVD estimates.
Limited angle tomography with dense tranversal density data.

We investigate the performance of the Tikhonov regularization in the four
test cases. Again, since the results with single estimates are visually very sim-
ilar to those obtained by the TSVD and CGNR estimators, we show only
the error distributions of each case; see Figure 5.15. The errors are somewhat
smaller than for the CGNR estimates, especially in Case I. Also, the maxi-
mum error is less than half in Case III when compared to TSVD and CGNR
estimates.

5.6.1 Prior Structure and Regularization Level

Often, the prior covariance design is based on qualitative information about
the unknown. Consequently, the prior covariance matrix is only modelled up
to a scaling factor. In Chapter 3, it was demonstrated that in such cases, the
scaling factor can be left as an unknown and be determined a posteriori.

The following experiment is intended to show the importance of using
qualitative information in the prior design. More precisely, let us consider the
Case III problem, where the prior density is the structural prior πstruct. We
consider two estimators, the Tikhonov estimator and the CM estimator with
a variable scaling factor. To emphasize the dependence of the estimators on
the parameters, let us write

x̂α(y) =
(
ATA + αI

)−1
ATy

for the Tikhonov regularized solution with regularization parameter α, and
let

x̂κ(y) = x0 + κΓprA
T
(
κAΓprA

T + Γn

)−1
(y −Ax0)
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Figure 5.12. Case IV. Left: Draws form the nonsmooth image distribution. Middle:
CM estimates. Right: TSVD estimates. Limited angle CT with sparse tranversal
density data.

denote the CM estimator based on the prior N (x0, κΓpr), κ > 0. We remark,
again, that is not the correct but rather the modelled prior distribution, that
is, the matrix Γpr is given in the coarse mesh in which inverse problems are
solved. Furthermore, we assume that we have been able to model the prior
covariance only up to a scaling constant κ. If the matrix Γpr would be the true
prior covariance and the data would be generated by committing an inverse
crime, the value κ = 1 would be the choice corresponding to the minimum
estimate error. With the present data, the value that minimizes the estimate
error differs slightly from unity.

Again, we draw a sample of N = 500 pairs (x̃j , ỹj) and plot the functions
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Figure 5.13. Case IV. Estimate error distribution for the CM and TSVD estimates.
Limited angle CT with sparse tranversal density data.
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Figure 5.14. The conjugate gradient and CM estimate error distributions. Rowwise
from top left: Case I to Case IV.
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Figure 5.15. The Tikhonov and CM estimate error distributions. Rowwise from
top left: Case I to Case IV.

α �→ E
{‖X̂α −X‖2} ≈ 1

N

N∑
j=1

‖x̂α(ỹj)− x̃j‖2

and

κ �→ E
{‖X̂κ −X‖2} ≈ 1

N

N∑
j=1

‖x̂κ(ỹj)− x̃j‖2.

The results are shown in Figure 5.16. There are two things worth noticing.
First, we observe that with the right covariance structure, one reaches lower
estimation error levels than with Tikhonov regularization, which can be seen
as a CM solution with an erroneous prior. Second, we observe that the error
level with the correct structural prior is relatively stable for large values of
the scaling factor κ. This suggests that if we have information about the
structure of the prior covariance, the solution is not as sensitive to scaling as
the Tikhonov regularized solution. Notice also that, due to prior modelling
errors, minimum estimate error with respect to κ is reached at values slightly
larger than one.

It may be argued that the above error behavior is not relevant if the Moro-
zov or some equivalent scheme is employed. However, the following should be
considered: In the linear fully Gaussian case the scaling of the regularization
parameter and the covariance scale is equivalent to misspecifying the obser-
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vation error norm δ. The determination of δ - or even its order of magnitude
- is not always an easy task. While in many cases it can be argued that one
can visually see from the data whether the noise level is 5% or 50%, this is
not necessarily the case with levels of the order 0.05% and 0.5%.

It turns out that the small noise cases,in which most proposed inversion
algorithms are evaluated, are most sensitive to the approximation errors, stud-
ied later in this chapter. In these cases it is easy to make an order of magnitude
misspecification of δ.

Another observation is in order. In our examples, we calculated the con-
ventional Tikhonov regularized solutions using the Morozov principle. Over
the sample, the parameter α varies from specimen to another, and we can con-
sider its distribution over the sample. Typically, the variation is not large, and
we can choose a constant α that produces a minimum squared error almost
as small as the sample average N−1

∑
j ‖x̂κ(ỹj) − x̃j‖2. It also means that if

there is a feasible prior model but, for some reason, Tikhonov regularization
is the method of choice, for example, for numerical reasons, this α could be
precomputed based on the affine estimator formulas.
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Figure 5.16. The sensitivity of the modelled CM estimate to the covariance scale
parameter (bold line) and the Tikhonov estimate to the regularization parameter
(weak line). The upper horizontal line corresponds to the mean error when the
regularization has been chosen independently for each sample with the Morozov
principle. The lower horizontal line corresponds to the CM estimate error with κ = 1.

5.6.2 Misspecification of the Gaussian Observation Error Model

So far, in our examples we have assumed that the additive noise is Gaussian
white noise and that it is correctly modelled. In this section we consider the
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additive noise models discussed in Section 5.2.3 to appreciate the importance
of the noise structure in addition to the noise level in the discrepancy principle.

Consider the model

Y = AX + Eν , A = Amb, X ∼ πstruct.

Set the noise level (5.10) at 5% and assume that it is known exactly. However,
assume that the practitioner adheres to the assumption of an independent
identically distributed noise model, that is,

Y = AX + E0 , Γn = σ2I,

and constructs the affine estimator based on this model.
In this example, we consider measurement errors of a particular type.

Assume that E1 is an offset error, defined as

E1 = ηv, v ∈ Rm, ‖v‖ = 1, η ∼ N (0, σ2).

Then the covariance matrix Γn1 is a rank one matrix,

Γn1 = σ2vvT, Tr
(
Γn1

)
= σ2.

Several measurement systems may have offset errors which are of this form.
For example, when simultaneous electrical measurements are done over long
unshielded cables in high external electrical fields, the errors may be very
highly correlated.

Consider the error correlation matrix (5.6) corresponding to a given affine
estimation scheme. The matrix Φ depends generally on the error model, but
since we assume here that the employed noise model corresponds to Γn1, Φ
does not actually depend on ν. Then, the only term associated with the actual
additive error in is ΦΓnΦT, which in this case takes the form

(1− ν)Tr
(
ΦΓn0ΦT

)
+ νTr

(
ΦΓn1ΦT

)
,

which is linear with respect to ν. With a fixed ν, the effect of the error term
E1 is maximal if v is chosen so that it maximizes

Tr
(
ΦΓn1ΦT

)
= σ2‖Φv‖2,

i.e., if v is the eigenvector of the estimation operator Φ corresponding to the
largest eigenvalue. In the case of a Tikhonov estimator, if {(uk, vk, λk)} is the
singular system of the matrix A, choosing v = um, we obtain

Tr
(
ΦΓn1ΦT

)
= σ2

(
λm

λ2
m + α

)2

where λm is the singular value that maximizes the term on the left-hand side.
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Examples of the observation and the respective estimates with v chosen
as above and ν = 0.5 is shown in Figure 5.17. The structure of the vector v
shows clearly in the estimate .

We are interested also in the the dependence of the estimation error on ν.
In Figure 5.18 we have plotted the error estimates with two choices of v, one
as explained above, the other choice being a unit offset v = (1/m)1. Since the
computation of the worst case offset error is based on the approximate model
that is not used for data generation, the effect of noise misspecification could
in reality be even stronger. In this example, the increase in the error is only
about 28% for unit offset error while for the approximate worst case error it
is about 130%.

If we compute the CM or MAP estimates and model the additive errors
properly, that is, if we use Φ = Φν , we note the fact that rank one errors
can actually be easily suppressed. The CM estimate errors are computed only
upto ν = 0.99. As can be seen, the estimate error decreases monotonically
with increasing ν.

Figure 5.17. Example on the misspecification: Top left: An observation with pure
white noise error (ν = 0). Top right: An observation in which half of the error
variance is due to white noise and half due to the worst case error structure. Bottom:
Reconstructions of the images above assuming the white noise model.
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Figure 5.18. The effect of misspecifying the observation error model: the worst
case (medium curve) and the offset (weak curve) errors. The parameter ν indicates
the balance between the assumed Gaussian white noise model and the mixed model.
The bold curve denotes the CM estimate error when the estimator is based on the
actual error model.

5.6.3 Additive Cauchy Errors

Here we assume that an additive Gaussian noise model is assumed while
the actual errors are Cauchy distributed. In this case we study only a single
realization instead of an ensemble. We draw the true image from the smooth
distribution πsmooth, and the observation model is the medium blur model.
Instead of Gaussian additive noise, we have Cauchy-distributed additive noise.
The true image and the observation are shown in the upper row of Fig. 5.19.
The particular observation includes about 10 pixels in which the error is sig-
nificantly bigger than in the other, with a single pixel clearly dominating.

We choose the Gaussian noise model so that it matches in some sense
with the Cauchy-distributed noise. Since the variance of a Cauchy-distributed
variable is infinite, we cannot scale the variances equal. Instead, we write an
approximation for the Cauchy distribution using Taylor approximation,

(α

π

)m m∏
j=1

1
1 + α2e2

j

=
m∏

j=1

exp

(
log

(
α

π

1
1 + α2e2

j

))

≈
m∏

j=1

exp
(
log

α

π
− 1− α2e2

j

)
.

In the light of this approximation, a candidate for the Gaussian variance would
be σ2 = 1/2α2. To compensate for the fact that the Cauchy distribution has
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slowly decreasing tails, we select the Gaussian variance ten times larger than
the value above, σ2 = 5/α2.

We approach the estimation problem first from a practical point of view.
Since the Cauchy distribution exhibits the property of having infrequent very
large draws, we run the observation first through a 3×3 median filter in order
to get rid of the large impulse noise. After this operation, we compute an
approximate CM estimate using Gaussian error model with noise variance as
above. The result of this approximation is also shown in Figure 5.19. As can
be seen, this approximate estimate is reasonable and might serve well for most
purposes. It is also easy to guess how the estimate that is based on Gaussian
approximation would behave without the median filter preprocessing.

If a more accurate estimate is required, we have to return to the actual
noise model. To this end we compute both the MAP and CM estimates with
the correct likelihood. Again, no inverse crime is committed here, but we
assume that we know the Cauchy parameter. We write the posterior in the
form

π(x | y) ∝ exp

{
−1

2

(
2
∑

k

log(1 + α2(yk −Akx)2
)

+ ‖Lpr(x− x0)‖2
)}

= exp
{
−1

2

(
Q(x)2 + ‖Lpr(x− x0)‖2

)}
= exp

{
−1

2
F (x)

}
.

For the computation of the MAP we need to minimize the exponent term
of the above. However, we note that since the Hessian of Cauchy part Q(x)2

is generally not positive definite, second-order minimization schemes do not
work. We define two different search directions: One is the steepest descent
direction −∇F ; another is found by approximating the term Q(x) with a
first-order term Q(x) ≈ Q(x̄) +∇Q(x̄)(x − x̄) and minimizing the resulting
semidefinite quadratic approximation for F (x). Both search directions alone
lead to a scheme which stagnates, while altering between these two the mini-
mization proceeds. At each step we check which of the two directions yields a
better point in a coarse line search minimization. After this we conduct a more
refined line search in the better direction to obtain a new iterate. The con-
vergence with this simple approach is assured, but extremely slow, requiring
approximately 200,000 iterations starting from the approximate CM estimate.

For sampling we use an adapted random walk Metropolis–Hastings scheme.
The proposal distribution that is based in the second-order approximation of
F (x) is not feasible due to indefiniteness of the approximate covariace matrix.
We could, in principle, employ mixed-order approximation, i.e., linearize Q
as above, but it turns out that in this case the scaling parameter controlling
the step size has to be tuned extremely small to result in any of the draws
being accepted ever. Instead, we use an updating mask as follows. Let hz be
a truncated Gaussian with center at pixel z. Define the following two random
variables: Let e ∼ N (0, I) and z a discrete random variable that is uniform
on (1, 2, . . . , n) and independent of e. Here, n is the number of pixels in the



5.7 Discretization and Prior Models 175

image. Then, we use random walk MH algorithm with the following proposal

q(�+1) = x(�) + c vec(hz)�
(

L−1
pr e + x0 − 1

2
Γpr∇Q

)
,

where vec(·) denotes the columnwise stacked vector of a matrix and � is the
pointwise product. The Gaussian hz is thus used to localize the updating of
the pixel values to the neighborhood of the pixel z. The important fact is
that the proposal preserves the smoothness and possible jumps in the prior
model. If the masking function hz would be a level set image, smoothness of
the image on the boundary of the support of hz would be lost and practically
none of the proposals would be accepted.

The MH algorithm was also started at the approximate CM. The scale
parameter c was continuously adapted so that the acceptance ratio was
approximately 0.3. The burn-in took about 300,000 rounds. The mean com-
puted from 100,000 draws after the burn-in is shown in Figure 5.19. The
difference in the estimation error between the approximate and proper CM
estimates is only about 15%. The differences in the details, however, are clear.
The MAP esimate is not shown since it cannot visually be distinguished from
the CM estimate obtained with the Metropolis–Hastings algorithm.

In Figure 5.20 we show 30,000 draws for two pixels. The periods when the
pixels are not in the support of hz are clearly seen. It is also evident that a
more feasible proposal would be needed in order to ensure better mixing. This
example shows, among other issues, that both optimization and sampling in
large-dimensional spaces can be more art than science, and that there are no
systematic approaches to solve all computational problems.

5.7 Discretization and Prior Models

In this section we elaborate a bit further the problem of prior modelling and
demonstrate by an example that the dependence on discretization is a more
delicate issue than what one might think.

Consider the space of square integrable functions on the unit interval,
denoted by L2([0, 1]). We construct a nested sequence of closed discretization
subspaces V j ⊂ L2([0, 1]), as follows. Let

ϕ(t) =
{

1, if 0 ≤ t < 1,
0, if t < 0 or t ≥ 1.

We define the spaces V j , 0 ≤ j <∞ as

V j = span
{
ϕj

k|1 ≤ k ≤ 2j
}
,

where
ϕj

k(t) = 2j/2ϕ(2jt− k − 1).
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True image Observation

Median filter + Tikhonov CM estimate

Figure 5.19. Additive Cauchy errors. Rowwise from top left: The true image, the
observation, the approximate CM obtained with median filter and CM with Gaussian
error approximations, and the CM estimate obtained with Metropolis–Hasting run.
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Figure 5.20. Additive Cauchy errors, 30,000 draws for two pixels.
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It is easy to see that
〈ϕj

k, ϕj
�〉 = δk,�,

i.e., the functions ϕk
j form an orthonormal basis of the subspace V j . These

spaces also have the properties

1. V j ⊂ V j+1 for all j, 0 ≤ j <∞,
2. f(t) ∈ V j if and only if f(2t) ∈ V j+1,
3.

⋃
V j = L2([0, 1]).

Such sequences of subspaces are called multiresolution subspaces of L2([0, 1]).
The choice of ϕ above is not the only possible one. In fact, multiresolution
subspaces form the basis of wavelet analysis, a topic that is not pursued further
here.

The multiresolution spaces are very convenient for computations. To see
some of their properties, consider the orthogonal projection

P j,j−1 : V j → V j−1.

To find a matrix representation for this projection, consider the embedding
V j−1 ⊂ V j and write

ϕj−1
k (t) =

2j∑
�=1

ck�ϕ
j
�(t).

The coefficients c� can be easily calculated by orthogonality, and we have

ck,� = 〈ϕj−1
k , ϕj

�〉 = h�−2k,

where the coefficients hk are given as

hk =
{

1/
√

2, if k = 0, 1,
0, otherwise.

Consequently, the projection matrix is readily available. Indeed, if

f(t) =
2j∑

k=1

xj
kϕj

k(t),

we have

P j,j−1f(t) =
2j−1∑
k=1

〈f, ϕj−1
k 〉ϕj−1

k (t) =
2j−1∑
k=1

xj−1
k ϕj−1

k (t),

where the coefficients xj−1
k are

xj−1
k =

2j∑
�=1

h�−2kxj
� .
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In matrix form, if

xj = [xj
1, . . . , x

j
2j ]T ∈ R2j

, j ≥ 0,

we have
xj−1 = Hj−1,jxj ,

where the coefficient matrix can be expressed in terms of a Kronecker product.
Denoting by Ij−1 the unit matrix of size 2j−1 × 2j−1 and letting

e1 =
1√
2
[1, 1],

it follows that

Hj−1,j = Ij−1 ⊗ e1 =
1√
2

⎡⎢⎢⎢⎣
1 1 0 0 . . . 0 0
0 0 1 1 . . . 0 0
...

...
0 0 0 0 . . . 1 1

⎤⎥⎥⎥⎦ ∈ R2j−1×2j

.

Similarly, the matrix representing the projection P j,j−k : V j → V j−k is

Hj−k,j = Ij−k ⊗ ek,

where

ek =
(

1√
2

)k

[1, 1, . . . , 1] ∈ R1×2k

.

It is straightforward to check that

Hj−p,j−p−qHj,j−p = Hj,j−p−q ,

i.e., the projections can be performed sequentially.
Consider the following inverse problem: The goal is to estimate a function

f ∈ L2([0, 1]) from the noisy data

y� =
∫ 1

0

K(t�, t)f(t)dt + e�, 1 ≤ � ≤ L, (5.14)

where e� is additive noise. Since it is not within the scope of this book to
discuss probability densities in infinite-dimensional spaces, assume that there
is a discretization level N in the multiresolution basis that can be thought of
representing the true signal, i.e.,

f(t) =
2N∑
k=1

xN
k ϕN

k (t).

In other words, we assume that the above discretization approximates the con-
tinuous model within working precision. With this assumption, the equation
(5.14) can be written as a matrix equation
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y = ANxN + e, (5.15)

where the elements of the matrix AN ∈ RL×2N

are

AN
�k =

∫ 1

0

K(t�, t)ϕN
k (t)dt.

Assume that the probability distribution of the noise e is known. Then the
corresponding stochastic model is written as

Y = ANXN + E, (5.16)

where the probability densites of XN ∈ R2N

and E ∈ RL are presumably
known. Let us assume that they are Gaussian, zero mean and independent,
with covariance matrices ΓN

pr and Γn, respectively.
Assume that we want to solve the inverse problem using a coarser dis-

cretization (e.g., for memory limitations), and write the reduced model

Y = AjX̃ + Ẽ, (5.17)

where X̃ ∈ R2j

, j < N . Two questions arise naturally:

1. How much error does the discretization coarsening of passing from equa-
tion (5.15) to (5.17) generate?

2. Assuming that we have prior information of XN , how should we write
this information in V j?

It seems natural to define the low-dimensional model for the unknown as

X̃ = Xj = Hj,NXN ,

i.e., the model reduction operator is the averaging matrix Hj,N ∈ R2j×2N

.
This choice immediately defines the prior probability density of the reduced
model: Xj is Gaussian, zero mean and with covariance

Γj = Hj,NΓNHN,j, HN,j =
(
Hj,N)T. (5.18)

The reduced model matrix Aj has also a natural representation. Letting

Aj
�k =

∫ 1

0

K(t�, t)ϕ
j
k(t)dt,

we have
Aj = ANHN,j, HN,j =

(
Hj,N )T. (5.19)

Although the definition (5.18) looks quite innocent, this is not the way the
reduced models are usually defined in the literature. Indeed, assume that the
prior density of XN is originally a Gaussian smoothness prior of the form
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πpr(xN ) ∝ exp
(−α‖LNxN‖2) ,

where LN is discrete approximation of a differential operator. For the sake of
definiteness, we choose it to be a three-point finite difference approximation
of the second-order derivative with Dirichlet boundary values,

LN = 22N

⎡⎢⎢⎢⎢⎢⎢⎣
−2 1 0 . . . 0

1 −2 1

0 1 −2
...

...
. . . 1

0 . . . 1 −2

⎤⎥⎥⎥⎥⎥⎥⎦ .

On the discretization level V j , the corresponding matrix is naturally

Lj = 22j

⎡⎢⎢⎢⎢⎢⎢⎣
−2 1 0 . . . 0

1 −2 1

0 1 −2
...

...
. . . 1

0 . . . 1 −2

⎤⎥⎥⎥⎥⎥⎥⎦ = Hj,NLNHN,j,

as one can easily verify. Without further analysis, the natural candidate for
the prior density of the reduced model vector X̂j would be

πpr(xj) ∝ exp
(−α‖Ljxj‖2) .

The question is now whether this natural construction reproduces the pro-
jected covariance Γj , i.e., whether the random variable X̂j is distributed as
Xj = Hj,NXN . The answer in our example is negative. Indeed, the covariance
of X̂j is

Γ̂j =
(
(Lj)TLj

)−1 �= Hj,N
(
(LN)TLN

)−1
Hj,N = Γj .

We may write the prior density of Xj formally as a smoothness prior, by
defining the matrix L̃j ∈ R2j×2j

to be

L̃j =
[(

Γj
)−1]1/2

, (5.20)

so that the prior density becomes

πpr(xj) ∝ exp
(
−α(xj)T

(
Γj
)−1

xj
)

= exp
(
−α‖L̃jxj‖2

)
.

The matrix L̃j is no longer a tridiagonal discrete approximation of a second-
order differential operator.

This example shows that discretization invariant stochastic models are not
trivial to construct, and the procedure of constructing the priors affects the
results.
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The analysis above was based on nested meshes, which are not always
available. Assume that we we have two meshes, called mesh A and mesh B
in Rn, n = 1, 2 or 3, and suppose that mesh A is too fine to be used in
calculations. Furthermore, assume that we have constructed a feasible prior
covariance matrix in the coarse mesh B. Each row of this matrix represents a
discretization of covariance function over the meshed domain. If these func-
tions are not strongly oscillating, we may interpolate them from the finer mesh,
thus obtaining an interpolated covariance matrix for the fine mesh A. Let rC

�

denote a mesh point in mesh C ∈ {A, B}, and let xC
� denote the corresponding

discretized value of the unknown at that point. We have then

cov (xA
� − xA

k ) ≈ cov (xB
� − xB

k )

at nearby mesh points. This property is not necessarily valid if instead of
interpolating the covariance matrix, we interpolate, for example, the inverse
of its Cholesky factor.

Generally, it can be said that prior models usually have larger variances
than the likelihood models. For this reason the accuracy of the statistical
modelling of the likelihood is often a more decisive topic than the modelling
of the prior. The next chapter discusses the modelling errors of the likelihood
that are induced by the discretization.

5.8 Statistical Model Reduction, Approximation Errors
and Inverse Crimes

In the previous section, we considered stochastic model reduction, i.e., low-
ering of the dimensionality of the problem from the one that is believed to
represent accurately enough the true measurement process. It is an inverse
crime to believe that the reduced model represents exactly the process. The
statistical model reduction is an attempt to counteract the crime by including
the modelling errors into the analysis.

Let us consider a linear Gaussian model

Y = AX + E, X ∼ N (x0, Γpr), E ∼ N (0, Γn), (5.21)

and assume that this model is obtained by careful modelling of the underlying
reality. If the equation is obtained by discretization, we assume that X ∈ RN

represents a discretized variable in a mesh so fine that the predictions of the
model coincide with observations within working precision. We also assume
that we have access to a reliable prior model.

As in the previous section, suppose that, for example, for computational
reasons, we need to work with a reduced model of lower dimensionality. Let
us assume that the model reduction corresponds to a linear operator,

P : RN → Rn, X̃ = PX.
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Typically, P is a projection to coarse mesh basis functions. Let Ã ∈ Rm×n

denote the discretized model corresponding to the reduced model. We write

Y = AX + E = ÃX̃ +
(
A− ÃP

)
X + E

= ÃX̃ + Ẽ. (5.22)

An inverse crime is committed by neglecting the second term on the right,
i.e., assuming that the coarsely discretized model plus independent error are
sufficient to describe the data, or Ẽ ≈ E.

It is a straightforward matter to calculate the mean and covariance of Ẽ.
Assuming for simplicity that X and E are uncorrelated, we have

Ẽ ∼ N (ẽ0, Γ̃n

)
, (5.23)

where

ẽ0 = E
{
Ẽ
}

=
(
A− ÃP

)
x0, (5.24)

Γ̃n = cov
(
Ẽ
)

=
(
A− ÃP

)
Γpr

(
A− ÃP

)T + Γn. (5.25)

We refer to the noise model (5.23) as the enhanced noise model.
If either of the covariance terms in (5.25) is essentially smaller than the

other, we’ll refer to either noise-dominating or approximation error dominat-
ing case. If we have

Tr
(
Γn

) Tr
(
(A− ÃP )Γ̄pr(A− ÃP )T

)
,

we could expect that we have a noise-dominated case and that the approxima-
tion errors do not play a significant role. However, as we shall see, this might
not be the case since the covariance structure due to the approximation error
may be nontrivial, i.e., not even close to white noise. This means also that the
trivial ad hoc remedy of masking the modelling error with white noise, that
is, replacing Γn by κσ2I, κ > 1 large enough, may not be a good idea since we
might have to set κ so large as to render all observations virtually much more
erroneous that they actually are. This is particularly bad in severely ill-posed
problems where the signal-to-noise ratio is a crucial issue.

If, on the other hand, we have

diag Γn  diag (A− ÃP )Γ̄pr(A− ÃP )T ,

the approximation error is not a crucial issue and the inverse crime reduces
effectively to an inverse misdemeanor.

With affine estimators the surplus estimation error due to coarse discretiza-
tion is of the form

B+ = Φ(Γn)(A− ÃP )Γ̄pr(A− ÃP )TΦ(Γn)T,
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where the matrix Φ = Φ(Γn) depends on the employed error model. It is easy
to see that TrB+ increases as Γn → 0.

The enhanced noise model (5.23) is useful, for example, for improving the
performance of Tikhonov regularization. From the statistical point of view,
however, there is more to it. We shall derive the posterior density and the
conditional mean estimate when the error model is taken into account.

Consider the joint probability distribution of the observation Y and the
reduced variable X̃. We have from the accurate model (5.21),

E
{
Y
}

= Ax0, cov
(
Y
)

= AΓprA
T + Γn.

Similarly,
E
{
X̃
}

= Px0, cov
(
X̃
)

= PΓprP
T.

The cross-covariance of the variables is

E
{
(X̃ − Px0)(Y −Ax0)

}
= E

{
P (X − x0)(A(X − x0) + E)

}
= PΓprA

T.

Hence, the joint covariance is, not surprisingly,

cov
([

X̃
Y

])
=
[

PΓprP
T PΓprA

T

AΓprP
T AΓprA

T + Γn

]
.

From the joint probability density we can immediately deduce the posterior
covariance of X̃. By Theorem 3.7, we have

π(x̃ | y) ∝ exp
(
−1

2
(x̃− x̃0)TΓ−1

post(x̃ − x̃0)
)

,

where
x̃ = Px0 + PΓprA

T(AΓprA
T + Γnoise)−1(y −Ax0), (5.26)

and
Γpost = PΓprP

T − PΓprA
T(AΓprA

T + Γnoise)−1AΓprP
T.

The derived formulas are not formally very different from the ones correspond-
ing to the (5.21). There is, however, a crucial point here. The computation
of the CM (or MAP) estimate (5.26) requires the solution of a system of size
m × n, yet it uses the information of the accurate model. This may have a
significant effect on the performance as we shall see in examples.

A natural way to approximate the above enhanced error model can be
obtained as follows. Writing Y = ÃX̃ + Ẽ, where Ẽ = E + ε, we compute the
covariance matrix Γ̃n = cov (E + ε) and further its Cholesky factor, LE+ε =
chol (Γ̃−1

n ). Then, we can modify the Tikhonov problem by considering an
augmented error problem of the form

min
{‖LE+ε(y −Ax)‖2 + ‖Lpr(x− x0)‖2

}
. (5.27)

It turns out that in many cases this yields a good alternative to using the
proper form (5.26). It should be pointed out that in this approximation, we
implicitly assume that the pair (X, Ẽ) is mutually independent.
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5.8.1 An Example: Full Angle Tomography and CGNE

As an example, consider using CGNR to compute an estimate for an anisotropic
smoothness target from full angle tomography observations. The example
demonstrates thus the inverse crime problem in a more traditional setting.
We emphasize that the results shown below are not peculiar to the CGNR
algorithm especially, but, in fact, the same behavior can be expected with all
algorithms when inverse crimes are committed.

The actual data is generated in a 84× 84 mesh from the structured distri-
bution and the employed observation model A is based on the 42× 42 mesh.
The proper observation data is computed as explained earlier and the inverse
crime (IC) data is generated as Y = ÃPX +E. We set E ∼ N (0, σ2I), with
different noise variance levels σ2. Let κ denote the ratio of the noise variance
and the modelling error variance,

κ =
noise variance

modelling error variance

=
Mσ2

Tr
(
(A− ÃP )Γ̄pr(A− ÃP )T

) .

We let σ2 vary such that 0.1 ≤ κ ≤ 10. Hence, the lower bound κ = 0.1
corresponds to a modelling error-dominated case while the upper bound κ =
10 is the noise-dominated case. The CGNR iteration is terminated with the
Morozov criterion with discrepancy equal to τ

√
nσ, where n is the number

of pixels and τ = 1.1. The same computations are performed with both the
proper and IC data. In addition to the CGNR estimates we also compute the
conditional mean estimates for the proper data using both the standard and
the enhanced error models.

Examples of the CM with standard error model, CGNR estimates with
IC data and CGNR estimates with proper data, are shown in Figure 5.21.
The middle column shows the results based on IC data. The drastical level of
overoptimism rendered by using inverse crime data can clearly be seen once
the additive noise level falls below the approximation error level.

Ensemble behavior of the estimates in all four cases can be seen from
Figure 5.22. In all these cases, except for the enhanced error CM estimate,
the error model is based on the additive noise only. The apparent errors for
CGNR estimates with IC data seem to fall nicely and monotonically while it
actually blows up shortly after the modelled additive error level drops below
the approximation error level. Here we use the approximate enhanced error
model (5.27) which shows in this example only as a slight raise of the esti-
mate error level at very low additive error levels. It should be noted that the
performance of the uncorrected CM estimates also decreases with decreasing
noise levels.

It was mentioned earlier in this chapter that it is, of course, possible to
make the ad hoc adjustment to the additive noise level by using ΓE+ε =
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Error level 0.0029247

Error level 0.0047491

Error level 0.0060516

Error level 0.0077115

Error level 0.11093

Figure 5.21. An example of the effect of committing an inverse crime. Left column:
CM estimates with proper data. Middle column: CGNE estimates with improper
(inverse crime) data. Right column: CGNE estimates with proper data.
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Figure 5.22. The estimation errors for CGNE with proper and IC data as well as
CM with proper data and CM estimate with proper data but enhanced observation
error model. The vertical dashed line denotes the modelling error level

c ΓE with c > 1. The most popular covariance structure for ΓE is ΓE =
σ2I and the overall statistics are assumed to be Gaussian. The tails of the
Gaussian distribution fall rapidly and it would be imperative to choose c
large enough in order to mask the approximation error. The main diagonal
and the first off-diagonal entries of the covariance of the approximation error
for measurements that are related to the first projection angle are shown in
Figure 5.23. It is clear that while several measurements are relatively free
from the approximation error, for other measurements the situation is much
worse. Also, although the off-diagonal entries are not overly large, they are
nevertheless nonvanishing. If the adjustment parameter c is to be set big
enough to mask the diag Γε, it has to correspond to maxdiag Γε. Then, we are
effectively arguing that all measurements are correspondingly untrustworthy
and we lose much information that is available in the measurements.

5.9 Notes and Comments

Throughout this book, we have sought to avoid inverse crimes by generating
the data using a finer meshing in the forward model than in the one used for
solving the inverse problem. It is tempting to use, instead of fine meshing, a
continuous model as a reference, that is, to refer directly, say, to the integral
equation representations as a true model. We have avoided this approach in
this book for the simple reason that the theory of random variables in infinite-
dimensional - and possibly nonseparable - spaces is rather involved and would
distract the reader to some extent from the core ideas of the book.
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Figure 5.23. The covariance due to the approximation error, the first projection
angle: Autocovariances (diagonals, bold line) and cross-covariances of neighboring
projections (first off-diagonal, weak line).

Basic textbooks on statistical estimation and decision theory include [88,
120]. The standard estimation theory assumes that the true statistics is both
known and used in the construction of the estimators.

The word estimation is used differently in different contexts such as in error
estimation in numerical analysis. In connection with statistical estimation
theory the focus is on the distribution of the estimate and its error. With
well-posed problems the unknown can be treated as a deterministic unknown,
but with ill-posed problems we need to treat the unknown as a random variable
with some prior distribution. Thus, if statistical error analysis is to be carried
out in the case of ill-posed problems, the error distribution depends on the
prior model. It is then of course necessary that the feasibility of the prior
model - implicit or explicit - can be verified.

An important issue related to the proper prior modelling is the possibility
to define discretization invariant prior models, that is, models that lead to
consistent posterior estimates regardless of the discretization level. Research
towards this direction has been made for example in [80] and [81].

As explained in the beginning of this chapter, the aim has not been to
compare the performance of the classical methods with the optimal estimator
in which the true statistics - although only modelled - has been assumed to
be known and has also been employed in the construction of the estimator.
Rather, we again stress that the message is the relevance of carrying out prior
modelling in more difficult inverse problems. We also demonstrated that if the
prior model is structurally feasible, the increase of the estimate errors due,
for example to scaling errors, may be tolerable. Furthermore, as discussed in
Chapters 3 and 7, some parameters of the prior model can be handled with
the hyperprior approach.
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Apart from prior models, the almost canonical assumption regarding mea-
surement noise, has been that the noise is Gaussian, additive, zero mean and
has covariance of the form Γn = λI. All these assumptions may fail. Indeed, it
could be said that a measurement system that fulfills the above assumptions,
can be desribed as an idealization. Physical measurement systems can be very
complicated and the actual measurement error model can be very nontrivial.
For example, the measurement noise model for weak light sources may be a
combination of a Poisson process due to small number of photons, Gaussian
noise due to electrical conversions and Cauchy-type noise that is due to elec-
trical contact problems. These three sources may be mutually independent or
dependent - possibly multiplicative.

In statistical literature, such noise methods that take into account infre-
quent large measurement errors are referred to as robust methods; see [61].
These are more or less ad hoc iterative methods that change weights for each
measurement according to how well the observation model predicted the mea-
surement at the previous iteration. Thus, if the difference between a measure-
ment and its prediction is considerably larger than for other measurements, it
will be assigned a smaller weight - or larger variance - for the next iteration.

Regarding the correlatedness of measurement noise, it turns out that in
many cases correlated noise leads to severely deteriorated estimates if an un-
correlated noise model is employed. On the other hand, if the correlation
structure is known and employed, the effect of the noise on the estimates can
be much smaller than in the case of uncorrelated noise.
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Model Problems

In this chapter, we discuss in detail some inverse problems that serve as model
problems when we illustrate the statistical inversion methods, particularly in
Chapter 7. We start with linear inverse problems that arise in biomedical
applications. First we discuss the inverse problem of X-ray tomography; then
we proceed to electromagnetic source problems arising in electric and magnetic
encephalography (EEG/MEG) and in cardiography (ECG/MCG).

Two nonlinear inverse problems studied here have applications not only
in biomedical imaging but also in industrial process monitoring. The first
one is electrical impedance tomography (EIT). This inverse problem has been
extensively studied in recent years both from the theoretical and practical
point of view (see “Notes and Comments” at the end of the chapter). The
second one is a problem formally related to the EIT problem, the near-infrared
optical absorbtion and scattering tomography (OAST) problem.

6.1 X-ray Tomography

X-ray imaging is based on acquiring several projection images of a body from
different directions. The word “tomography” from the two Greek words τoµoσ
and γραϕoσ, which mean cut and writing, respectively, refers traditionally to
methods where one seeks to produce a sectional image of the interior of a
body based on the observed attenuation of the rays in a given plane of inter-
section. In the modern use, the word tomography is no longer restricted to
sectional imaging. Rather, in modern X-ray imaging the goal is to produce
three-dimensional reconstructions of the target. Such procedures are some-
times referred to as tomosynthesis. In its current use, the word refers to any
noninvasive imaging of an inaccessible region.

It has been known, that since the classical work of Johann Radon on
integral geometry in 1917 that if projection images from all around a two-
dimensional slice of the body are available, the inner structure of the body
along this slice can be reconstructed. This fact was rediscovered by Cormack



190 6 Model Problems

and Hounsfield in the sixties, leading to commercial computerized tomography
(CT) imaging technologies.

In practice, there are often geometric and radiation dosage restrictions
that prohibits collecting complete projection data. The projection data may
therefore be restricted to a limited view angle, leading to a limited angle
tomography problem. The restrictions on radiation dose often imply that only
few illumination directions can be used. In such a case, the problem is referred
to as a sparse projection data problem. Together, these type of problems can be
called X-ray tomography with few radiographs. In these problems, the classical
results of Radon cannot be applied.

6.1.1 Radon Transform

In this subsection we review the basic mathematical model of X-ray imaging
as well as some of the classical results concerning tomography based on full
projection data.

Let Ω ⊂ Rn, n = 2, 3, be a bounded domain representing the studied
object (n = 3) or a cross-sectional slice of it (n = 2). Assume that a pointlike
X-ray source is placed on one side of the object. The radiation passes through
the object and is detected on the other side by an X-ray film or a digital
sensor; see Figure 6.1.

Figure 6.1. X-ray measurement setting.

The most commonly used model assumes that the scattering of the X-
rays by the traversed material is insignificant, i.e., only absorption occurs,
and that the rays are not deflected by the material interaction. If we further
assume that the mass absorption coefficient is proportional to the density of
the material, the attenuation of the intensity I along a line segment d� is given
by

dI = −Iµd�,

where µ = µ(p) ≥ 0, p ∈ Ω is the mass absorption of the material. We assume
that µ is compactly supported in Ω and bounded. If I0 is the intensity of
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the transmitted X-ray sent along the line �, the received intensity I after the
X-ray has traversed the body is obtained from the equation

log
(

I

I0

)
=
∫ I

I0

dI

I
= −

∫
�

µ(p)d�(p).

The inverse problem of X-ray tomography can thus be stated as a problem of
integral geometry: Estimate the function µ : Ω → R+ from the values of its
integrals along a set of straight lines passing through Ω.

The nature of the X-ray tomography problem depends on how many lines
of integration are available. In the ideal case, we have data along all possible
lines passing through the object. The classical results are based on the avail-
ability of this complete data. In the following, we consider briefly the Radon
transform of a function defined in Rn and its inversion. In R2, the Radon
transform coincides with the complete X-ray tomography data as described
above. In R3, the Radon transform is related to the X-ray data through an
integration procedure which will be explained later.

Let µ be a piecewise continuous function with a compact support in a
domain Ω ⊂ Rn. Consider a hyperplane L of dimension n− 1. If ω ∈ Sn−1 is
a unit vector normal to the plane, we may represent L as

L = L(ω, s) = {p ∈ Rn | 〈ω, p〉 = s},

where s is the signed distance of L from the origin. The Radon transform of
the function µ at (ω, s) is the integral along the hyperplane L(ω, s),

Rµ(ω, s) =
∫

L(ω,s)

µ(p)dS(p),

where dS is the Lebesgue surface measure on the plane L(ω, s).
The following theorem shows that the Radon transform determines the

function µ uniquely. We use the notation

Rωµ : R→ R, s �→ Rµ(ω, s),

where ω ∈ Sn−1 is fixed.

Theorem 6.1. For a piecewise continuous compactly supported µ, we have
the identity

R̂ωµ(τ) = µ̂(τω),

where the hats denote Fourier transforms. In particular, the knowledge of the
Radon transform determines the function µ uniquely.

Proof: For arbitrary p ∈ Rn we write

p = 〈ω, p〉ω + (p− 〈ω, p〉ω) = 〈ω, p〉ω + p⊥ ,
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where 〈ω, p⊥〉 = 0. Using this decomposition, the Radon transform of µ can
be represented as

Rµ(ω, s) =
∫

Rn−1
µ(sω + p⊥)dp⊥,

and its one-dimensional Fourier transform with respect to s is

R̂ωµ(τ) =
∫ ∞

−∞

∫
Rn−1

e−iτsµ(sω + p⊥)dp⊥ds =
∫

Rn

e−i〈sω,p〉µ(p)dp = µ̂(τω),

proving the claim. Hence, since the Radon transform of µ determines its
Fourier transform, the function itself can be recovered by the formula

µ(p) =
1
2

(
1
2π

)n ∫ ∞

0

∫
Sn−1

eiτ〈p,ω〉R̂ωµ(τ)τn−1dS(ω)dτ. (6.1)

Here we used the simple fact that Rµ(−ω,−s) = Rµ(ω, s). �

We remark that it is possible to design an inversion algorithm based on
the formula (6.1). The main reason why this approach is not often used in
applications is that the interpolation of the complex phase from a rectangular
grid to a spherical grid is numerically challenging and, when carelessly done,
it produces large errors in the reconstruction.

As mentioned before, the Radon transform in R3 does not give the X-ray
data along single rays but instead along planes of intersection. Let L(ω, s) be
such a plane, and let θ1 and θ2 be two orthogonal unit vectors that span this
plane. Then the Radon transform can be written as

Rµ(ω, s) =
∫ ∞

−∞

∫ ∞

−∞
µ(sω + t1θ1 + t2θ2)dt1dt2.

From this formula we see that integrals over lines determine also integrals over
planes, i.e., the complete X-ray data determines the Radon transform, hence
the function µ by the previous theorem.

There are several other analytic methods which lead from complete Radon
transform data to the mass absorption function. The most classical one is the
inverse Radon transform formula, dating back to the original works of Radon
himself. Another classical method is known as filtered backprojection. We do
not treat these methods here in more detail. For references to the literature,
see “Notes and Comments” at the end of this chapter.

6.1.2 Discrete Model

As mentioned before, the analytic inversion methods in tomography rely on
complete projection data. Since in many application such data are not avail-
able (see Figure 6.2), in practice we need to discretize the observation model
directly and approximately solve the problem computationally.



6.1 X-ray Tomography 193

Full angle data Sparse full angle data Limited angle data Sparse limited angle data

Figure 6.2. A schematic picture of various tomography problems with few projec-
tion data. The shaded disc represents the object; the circles indicate the illumination
source locations.

To illustrate the latter approach, consider the two-dimensional case. Sim-
ilar techniques can be used in three dimensions as well. Assume that we have
a nonnegative function µ in R2, whose compact support is contained in the
unit rectangle, [0, 1]× [0, 1]. We divide the image area in N ×N pixels, and
approximate the density by a piecewise constant function,

µ(p) = µij , when p ∈ Pij , 1 ≤ i, j ≤ N.

Here, Pij denotes the pixel, (j−1)/N < p1 < j/N , (i−1)/N < 1−p2 < i/N ,
i.e., the image is given by the matrix (µij).

To describe the X-ray data in vector form, we stack the matrix entries µij

in a vector x of length N2 so that

x((j − 1)N + i) = µij , 1 ≤ i, j ≤ N.

Let L1, . . . , LM denote lines corresponding to X-rays passing through the ob-
ject from souce to detectors. For the m th line, Lm, we have

ym =
∫

Lm

µ(p)dp =
N∑

i,j=1

|Lm ∩ Pij |µij =
N2∑
k=1

Amkxk,

where |Lm ∩Pij | denotes the length of the intersection of the line Lm and the
pixel Pi,j , and we denoted

Amk = |Lm ∩ Pij |, k = (j − 1)N + i.

The discretized model for the X-ray imaging can then be written in the
form

Ax = y.

Hence, the X-ray inverse problem can be recast as a linear matrix problem
typically of very large size but also with a very sparse model matrix.

Later, in numerical examples, we shall consider the limited angle tomog-
raphy, where the angles of illumination are restricted to an angle strictly less
than π. In these cases, the matrix A has a large null space and the inverse
problem becomes severely underdetermined.
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X−ray source

Detector

Figure 6.3. Discretized representation of the X-ray data.

6.2 Inverse Source Problems

In this section, we discuss the electromagnetic inverse source problems that
arise in biomedical applications. In electromagnetic inverse source problems,
the objective is to estimate the electromagnetic source in an inaccessible region
by observing the fields outside that region. In the applications discussed here,
the frequencies are relatively low, implying that the radiation is negligible, and
one can use the static or quasi-static approximations of Maxwell’s equations
to describe the physical setting.

There are two groups of problems that differ from each other in the data ac-
quisition modality. In the first one, the electric voltage potentials are observed,
while in the second group the magnetic fields are measured. The first group
includes the electrocardiography (ECG) for monitoring the cardiac functions
and the electroencephalography (EEG) used for studying cerebral activities.
The corresponding modalities using magnetic measurements are magnetocar-
diography (MCG) and magnetoencephalography (MEG). Both measurement
modalities have advantages and drawbacks. They provide complementary in-
formation of the same phenomena.

6.2.1 Quasi-static Maxwell’s Equations

Let Ω ⊂ R3 be a bounded domain corresponding, e.g., to the human body or
to a portion of it. Assume that Ω is simply connected, that its complement
is connected and that its boundary ∂Ω is smooth. The assumption that the
complement is connected implies that ∂Ω consists of one surface.

Consider the electromagnetic fields in Ω, induced by given sources de-
scribed later. Let x ∈ Ω and denote by t ∈ R the time. Let E(x, t) and H(x, t)
be the electric and magnetic fields, and D(x, t) and B(x, t) the electric dis-
placement and magnetic flux density, respectively. The Maxwell–Faraday and
Maxwell–Ampère laws state that

∇× E = −∂B
∂t

, ∇×H =
∂D
∂t

+ J ,
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where J = J (x, t) is the current density of free charges. We say that the
medium is linear and isotropic, if the fields are related to each other through
the constitutive relations

D(x, t) =
∫ t

−∞
ε(x, t− s)E(x, s)ds, B(x, t) =

∫ t

−∞
µ(x, t− s)H(x, s)ds,

where the strictly positive scalar functions ε and µ are the electric permittivity
and magnetic permeability of the medium, respectively. In anisotropic media,
ε(x, s) and µ(x, s) are positive definite symmetric matrices in R3×3. Here, only
the isotropic case is considered.

The current density J consists of two parts, the source term and the
Ohmic term,

J = J0 + JΩ,

where the Ohmic part is due to the electric field,

JΩ(x, t) =
∫ t

−∞
σ(x, t− s)E(x, s)ds.

Here, σ denotes the electric conductivity. It is a nonnegative function. In
anisotropic material, its value is a positive semidefinite matrix in R3×3.

If the fields are time-harmonic, we may write, using the complex notation,

E(x, t) = Re
(
E(x)e−iωt

)
, B(x, t) = Re

(
B(x)e−iωt

)
, J0 = Re

(
J0(x)e−iωt

)
,

where ω > 0 is the harmonic angular frequency and Re(z) denotes the real
part of z.

A substitution into Maxwell’s equations shows that the original Maxwell’s
equations are satisfied if the complex amplitudes satisfy the frequency domain
equations,

∇× E(x) = iωµ̂(x, ω)H(x), (6.2)

∇×H(x) = (−iωε̂(x, ω) + σ̂(x, ω))E(x) + J0(x), (6.3)

where the material parameters appear Fourier transformed with respect to
time,

µ̂(x, ω) =
∫ ∞

0

eiωtµ(x, t)dt,

and ε̂ and σ̂ are defined similarly.
In the quasi-static approximation, which holds for relatively low frequen-

cies and nonferromagnetic materials, the product ωµ̂ is negligible, yielding

∇× E ≈ 0.

In particular, since the domain Ω is simply connected, we may express E in
terms of a scalar potential u = u(x) as
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E = −∇u.

By substituting this into equation (6.3) and applying the divergence on both
sides, we obtain

∇ · γ∇u = ∇ · J0, (6.4)

where γ denotes the admittivity,

γ(x, ω) = σ̂(x, ω)− iωε̂(x, ω). (6.5)

The inverse of γ, denoted by ρ = 1/γ, is the impedivity of the body. Observe
that when the fields are static, i.e., ω → 0+, the admittivity is real and
coincides with the static conductivity. In this case, the impedivity is just the
resistivity of the body. In the rest of this chapter, we assume static fields, i.e.,
γ(x) ∈ R.

For the discussion to ensue, we also fix an admissible class of admittivities
and current densities as follows.

Definition 6.2. An admittivity distribution γ : Ω→ R+ and the correspond-
ing source current density J0 : Ω → Rn are in the admissible class, denoted
as

γ ∈ A(Ω), J0 ∈ J (Ω),

if the following conditions are satisfied:

1. For some N ≥ 1, there is a family {Ωj}Nj=1 of open disjoint sets, Ωj ⊂ Ω,
having piecewise smooth boundaries and for which

Ω =
N⋃

j=1

Ωj .

Furthermore, we require that γ|Ωj , J0|Ωj ∈ C(Ωj), 1 ≤ j ≤ N , i.e., γ
and J0 restricted to each subset Ωj allow a continuous extension up to the
boundary of the subset.

2. For some constants c and C,

0 < c ≤ γ(x) ≤ C <∞.

3. The normal components of the current density J0 are continuous through
the interfaces of the subsets Ωj.

In medical applications, the subsets Ωj in the forward problem may repre-
sent organs. In the inverse problem, the set of admissible admittivities provides
a natural discretization basis.

Due to possible discontinuities of the admittivity, equation (6.4) has to be
considered in the weak sense as we do in the sequel.
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6.2.2 Electric Inverse Source Problems

Consider first the forward problem of finding the voltage potential u from
the equation (6.4) corresponding to a given J0 in Ω. To this end, we need
to specify the boundary condition. In biomedical applications it is natural to
assume that no electric currents exit the body through the boundary, i.e.,

n · J∣∣
∂Ω

= n · (J0 − γ∇u)
∣∣
∂Ω

= 0.

In particular, if the source current J0 has a vanishing normal component at
the boundary,

n · J0

∣∣
∂Ω

= 0, (6.6)

as we assume in the sequel, we have the Neumann boundary condition

n · γ∇u
∣∣
∂Ω

= 0. (6.7)

To fix the ground voltage level, we may further require, e.g., that∫
∂Ω

udS = 0. (6.8)

Under the assumption that γ and J0 are admissible in the sense of Defini-
tion 6.2, one may now show that the forward problem (6.4), (6.7) and (6.8) has
a unique solution in the weak sense. Indeed, let H1(Ω) denote the L2-based
Sobolev space. Define further

H1
N(Ω) =

{
u ∈ H1(Ω) | n · γ∇u

∣∣
∂Ω

= 0
}
,

and introduce the homogenous Sobolev seminorm

‖u‖Ḣ1(Ω) =
(∫

Ω

|∇u|2dx

)1/2

. (6.9)

Observe that ‖u‖Ḣ1(Ω) = 0 if and only if u = constant. Therefore, we introduce
the quotient space

Ḣ1
N(Ω) = H1

N(Ω)/R,

i.e., we identify elements differing by a constant. In this quotient space, (6.9)
defines a norm.

Let v be a test function, and assume for now that u satisfies the equation
(6.4) and the Neumann boundary condition (6.7). By Green’s formula, we
have ∫

Ω

v∇ · γ∇udx = −
∫

Ω

∇v · γ∇udx.

Similarly, the right side of the equation (6.4) together with the boundary
condition (6.6) gives ∫

Ω

v∇ · J0dx = −
∫

Ω

∇v · J0dx.

The uniqueness of the weak solution of the forward problem is proved in the
following theorem.
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Theorem 6.3. Let γ ∈ A(Ω) and J0 ∈ J (Ω). Then there is a unique u ∈
Ḣ1

N(Ω) satisfying the weak form equation

Bγ(v, u) =
∫

Ω

∇v · γ∇udx =
∫

Ω

∇v · J0dx (6.10)

for all v ∈ Ḣ1
N(Ω).

Proof. From the definition of admissible class of admittivities, it follows
that

c‖u‖2
Ḣ1(Ω)

≤
∫

Ω

γ|∇u|2dx = Bγ(u, u) ≤ C‖u‖2
Ḣ1(Ω)

,

i.e., the quadratic form Bγ defines an equivalent norm in Ḣ1
N(Ω). Furthermore,

since
|
∫

Ω

∇v · J0dx| ≤ C‖v‖Ḣ1(Ω),

we see that the right side of (6.10) defines a continuous functional in Ḣ1
N(Ω).

The claim follows now by the Riesz representation theorem; see Appendix A.
�

Observe that the theorem above it follows that the solution is unique only
up to a constant. This ambiguity is removed by the ground condition (6.8).

The electric inverse source problem can now be stated as follows.

Problem 6.4. Assume that the impedivity γ of a body Ω is known. Given
the observations1 {u(p1), . . . , u(pL)} of the voltage potential at given points
p� ∈ ∂Ω, estimate the current density J0 in Ω.

This inverse problem is essentially what EEG and ECG need to solve.
In electroencephalography, the source is the electric brain activity, while in
electrocardiography one seeks to estimate the electric functions of the heart.
The pointwise voltage measurements are idealizations of voltage recordings
through contact electrodes attached to the surface of the body.

We remark here that the above formulation of the EEG/ECG problem
is not the only one considered in literature. Often, rather than seeking the
electric sources, one seeks to solve the electric voltage potential distribution
on an intrinsic surface, cardiac or cerebral, from the corresponding voltage
distributions on the body’s outer surface.

6.2.3 Magnetic Inverse Source Problems

The magnetic forward problem is based on the same assumptions as the elec-
tric one, i.e., that the normal components of the source current and the Ohmic

1Strictly speaking, to define pointwise boundary values of the solutions, we
should prove additional regularity of the solutions. For brevity, this discussion is
omitted.
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current vanish at the boundary ∂Ω. Thus, let J0 be the source current density
in Ω with the boundary condition (6.6), and let u denote the corresponding
voltage potential satisfying the Neumann boundary condition (6.7). Assuming
that µ̂(x, ω) = µ0 = constant, equation (6.3) gives, within the applicability of
the quasi-static approximation,

∇×B = µ0∇×H = µ0J, J = −γ∇u + J0.

Furthermore, equation (6.2) implies that

∇ ·B = ∇ · (µ0H) = 0.

Hence, B satisfies the equation

−∆B = ((∇×)2 −∇∇·)B = µ0∇× J.

To solve this vector-valued Poisson equation, we need to specify the asymp-
totic behavior of the magnetic field. It is required that at infinity, the asymp-
totic behavior of the field is

|B(x)| = O
(

1
|x|

)
.

By using the fact that

Φ(x− y) =
1
4π

1
|x− y| , x �= y,

is the fundamental solution of the operator−∆ with the required asymptotics,
we may represent the magnetic field as

B(x) = Φ ∗ (∇× J)(x), x ∈ R3 \ Ω,

where the convolution must be interpreted in the sense of distributions, since
∇× J is, in general, a distribution supported in Ω. By the definition of dis-
tribution derivatives, we obtain a classical integral representation

B(x) =
µ0

4π

∫
Ω

J(y)× x− y

|x− y|3 dy, x ∈ R3 \ Ω. (6.11)

This representation is known as the Biot–Savart law. Further, by substituting
J = J0 − γ∇u, we have

B(x) = B0(x) − µ0

4π

N∑
j=1

∫
Ωj

γ(y)∇u(y)× x− y

|x− y|3 dy, (6.12)

where the B0 is the magnetic field of the primary current,

B0(x) =
µ0

4π

∫
Ω

J0(y)× x− y

|x− y|3 dy. (6.13)
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Consider the restriction of the integrals in (6.12) to the subset Ωj . Let nj(x)
denote the exterior unit normal of ∂Ωj . Integrating by parts yields∫

Ωj

γ(y)∇u(y)× x− y

|x− y|3 dy =
∫

∂Ωj

γ(y)u(y)nj(y)× x− y

|x− y|3 dS

−
∫

Ωj

u(y)∇γ(y)× x− y

|x− y|3 dy,

since
∇× x− y

|x− y|3 = ∇×∇ 1
|x− y| = 0.

Let {Γk | 1 ≤ k ≤ K} be the set of oriented interfaces between the
subdomains Ωj , and denote by [γ]k the jump of the admittivity across the
interface Γk. Hence, if Γk separates the subdomains Ωi and Ωj , and ni is the
orientation of Γk, we have

[γ]k(y) = γ
∣∣
Ωi

(y)− γ
∣∣
Ωj

(y), y ∈ Γk.

At the outer surface ∂Ω, we set γ = 0 outside Ω. With these notations, and
by observing that, at the interface Γk, the normal vectors ni and nj have
opposite directions, formula (6.11) yields

B(x) = B0(x) +
µ0

4π

( N∑
j=1

∫
Ωj

u(y)∇γ(y)× x− y

|x− y|3 dy (6.14)

−
K∑

k=1

∫
Γk

[γ]k(y)u(y)nj(y)× x− y

|x− y|3 dS

)
.

In the special case when∇γ = 0 in each subset Ωj , i.e., γ is piecewise constant,
formula (6.14) is often referred to as the Geselowitz formula.

The magnetic inverse source problem can be stated in the following form.

Problem 6.5. Assume that γ in the body Ω is known. Let v1, . . . , vL be a
given set of unit vectors. Given the observations {v1 ·B(p1), . . . , vL · B(pL)},
where p� /∈ Ω, estimate the source current J0 in Ω.

Similarly as in the electric inverse source problem, the desired current
density J0 represents either the activity of the brain (MEG) or the heart
(MCG). The unit vectors vj define the orientations of the magnetometers,
i.e., the axes of the coils used to register the magnetic fields.

Under certain geometric assumptions, the model for the magnetic field
can be considerably simplified. One case is when we have radially symmetric
geometry. Assume that Ω is a ball, the surfaces Γk are concentric spheres, and
γ depends only on the distance from the center of the ball. Setting the origin
at the center of the ball, we have γ(y) = g(|y|), and∇γ(y) = g′(|y|)r(y), where
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r(y) = y/|y| is the radial unit vector. Also, nj(y) = r(y). Assume that the
magnetometers measure the radial component of the magnetic field outside
Ω, i.e., v� = r(p�). Since

x · (y × (x− y)) = 0,

we observe that
r(x) ·B(x) = r(x) · B0(x),

in other words, the radial component of the magnetic field is insensitive to
the radial conductivity of the body.

A similar result holds when the body Ω is a half-space, the conductivity
depends only on the depth and the observed component of the magnetic field
is vertical.

Consider the field B0 outside the body Ω. Assume that with respect to
an arbitrarily fixed origin, the current density J0 in Ω is radial, i.e., for some
scalar function j,

J(y) = r(y)j(y), r(y) =
y

|y| .

Since x · (y× (x− y)) = 0, we immediately have from formula (6.13) that the
radial component of B0 vanishes, i.e.,

r(x) ·B0(x) =
µ0

4π

∫
Ω

j(y)
x · y × (x− y)
|x| |y| |x − y|3 dy = 0.

In particular, for a spherically symmetric body Ω, radial components of
the source currents are completely invisible for observations of the radial
component.

So far, we have assumed that the source current J0 is in the admissible
class J (Ω). This assumption is largely dictated by the solvability of the equa-
tion (6.10) defining the electric potential. However, as it was shown above,
in particular geometries the Ohmic currents, and therefore also the electric
potential, play no role. In those cases, it is common to represent the source
current J0 by using current dipoles that do not fit into the admissible class
J (Ω) defined here.

A current dipole at x = x0 ∈ Ω with dipole moment vector q is defined as
a localized singular source,

J0(x) = q δ(x− x0).

Assume that the souce current consists of N current dipoles, i.e.,

J0(x) =
N∑

n=1

qn δ(x− xn).

If there is no magnetic field due to the Ohmic part of the current, we obtain
a discrete representation of the magnetic field as
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B(x) =
µ0

4π

∫
Ω

(x− y)× J0(y)
|x− y|3 dy =

µ0

4π

N∑
n=1

(x− xn)× qn

|x− xn|3 . (6.15)

This representation will be used in some of the examples discussed later in
this book.

Observe that in both the electric and magnetic inverse source problems,
it was assumed that the impedivity γ is known. In practice, this assumption
is seldom valid. In the special cases when the Ohmic part can be ignored,
this is of course no problem. However, in proper modelling, the estimation of
the impedivity should be included as a part of the problem. Such modelling
makes the inverse problems highly nonlinear and considerably more complex
than the problems considered above.

6.3 Impedance Tomography

The electrical impedance tomography (EIT) problem can be described physi-
cally in the following way. We have a body with unknown electric resistivity, or
more generally, impedivity distribution. A set of contact electrodes is attached
on the surface of the body and, through these electrodes, prescribed electric
currents are injected into the body. The corresponding voltages needed to
maintain these currents are measured on these electrodes. This process may
be repeated with various currents. The aim is to estimate the resistivity dis-
tribution in the body from this set of data.

The leading idea for solving this problem is Ohm’s law, which states that
in a simple resistor, the resistance is the voltage divided by the current. Here,
however, instead of a single resistor, we have a possibly complicated resistivity
distribution, and no straightforward method of getting it from the described
measurement exists.

The mathematical description of the measurement setting is as follows:
Let Ω ⊂ Rn, n = 2, 3, be a bounded domain with a connected complement
corresponding to the body. We assume that Ω is simply connected and it has
a smooth boundary ∂Ω. The assumption that the complement is connected
implies that ∂Ω consists of one curve in n = 2, or one surface in n = 3.

Consider time-harmonic electromagnetic fields in Ω with low frequencies.
The fields are described by the time-harmonic Maxwell’s equations (6.2)–(6.3).
In EIT, we assume that no internal current sources are present, i.e., J0 = 0.

As in the discussion of the inverse source problems, we consider the quasi-
static approximation, allowing us to represent the electric field in terms of a
scalar potential,

E(x) = −∇u(x).

By substituting this to the equation (6.3) and applying the divergence on both
sides, we obtain

∇ · γ∇u = 0. (6.16)
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Since we restrict here the discussion to this static case, ω → 0+, we drop
the frequency dependency from the notations, i.e., we write the resistivity
simply as

ρ = ρ(x) =
1

γ(x)
,

and γ = γ(x) = σ̂(x, 0+) is simply the conductivity distribution of the body.
Let us consider the boundary conditions. Assume that L contact electrodes

are attached to the body’s surface. Mathematically, the electrodes are mod-
elled as strictly disjoint surface patches e� ⊂ ∂Ω, 1 ≤ � ≤ L, with e� ∩ ek = ∅
for � �= k. In dimension two, the e�’s are just disjoint line segments. In the
three-dimensional case, we assume that the boundaries of the electrodes are
piecewise smooth, regular closed curves.

Let I� be the electric current injected through the electrode e�. We call
the vector I = [I1, . . . , IL]T ∈ RL a current pattern if it satisfies the charge
conservation condition

L∑
�=1

I� = 0. (6.17)

To describe the boundary condition corresponding to the current injection,
observe that we know only the total current injected through each electrode,
while the actual distribution of current along the electrode is not known. We
assume also that no current flows in or out the body between the electrodes.
These observations lead to the boundary conditions∫

e�

γ
∂u

∂n
dS = I�, 1 ≤ � ≤ L, (6.18)

γ
∂u

∂n

∣∣∣∣
∂Ω\∪e�

= 0. (6.19)

Consider next the boundary conditions related to the voltages. Let U�

denote the voltage on the � th electrode, the ground voltage being chosen so
that

L∑
�=1

U� = 0. (6.20)

The vector U = [U1, . . . , UL]T ∈ RL is called a voltage pattern. If the electrodes
were perfectly conducting, the tangential electric field should vanish along the
electrodes and the proper boundary condition would be

u
∣∣
e�

= U�, 1 ≤ � ≤ L. (6.21)

In practice, however, the electrodes are not perfect conductors. Rather, there
is usually a thin contact impedance layer between the electrode and the body.
Assuming that this impedance, denoted by z�, is constant along the electrode
e�, a more accurate boundary condition than (6.21) is
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u + z�γ

∂u

∂n

) ∣∣∣∣
e�

= U�, 1 ≤ � ≤ L. (6.22)

We can now state the EIT forward problem as follows.

Problem 6.6. Given the admittivity distribution γ in Ω, the contact impe-
dances z = [z1, . . . , zL]T and a current pattern I = [I1, . . . , IL]T satisfying the
conservation of charge condition (6.17), find the voltage potential u and the
electrode voltage vector U = [U1, . . . , UL]T satisfying the equation (6.4) and
the boundary conditions (6.18), (6.19) and (6.22).

Before discussing the solvability of this problem or the assumptions con-
cerning γ, let us discuss and formulate the EIT inverse problem.

Due to the linearity of Maxwell’s equations, the dependence of the elec-
trode voltages on the current is linear. We may define the resistance matrix of
the complete model as follows: If the admittivity γ and the contact impedances
z�, are given, the resistance matrix R(γ, z) is the L× L complex matrix with
the property

U = R(γ, z)I,

where I is any current pattern that satisfies (6.17) and U is the corresponding
voltage pattern satisfying condition (6.20). Let {I(1), . . . , I(K)} be a set of
linearly independent current patterns. Observe that, due to the charge con-
servation condition (6.17), K ≤ L− 1. If K = L− 1, the set is maximal, and
it is called a frame. The corresponding voltage vectors are U (k) = R(γ, z)I(k),
1 ≤ k ≤ K. The EIT inverse problem can be stated as follows:

Problem 6.7. Given a set {I(1), . . . , I(K)} of linearly independent current
patterns, K ≤ L − 1, and the observations of the corresponding voltage pat-
terns {U (1), . . . , U (K)}, estimate the admittivity distribution γ in Ω and the
contact impedences z�.

After these considerations of the underlying ideas, we can turn to a more
rigorous treatment of the problem. First, we fix the assumptions concerning
the admittivity. As stated before, we assume that both the admittivity and
the contact impedances are real-valued and strictly positive. This assumption
means that we consider the static measurement. An extension of the discussion
to ensue can be extended to complex valued parameters in a straightforward
manner. We also assume that the admittivity is in the admissible class of
Definition 6.2, i.e., γ ∈ A(Ω).

Consider the forward problem of EIT. Due to possible discontinuities of
γ ∈ A, equation (6.16) must be interpreted in the weak sense as follows. Let v
be a test function and V = [V1, . . . , VL]T ∈ RL. If u satisfies equation (6.16),
Green’s formula yields

0 =
∫

Ω

v∇ · γ∇udx =
∫

∂Ω

vγ
∂u

∂n
dS −

∫
Ω

γ∇v · ∇udx.
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On the other hand, if u satisfies the boundary conditions (6.18) and (6.19),
we have ∫

∂Ω

vγ
∂u

∂n
dS =

L∑
�=1

∫
e�

vγ
∂u

∂n
dS

=
L∑

�=1

∫
e�

(v − V�)γ
∂u

∂n
dS +

L∑
�=1

V�I�.

Further, from the boundary condition (6.22) we see that since z� > 0,

γ
∂u

∂n

∣∣∣∣
e�

=
1
z�

(U� − u)
∣∣
e�

.

By substituting this equality into the previous ones we obtain∫
Ω

γ∇v · ∇udx +
L∑

�=1

1
z�

∫
e�

(v − V�)(u − U�)dS =
L∑

�=1

V�I�.

This is the variational form for solving the forward problem. To give a rigorous
formulation, we introduce the notations

H = H1(Ω)⊕ RL, (6.23)

where H1(Ω) is the L2-based Sobolev space and RL is equipped with the
Euclidian norm. Further, let

Ḣ = H/R, (6.24)

equipped with the quotient norm,

‖(u, U)‖
Ḣ

= inf
c∈R

‖(u− c, U − c)‖H . (6.25)

Thus, (u, U) ∈ H and (v, V ) ∈ H are in the same equivalence class in Ḣ if

u− v = U1 − V1 = · · · = UL − VL = constant. (6.26)

With these notations, the following proposition fixes the notion of the weak
solution of the electrode model.

Theorem 6.8. Let γ ∈ A(Ω). The problem (6.4), (6.18), (6.19) and (6.22)
has a unique weak solution (u, U) ∈ Ḣ in the following sense: There is a
unique (u, U) ∈ Ḣ satisfying the equation

Bγ,z((u, U), (v, V )) =
L∑

�=1

I�V� (6.27)

for all (v, V ) ∈ Ḣ, where the quadratic form Bγ,z is given as
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Bγ,z((u, U), (v, V )) =
∫

Ω

γ∇u · ∇vdx +
L∑

�=1

1
z�

∫
e�

(u − U�)(v − V�)dS. (6.28)

Furthermore, the quadratic form is coercive in Ḣ, i.e., we have the inequalities

α0‖(u, U)‖2
Ḣ
≤ Bγ,z((u, U), (u, U)) ≤ α1‖(u, U)‖2

Ḣ
(6.29)

for some constants 0 < α0 ≤ α1 <∞.

Proof. We show that, in fact, the quadratic form Bγ,z defines a norm of
Ḣ that is equivalent to the quotient norm (6.25), i.e., there are constants
0 < a ≤ A <∞ such that for all (u, U) ∈ Ḣ,

aBγ,z(u, U) ≤ ‖(u, U)‖2
Ḣ
≤ ABγ,z(u, U). (6.30)

Then the claim of the theorem follows from the Riesz representation theorem
(see Appendix A).

Consider the first inequality. Let (u, U) ∈ Ḣ, and let c ∈ R be a constant
such that

‖u− c‖2H1 + ‖U − c‖2 < ‖(u, U)‖2
Ḣ

+ ε,

where ε > 0 is arbitrary. Then

Bγ,z(u, U) ≤ C

(∫
Ω

|∇(u − c)|2dx +
L∑

�=1

∫
e�

|(u− c)− (U� − c)|2dS

)

≤ C

(
‖u− c‖2H1 + 2

∫
∂Ω

|u− c|2dS + 2
L∑

�=1

|e�||U� − c|2
)

,

where |e�| denotes the size of the electrode. Since∫
∂Ω

|u− c|2dS ≤ ‖u− c‖2H1/2(∂Ω) ≤ C‖u− c‖2H1(Ω), (6.31)

by the trace theorem of Sobolev spaces (see Appendix 1), we obtain the esti-
mate

Bγ,z(u, U) ≤ C
(‖u− c‖2H1 + ‖U − c‖2) < C

(‖(u, U)‖2
Ḣ

+ ε
)

for all ε > 0. Choosing a = 1/C the first inequality of (6.30) follows.
To prove the second part, assume that the inequality does not hold. Then

we could pick a sequence (u(n), U (n)) ∈ Ḣ, 1 ≤ n <∞, such that

‖(u(n), U (n))‖2
Ḣ

= 1, Bγ,z(u(n), U (n)) <
1
n

.

Let (c(n)) denote a sequence of constants such that the sequence (w(n), W (n)) =
(u(n) − c(n), U (n) − c(n)) satisfies
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1 ≤ ‖w(n)‖2H1 + ‖W (n)‖2 < 1 +
1
n

. (6.32)

By the compact embedding theorem of Sobolev spaces (see Appendix A), we
may choose a subsequence of (w(n)) that converges in L2(Ω). Let us denote this
subsequence for simplicity also by (w(n)), and w(n) → w in L2(Ω). Moreover,
by assumption

‖∇w(n)‖2L2 = ‖∇u(n)‖2L2 ≤ CBγ,z(u(n), U (n)) <
C

n
,

so (w(n)) is a Cauchy sequence in H1(Ω), implying that w ∈ H1(Ω) and
∇w = lim∇w(n) = 0, i.e., w is constant, w = c0.

Consider now the integrals over the electrodes. For each �, we have

C

n
> =

∫
e�

|(w(n) − c0)− (W (n) − c0)|2dS

=
∫

e�

|w(n) − c0|2dS − 2|W (n) − c0|
∫

e�

|w(n) − c0|dS + |e�||W (n) − c0|2

≥ −2|W (n) − c0|
∫

e�

|w(n) − c0|dS + |e�||W (n) − c0|2.

This estimate, together with the inequality similar to (6.31), gives

|W (n) − c0|2 ≤ C

(
1
n

+ |W (n) − c0|‖w(n) − c0‖H1(Ω)

)
.

Since by (6.32), the sequence (W (n)) is bounded, we see that in fact W (n) → c0

as n→∞. But this leads to a contradiction since by assumption

‖w(n) − c0‖2H1 + ‖W (n) − c0‖2 ≥ ‖(u(n), U (n))‖2
Ḣ

= 1.

The theorem is thus proved. �

A common approach to the EIT problem is to use local linearization.
Assume that γ, γ0 ∈ A(Ω) and that the contact impedances are fixed. Let
(u, U) and (u0, U0) denote the corresponding solutions of the forward problem
with a given current pattern I, i.e.,

Bγ,z((u, U), (v, V )) = Bγ0,z((u0, U0), (v, V )) =
L∑

�=1

I�V�

for all (v, V ) ∈ Ḣ. Let us denote

(u, U)− (u0, U0) = (w, W ), δγ = γ − γ0.

By substracting, and using the linearization approximation δγw ≈ 0, we arrive
at the approximate identity used for computing (w, W ),
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Bγ0,z((w, W ), (v, V )) = −
∫

Ω

δγ∇u0 · ∇vdx. (6.33)

Hence, the linearized approximation of the perturbed solution can be com-
puted by means of the same quadratic form as the unpertubed solution u0

but with a different right-hand side.
The actual numerical implementation of the EIT forward solver by using

finite elements is not discussed here. References concerning the implementa-
tion and linearization are given in “Notes and Comments” at the end of the
chapter.

6.4 Optical Tomography

In optical tomography, measurements of scattered and transmitted near-
infrared light on the surface of the body are used to estimate the internal
optical properties of the body. More precisely, the measurement setting is as
follows. A target with unknown internal optical properties is illuminated by
one or several near-infrared sources attached on the surface of the object. The
scattered field transmitted through the object is recorded at various locations
on the same surface. From these data, the scattering and absoption properties
of the material needs to be estimated.

When the target material is strongly scattering, as is typically the case
in several medical and industrial applications, the signal propagation in the
medium is diffusive, so in this case we can say that optical tomography is
a diffuse tomographic imaging method similar to the electrical impedance
tomography.

6.4.1 The Radiation Transfer Equation

The propagation of near-infrared light in the medium is governed by Maxwell’s
equations. However, the wavelength in the near-infrared region is so small
compared to characteristic distances in the medium that the use of exact
wave propagation models is of little use. Furthermore, since the scattering of
light is typically strong, the radiation is completely incoherent. Therefore, the
light propagation in optical tomography is modelled by using the radiation
transfer equation (RTE), also known as the Boltzmann equation. This will be
our starting point also here.

We begin by recalling the basic notations and concepts. Let Ω ⊂ Rn,
n = 2 or n = 3 be a bounded body with a smooth boundary and connected
complement. We consider radiation in the body Ω. The first concept that we
introduce is the radiation flux density. Let θ ∈ Sn−1 be a direction vector.
The radiation flux density at x ∈ Ω at the time t ∈ R to the infinitesimal solid
angle ds in direction θ is written as

dJ(x, t, θ) = I(x, t, θ)θds(θ).
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Here, the scalar amplitude I(x, t, θ) is called the radiance. In the framework
of the transport theory, this function satisfies the radiation transfer equation.
Assuming that the propagation speed of the light is constant in the medium,
the RTE can be written as

1
c
It(x, t, θ) + θ · ∇I(x, t, θ) + (µa(x) + µs(x))I(x, t, θ) (6.34)

− µs(x)
∫

Sn−1
f(x, θ, ω)I(x, t, ω)ds(ω) = q(x, t, θ),

where the right side q is the source term and c is the presumably constant
speed of light. The scalar functions µa ≥ 0 and µs ≥ 0 are the scattering and
absorption coefficients, respectively. They represent the probability density
per unit volume of an absorption or a scattering event. The kernel f ≥ 0 is the
scattering phase function. We can think of f(x, θ, ω)ds(ω) as the probability
that radiation propagating in the direction θ scatters into the angle ds(ω).
The phase function satisfies the reciprocity condition,

f(x, θ, ω) = f(x,−ω,−θ).

Furthermore, the probability of scattering into the full sphere is unity regard-
less of the incoming direction, i.e.,∫

Sn−1
f(x, θ, ω)ds(ω) =

∫
Sn−1

f(x, θ, ω)ds(θ) = 1. (6.35)

The unity of the latter integral is a consequence of the reciprocity property.
In isotropic media, the scattering depends only on the relative angle be-

tween the incoming and the scattering direction, i.e.,

f(x, θ, ω) = h(x, θ · ω), (6.36)

for some function h : Ω × R → R+. If this is not the case, the material is
anisotropic.

Given the radiation flux density, the flux through an infinitesimal oriented
surface patch αdS, α ∈ Sn−1, is obtained by integrating over all radiation
directions the flux density,

dΦ(x, t) =
(∫

Sn−1
dJ(x, t, θ))

)
· αdS

=
(∫

Sn−1
I(x, t, θ)θds(θ))

)
· αdS (6.37)

= J(x, t) · αdS,

where the vector field J is the energy current density. For later use, we define
also the scalar functions
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ϕ(x, t) =
∫

Sn−1
I(x, t, θ)ds(θ), (6.38)

called the energy fluence.
To define the boundary conditions, let ν = ν(x) denote the exterior unit

normal vector of the outer surface at x ∈ ∂Ω. The photon flux density at
x ∈ ∂Ω into the body is given by the integral

Φ−(x, t) = −
∫
{θ·ν(x)<0}

I(x, t, θ)θ · ν(x)dS(θ), (6.39)

where the minus sign is added to make the quantity positive. Similarly, the
flux out of the body is given by

Φ+(x, t) =
∫
{θ·ν(x)>0}

I(x, t, θ)θ · ν(x)dS(θ). (6.40)

Let us denote by R = R(x) the reflection coefficient of the surface at ∂Ω, where
0 ≤ R ≤ 1. The reflection coefficient describes the ratio of the outflowing
photons that are reflected back into the body by the mismatch of the refractive
index between the body and the surrounding material. If no photons are
injected into the body through a surface patch dS(x), the inward flow is
purely due to the reflected photons, i.e., we have the boundary condition

Φ−(x, t) = R(x)Φ+(x, t), (6.41)

and the photon flux actually leaving the material is

Φout(x, t) = (1 −R(x))Φ+(x, t). (6.42)

To describe the source model, assume that, on the surface, a set of optical
fibers has been attached to illuminate the material, while another set is used
to record the scattered light. We assume that the source and the receivers
are on for a period T > 0 of time. Ideally, the optical fibers are pointlike.
Let x� ∈ ∂Ω, 1 ≤ � ≤ L be surface locations representing feed fibers, and
yj ∈ ∂Ω, 1 ≤ j ≤ J the recording fibers. At the feed fiber locations, the total
photon flux entering the body consists of the feed flux denoted by Φin, which
we assume to be known, plus the reflected photons. Therefore, instead of the
equation (6.41), we have

Φ−(x�, t) = R(x�)Φ+(x�, t) + Φin(x�, t), 1 ≤ � ≤ L. (6.43)

In optical tomography experiments, we control the feed function Φin. We can
now state the inverse problem of optical tomography based on the radiation
transfer equation.

Problem 6.9. Assume that I(x, t, ω) satisfies the radiation transfer equation
(6.34) in Ω with q(x, t) = 0 and with the boundary condition (6.41) at x �=
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x� and (6.43) at given locations x�. The problem is to estimate the optical
properties µa(x), µs(x) and f(x, θ, ω) from the knowledge of all possible feed
functions Φin(x�, t), 1 ≤ � ≤ L, 0 ≤ t ≤ T and the corresponding photon
fluxes, Φout(yj , t), 0 ≤ j ≤ J , 0 ≤ t ≤ T .

Before continuing our discussion, a few remarks are in order. First, the
solvability of the radiation transfer equation is not a simple matter in general.
In this book, the question is not discussed in detail, and we refer to literature
(see “Notes and Comments” at the end of the section).

In the above formulation of the problem, the source was modeled by a
boundary condition (6.43). Often, in practice, the photon feed through an
optical fiber at x� is modelled by an equivalent source term q� inside the body.
The source term appears then as a nonvanishing right side in the equation
(6.34), while the boundary condition is everywhere on ∂Ω given by Φin = 0.

Finally, we assumed the reflection coefficient R to be known. If this is not
the case or if it is poorly known, the estimation of R should be included as a
part of the problem, similarly as the estimation of the contact impedances in
impedance tomography should be included in the inverse problem.

6.4.2 Diffusion Approximation

The radiation transfer equation being an integro-differential equation, it leads
easily to numerical problems of prohibitive size unless simplifications are
made. The common simplification, that is justified at least in the case of
strongly scattering media, is the diffusion approximation. The idea is that in
strongly scattering media, the radiance I(x, t, θ) varies only moderately when
considered as a function of the propagation direction θ. A standard way to
accomplish the approximation is to expand the function in terms of spherical
harmonics and truncate the series. Here, we derive the diffusion approximation
in a slightly different, but equivalent, way.

We begin with a simple lemma.

Lemma 6.10. Let us denote θ = (θ1, . . . , θn) ∈ Sn−1, and

H1 = sp{1, θj, 1 ≤ j ≤ n} ⊂ L2(Sn−1).

The orthogonal projection P : L2(Sn−1)→ H1 is given as

Pg = α + a · θ,
where α ∈ R, a ∈ Rn are given by the formulas

α =
1

|Sn−1|
∫

Sn−1
g(θ)ds,

a =
n

|Sn−1|
∫

Sn−1
θ g(θ)ds.
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Proof. Consider the functional F : R× Rn → R,

F (α, a) = ‖g − α− a · θ‖22.
Clearly, this function attains its minimum when α+a · θ = Pg. By symmetry,
we have ∫

Sn−1
θds = 0,

and ∫
Sn−1

θiθjdS(θ) =
|Sn−1|

n
δi,j . (6.44)

The last equality follows from the fact that by symmetry,∫
Sn−1

θ2
1dS(θ) = · · · =

∫
Sn−1

θ2
ndS(θ),

so ∫
Sn−1

θ2
j dS(θ) =

1
n

n∑
j=1

∫
Sn−1

θ2
j dS(θ) =

|Sn−1|
n

.

Hence,

F (α, a) = ‖g‖22 − 2
(

α

∫
Sn−1

g(θ)ds + a ·
∫

Sn−1
θ g(θ)ds

)
+ |Sn−1|

(
α2 +

‖a‖2
n

)
.

By setting
∇α,aF = 0,

it follows that α and a must take on the values stated in the theorem. �

We turn now to the radiative transfer equation, which we write compactly
as

BI = q,

where B denotes the integro-differential operator on the left side of the equa-
tion (6.34).

Definition 6.11. The first-order polynomial approximation, or P1 approxi-
mation for short, of the radiative transfer equation (6.34) is

PBPI = Pq.

Remark As mentioned before, the P1 approximation is formulated in
terms of spherical harmonics. Since the first-order polynomials are always
harmonic in Rn, n ≥ 2, there is no need here to introduce spherical harmonics.
However, for higher-order approximations (referred to as Pk approximations),
the spherical harmonics are indispensable.
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From the definitions of the previous section and Lemma 6.10, we may
immediately write for the radiance I the equation(

PI
)
(x, t) =

1
|Sn−1| (ϕ(x, t) + nJ(x, t) · θ),

so the P1 approximation becomes

PB(ϕ + nJ · θ) = Pq.

The following lemma gives the explicit form of the operator PBP .

Lemma 6.12. The explicit form of the P1 approximation is given by

PB(ϕ + nJ · θ) =
(

1
c
ϕt + µaϕ +∇ · J

)
+n

(
1
c
Jt +

1
n
∇ϕ + (µa + µs(1−B))J

)
· θ,

where B = B(x) ∈ Rn×n is a symmetric positive definite matrix with entries

Bi,j(x) =
n

|Sn−1|
∫

Sn−1

∫
Sn−1

θiωjf(x, θ, ω)ds(θ)ds(ω).

Furthermore, the spectrum of B lies in the interval [0, 1].

Proof. Clearly, we only need to consider the gradient and integral parts of
the radiative transfer equation. We have

Pθ · ∇ϕ = θ · ∇ϕ

and

P (θ · ∇(J · θ)) =
1

|Sn−1|
(∫

Sn−1
ω · ∇(J · ω)ds(ω)

+ nθ ·
∫

Sn−1

(
ω (ω · ∇(J · ω)

)
ds(ω)

)
.

By symmetry arguments, the latter integral vanishes while the former one
gives ∫

Sn−1
ω · ∇(J · ω)ds =

|Sn−1|
n
∇ · J,

so
Pθ · ∇(ϕ + nJ · θ) = θ · ∇ϕ +∇ · J.

Consider next the integral term of B. By (6.35), we have∫
Sn−1

∫
Sn−1

f(θ, ω)ϕds(θ)ds(ω) = |Sn−1|ϕ,
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and similarly,∫
Sn−1

∫
Sn−1

f(θ, ω)J · ωds(θ)ds(ω) =
∫

Sn−1
J · ωds = 0.

Furthermore,∫
Sn−1

∫
Sn−1

f(θ, ω)ϕθ d(θ)ds(ω) = ϕ

∫
Sn−1

θds = 0,

and, finally, ∫
Sn−1

∫
Sn−1

θf(θ, ω)J · ωds(θ)ds(ω) = |Sn−1|BJ,

with B ∈ Rn×n as in the claim. Hence,

P

∫
Sn−1

f(θ, ω)(ϕ + nJ · ω)dS(ω) = ϕ + nθ · BJ.

By combining the results above, we obtain the desired form for the P1

approximation.
Finally, we show that the spectrum of B lies in the interval [0, 1]. Observe

that B is positive definite because of the positivity of the scattering phase, and
it is symmetric due to the reciprocity property of f . Therefore, its spectrum
is in the positive real axis. To see that the eigenvalues are bounded by unity,
assume that v ∈ Rn. We have

0 ≤ vTBv =
n

|Sn−1|
∫

Sn−1

∫
Sn−1

(
v · θ) f(x, θ, ω)

(
ω · v)ds(θ)ds(ω).

Using the fact that the scattering phase f is nonnegative, we obtain by
Schwarz inequality the estimate

vTBv ≤ n

|Sn−1|
(∫

Sn−1

∫
Sn−1

(
v · θ)2f(x, θ, ω)ds(θ)ds(ω)

)1/2

(∫
Sn−1

∫
Sn−1

(
v · ω)2f(x, θ, ω)ds(θ)ds(ω)

)1/2

=
n

|Sn−1|
(∫

Sn−1

(
v · θ)2ds(θ)

)1/2(∫
Sn−1

(
v · ω)2ds(ω)

)1/2

.

The last equality follows from the fact that the integral of the phase function
equals unity; see (6.35). By the same argument used to derive the identity
(6.44), we deduce that∫

Sn−1

(
v · θ)2ds(θ) =

∫
Sn−1

(
v · ω)2ds(ω) =

|Sn−1|
n
‖v‖2.
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Therefore, we have the upper bound

0 ≤ vTBv ≤ ‖v‖2,
hence, the spectrum of B must lie in the interval [0, 1]. �

We refer to the matrix B as the anisotropy matrix.
From the above result, we see that the P1 approximation leads to a coupled

system of equations, one involving the part independent of θ, the other one
the multiplier of θ. In fact, ϕ and J should satisfy the system

1
c
ϕt = −∇ · J − µaϕ + q0, (6.45)

1
c
Jt = − 1

n
∇ϕ− (µa + (1 −B)µs)J + q1, (6.46)

where the source terms q0 and q1 are

q0(x, t) =
∫

Sn−1
q(x, t, θ)ds, q1(x, t) =

∫
Sn−1

θ q(x, t, θ)ds.

We could use this coupled system to describe the light propagation. A further
simplification is attained by assuming that

1
c
Jt ≈ 0, (6.47)

or alternatively, that Jt is proportional to J . Assuming that (6.47) holds,
equation (6.46) reduces to an equivalent formulation of Fick’s law,

J = −K∇ϕ + nκq1, K =
1
n

(
(µa + (1 −B)µs

)−1

. (6.48)

Observe that the diffusion matrix K ∈ Rn×n is well defined if µa > 0 or the
spectrum of B does not contain the unity. A substitution to equation (6.45)
leads to an equation of parabolic type, a diffusion equation

1
c
ϕt = ∇ ·K∇ϕ− µaϕ + Q, (6.49)

where
Q = q0 − n∇ ·Kq1. (6.50)

Before discussing the boundary conditions in the diffusion approximation,
we remark that the anisotropy in the radiative transfer equation is related to
the anisotropic diffusion. Indeed, if the scattering phase function f depends
only on the angle between the incoming and scattering direction as in formula
(6.36), we have

Bi,j(x) =
n

|Sn−1|
∫

Sn−1

∫
Sn−1

θiωjh(x, θ · ω)ds(θ)ds(ω) = 0, if i �= j.
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This claim follows from a symmetry argument: By denoting with ϑ the angle
between the ω and θ and writing

θ = ω cosϑ + θ⊥, ω · θ⊥ = 0,

we observe that∫
Sn−1

θh(x, θ · ω)ds(θ) = ω

∫
Sn−1

cosϑh(x, cosϑ)ds(θ),

since integrals of ω⊥ over Sn−2 cancel. Furthermore, by passing to spherical
coordinates of Rn, we have

ω

∫
Sn−1

cosϑh(x, cos ϑ)ds(θ) = ω|Sn−2|
∫ 1

−1

t(1− t2)(n−3)/2h(x, t)dt.

Hence, we find that

Bj,j(x) =
n

|Sn−1|
(∫

Sn−1
ω2

jds(ω)
)
|Sn−2|

∫ 1

−1

t(1− t2)(n−3)/2h(x, t)dt

= |Sn−2|
∫ 1

−1

t(1 − t2)(n−3)/2h(x, t)dt = b(x).

This means that, in isotropic medium, the anisotropy matrix B and thus the
diffusion matrix K is also isotropic,

K(x) = k(x)I, k(x) =
1

n(µa(x) + (1− b(x))µs(x))
.

Conversely, given a positive definite symmetric matrix valued function K(x), it
is possible to construct a scattering phase function such that K is its diffusion
approximation. Indeed, by defining a scattering phase as

f(x, θ, ω) = θTB(x)ω, B(x) = I − 1
µs(x)

(
1
n

K(x)−1 − µa(x)
)

,

it is straightforward to see that the corresponding diffusion matrix is K.
To fix the appropriate boundary values for the forward problem, we start

with the following lemma.

Lemma 6.13. Within the P1 approximation, the total photon flux inwards
(−) and outwards (+) at a point x ∈ ∂Ω is given by

Φ±(x) = γϕ± 1
2
ν · J, (6.51)

where ν = ν(x) is the exterior unit normal of ∂Ω and the dimension-dependent
constant γ is
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γ = γn =
Γ(n/2)√

π(n− 1)Γ((n− 1)/2)
.

In particular, in dimensions n = 2 and n = 3 we have

γ2 =
1
π

, γ3 =
1
4
.

Proof. The total flux inwards at x ∈ ∂Ω within the P1 approximation is

Φ−(x) = − 1
|Sn−1|

∫
{ν(x)·θ<0}

(ϕ(x, t) + nJ(x, t) · θ)θ · ν(x)ds(θ).

By passing to spherical coordinates, we obtain

−
∫
{ν·θ<0}

θ · νds = |Sn−2|
∫ 1

0

t(1 − t2)(n−3)/2dt =
|Sn−2|
n− 1

.

To integrate the second term, write first

J = (J · ν)ν + J⊥, ν · J⊥ = 0.

Then,∫
{ν·θ<0}

(J · θ)(θ · ν)ds = (J · ν)
∫
{ν·θ<0}

(ν · θ)2ds +
∫
{ν·θ<0}

(θ · J⊥)(θ · ν)ds.

The latter integral vanishes due to the antisymmetry of the integrand in the
plane perpendicular to ν. To evaluate the former integral, we can write, by
symmetry, ∫

{ν·θ<0}
(θ · ν)2ds =

1
2

∫
Sn−1

(ν · θ)2ds =
|Sn−1|

2n
.

Taking into account the formula

|Sn−1| = 2πn/2

Γ(n/2)

we have

Φ−(x) =
1

|Sn−1|
( |Sn−2|

n− 1
ϕ− n(J · ν)

|Sn−1|
2n

)
=

Γ(n/2)√
π(n− 1)Γ((n− 1)/2)

ϕ− 1
2
ν · J

as claimed. The outward flux is obtained by switching the direction of the
normal vector. �
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We may now specify the boundary data for the inverse boundary value
problem. At x ∈ ∂Ω, the total flux inwards must be equal to the known input
flux Φin(x) from the outside source plus the reflected photon flux due to the
refractive index mismatch. If R = R(x), 0 ≤ R ≤ 1, is the reflection coefficient
at x ∈ ∂Ω. By assuming that the boundary condition describing the reflection
is local, we may write

Φ−(x) = R(x)Φ+(x) + Φin(x).

The measured data (in the ideal case) is the total outgoing flux outside the
body’s surface,

Φout(x) = (1 −R(x))Φ+(x).

Now we may define the boundary data for the inverse problem for strongly
scattering media.

Definition 6.14. Let Ω ⊂ Rn be a bounded domain with a smooth connected
boundary. Assuming that there are no internal sources and that the approxi-
mation (6.48) holds, the complete boundary data consists of the pairs of the
presumably known input flux

Φin = (1−R)γϕ +
1
2
(1 + R)ν ·K∇ϕ, (6.52)

and the corresponding measured output flux

Φout = (1−R)γϕ− (1 + R)ν ·K∇ϕ. (6.53)

The forward problem for the diffusion approximation is to find ϕ satisfying
the equation (6.49) with Q = 0 and the Robin boundary condition (6.52). We
shall not prove the solvability of this boundary value problem in detail. The
proof goes along the lines of the proofs presented previously for the quasistatic
Maxwell problems in the preceding sections.

In practice, the illumination of the target is done using optical fibers at-
tached to the body’s surface. Such sources are strongly anisotropic and the
diffusion approximation directly under the sources is quite poor. Therefore,
the boundary sources are often modelled by equivalent point sources inside
the body. This means that the boundary value problem corresponding to the
forward problem becomes

1
c
ϕt = ∇ ·K∇ϕ− µaϕ + Q,

with the homogenous Robin boundary condition

(1 −R)γϕ +
1
2
(1 + R)ν ·K∇ϕ = 0,

and the source Q consists of point sources under the optical feed fibers,
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Q(x) =
L∑

�=1

q�δ(x − x�).

The corresponding boundary data for the inverse problem consists of the
outflow at given receiver locations yk ∈ ∂Ω,

Φout(yk) =
(
(1 −R)γϕ− (1 + R)ν ·K∇ϕ

)∣∣∣∣
y=yk

.

6.4.3 Time-harmonic Measurement

In some applications of optical tomography, time-harmonic light modulation
is used. Here we consider the case where the input field is modulated with a
fixed harmonic frequency, i.e.,

I(x, t, θ̂) = e−iωtÎ(x, θ).

Denoting the wave number by k = ω/c, the P1 approximation yields the pair
of equations

ikϕ = ∇ · J + µaϕ + q0, (6.54)

ikJ =
1
n
∇ϕ +

(
µa + (1 −B)µs

)
J + q1, (6.55)

where, for simplicity, we have denoted the time-harmonic amplitudes of ϕ, J
and the source terms by the same symbols. In the time-harmonic approxima-
tion, we do not need to asume that the time derivative of J is insignificant.
Instead, we may solve equation (6.55) for J and substitute into (6.54) to get
the diffusion equation

∇ ·D∇ϕ + (µa − ik)ϕ = Q,

where
D =

1
n

(
ik + µa + (1−B)µs

)−1 (6.56)

and
Q = q0 − n∇ ·Dq1.

Observe that the diffusion matrix D differs from the matrix K of equation
(6.48) by the factor ik.

6.5 Notes and Comments

The inverse problems presented in this chapter have been studied extensively
in the literature, not only from the computational point of view.
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The literature concerning X-ray tomography and its different variants is
vast. We mention the textbooks [96] and [106] concerning this topic, and the
article [118]. The reference to the original article of Johann Radon mentioned
in the text is [104].

From the literature concerning Maxwell’s equations, we refer to the classi-
cal monograph [93]. Standard references on the mathematical model for MEG
are [42] and [110]. For a review of the MEG inverse problem, see [52]. A more
recent review is [9].

Electrical impedance tomography is a widely studied inverse problem.
Since the classic article of Calderón [18], the problem has usually been formu-
lated as follows. Let u ∈ H1(Ω) satisfy the Dirichlet boundary value problem

∇ · σ∇ = 0, in Ω, u
∣∣
∂Ω

= f on ∂Ω.

Define the Dirichlet-to-Neumann map,

Λσ : H1/2(∂Ω)→ H−1/2(∂Ω), f �→ ∂u

∂n

∣∣∣∣
∂Ω

.

Can one determine σ from the knowledge of Λσ? There are a wealth of results
concerning this question, the main difference being, what is assumed about
the conductivity. A major breakthrough in this problem was made in the
articles [123], [60], [105] and [94], and [95] where the uniqueness was proved
with various smoothness requirements on σ. The articles are based on the use
of complex geometrical optics. Recently, the two-dimensional version of the
original question of Calderón with bounded conductivities was solved in [7].

The electrode model of the EIT problem goes back to the article [23],
and the solvability of the forward problem was shown in [119]. In the case
of complex admittivities and contact impedances, one has to assume that
Re γ > 0 and Re z� > 0 and employ the Lax–Milgram theorem instead of the
Riesz representation theorem.

The finite-dimensional data is naturally inadequate for determining the
conductivity except for simple cases.

The linearized formula (6.33) was derived in Section 6.3 without carefully
analyzing the error term. A more careful analysis, showing that the mapping
(γ, z) �→ (u, U) is indeed Frèchet differentiable can be found in the article [64].
The reference contains also a description of the finite-element calculation of
the solutions and the Jacobians.

The optical tomography problem is discussed in the review article [6]. The
nonuniqueness of the optical tomography problem in anisotropic material has
been demonstrated in [5].

The inverse problem 6.9 is often referred to as the inverse problem of trans-
port theory, and in the literature it is stated in terms of the albedo operator,

A : I
∣∣
Γ+
�→ I

∣∣
Γ−

,
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where Γ±{(x, t, ω) | x ∈ ∂Ω, t > 0, ±ν(x) · θ > 0}. For discussion of this
problem, see, for example, [121] and references there.

The solvability of the radiation tranfer equation is dicussed, for example,
in [27]. The radiation transfer equation (6.34) is based on the assumption of
constant propagation speed and straight rays, which is tantamount to assum-
ing a constant refractive index. These restrictions can be removed by replacing
the advection term θ · ∇ by a vector field corresponding to a geodesic flow on
the underlying Riemannian manifold, see, for example, [100].

The asumption that the medium is strongly scattering is not always a
good one. For instance, the human head contains weakly scattering regions
that are filled with cerebrospinal fluid (CSF). These nonscattering regions
must be treated separately without relying on diffusion approximation. The
article [62] contains an analysis of the forward problem. The inverse problem
with nonscattering regions has been discussed in [28].

The source modelling in optical tomography is problematic, since the sur-
face sources are not diffuse and the diffusion approximation thus fails. The
sources can be handled by modelling the light propagation near the sources
by the RTE; see [100] and [138].



7

Case Studies

This chapter is devoted to extensive case studies in which the statistical inver-
sion theory is applied to a number of real-world applications or prototypes of
them. The applications are based on the model problems that in the classical
form are described in Chapter 2. Here, the basic models are specified further
and augmented by various additional features.

7.1 Image Deblurring and Recovery of Anomalies

In the preceding chapters, it was emphasized that the prior probability density
should reflect our belief of what the unknown parameter typically is like. The
construction of an informative prior can be based on our understanding of
the underlying physics, or it may be derived from previous observations of the
unknown quantity. From a practical point of view, however, such priors may
be problematic. Often in applications such as in medical imaging, one is not
interested in imaging of typical features. Instead, the whole procedure may
aim at finding deviations from the normal such as tumors in normal healthy
tissue or fractures in normal bone. A prior density based on a large sample
of normal tissues may give a negligible prior probabilty to the interesting
but rare anomalies that, statistically speaking, are outliers. Consequently, the
Bayesian approach biases too much towards the normal, to the extent that
anomalies may be completely ignored. In this section, we demonstrate one
possible way of circumventing this type of biasing problem, while also showing
the importance of treating properly approximation errors due to modelling.

7.1.1 The Model Problem

The inverse problem that we consider is the two-dimensional deconvolution
or deblurring problem. The continuous observation model is

g(t) =
∫

D

K(t− s)f(s)ds + e(t), D ⊂ R2, (7.1)
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that is, we assume the additive noise model. For the sake of definiteness, we
suppose that D is the unit square, D = [0, 1]× [0, 1], and that the true image
f vanishes outside D.

Assume that the blurred image g(t) is given on a relatively coarse grid.
We assume that the grid points form a regular rectangular mesh. Let the grid
points be (xi, yj) = (i/m, j/m) ∈ D, 0 ≤ i, j ≤ m. We number the data points
tp ∈ D, 1 ≤ p ≤ M = (m + 1)2 by reading the rectangular image column by
column, that is,

tp = t(i−1)(m+1)+m−j+1 =
(

i

m
,

j

m

)
, 0 ≤ i, j ≤ m.

Following the principle of this book, we pass to the pixelized random model
of the above equation. The reconstruction of the original image can be done
in any pixel mesh we wish. Choosing a fine discretization increases the com-
putational task and renders the problem more underdetermined. On the other
hand, the use of a coarse grid may generate approximation errors. In this ex-
ample, we choose to reconstruct f at the same points tp in which the data is
given. However, we use the ideas of the previous chapter to reduce the effects
of approximation errors.

We start by discretizing the problem in a refined mesh. Let n be a multiple
of m, the number of the discretization intervals of the data. We divide the
image D into (n + 1)× (n + 1) = N pixels whose center points are (xi, yj) =
(i/n, j/n), 0 ≤ i, j ≤ n. Similarly to the renumbering of the image points of
the blurred image, we set

sq = t(i−1)(n+1)+n−j+1 =
(

i

n
,
j

n

)
, 0 ≤ i, j ≤ n. (7.2)

We write the discretized observation model as

y = Ax + e. (7.3)

Here, y ∈ RM , x ∈ RN , N > M , with

yp = g(tp), xq = f(sq),

and A ∈ RM×N is given as

Apq =
1
n2

K(tp − sq), 1 ≤ p ≤M, 1 ≤ q ≤ N.

We assume that the refined mesh is so fine that equation (7.3) can be consid-
ered as an accurate discrete model, and we write the corresponding stochastic
model,

Y = AX + E,

where X ∈ RN , Y, E ∈ RM are random vectors.
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Assume that the prior information of X in the typical case is coded in the
prior probability density

πpr(x) = π1(x),

but that we have reasons to believe that X may in fact contain features that
deviate considerably from the typical case. We also assume that we know, in
terms of statistics, what kind of deviations are possible. In this example, we
assume that the deviation from the normal can be expressed by means of an
additive model. Hence, we suppose that the true image can be decomposed as

X = U + V, U ∼ π1(u), V ∼ π2(v),

where U represents the typical part of X , distributed according to the statis-
tics defined by the density π1, while V is the anomalous part, a deviation from
the typical, with probability density π2(v). The observation model is then

Y = AU +AV + E. (7.4)

Assuming that the typical and anomalous parts are independent, this model
leads to the joint prior density

π(u, v) = π1(u)π2(v).

Before discussing the problem further, we clarify this with an example. Let
the convolution kernel K be a Gaussian kernel,

K(s) = exp
(−κ|s|2) , (7.5)

where κ = 80, that is, the half-width of the kernel is 2 log 2/
√

2κ ≈ 0.2.
Assume that the true image consists of a smooth object that represents the

typical case, plus few singular pointlike objects, representing the anomalous
part. In Figure 7.1 (left), we have plotted a smooth object consisting of three
Gaussian humps. As an anomaly, we add a Dirac delta into the image. The
location of the anomaly is marked by a cross in the figure. We compute the
blurred image in a relatively coarse mesh. The blurred image is shown in
Figure 7.1 (right). The pixel size in the blurred image is 0.05 × 0.05, that
is, m = 21 and M = (21)2 = 441. The size of the original image is N =
(4m + 1)2 = 6561. It is quite difficult to tell apart the regular object and the
anomalous one from the blurred data.

7.1.2 Reduced and Approximation Error Models

We could estimate the variables U and V from the model (7.4). However,
when n is large, the problem becomes computationally heavy, in particular
when MCMC schemes are used. Therefore, we reduce the model. We aim to
estimate the image in the same grid in which the data was given. The most
straightforward way is simply to choose n = m and discretize. It turns out
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Figure 7.1. The true image (left). The location of the pointlike anomalous part is
marked with a cross. The blurred image (right) is given in a coarser grid.

that such discretization of the model equation (7.1) introduces remarkable
modelling errors that have to be taken into account in the computations. In
the next subsection, the effect of modelling errors is demonstrated numerically.

We define a reduced model as follows: Assume that n = km, that is, the
fine discretization intervals are obtained by dividing the coarse intervals in k
parts. Hence, each coarse pixel consists of k2 finer pixels. Let P : RN → RM

denote the model reduction operator that integrates the finely pixelized image
into a coarser one. More precisely, denoting by DN

p the pixels of the fine
discretization, 1 ≤ p ≤ N , and by DM

q those of the coarse discretization,
1 ≤ q ≤M , we set

Ppq =
1
k2

, if DN
q ⊂ DM

p , and Ppq = 0 otherwise.

We define
Ũ = PU, Ṽ = PV.

Furthermore, we define a coarse discretized model matrix A ∈ RM×M by

Apq =
1

m2
K(tp − sq), 1 ≤ p, q ≤M.

The reduced model is now

Y = AŨ + AṼ + ε,

where the noise ε contains both the additive measurement error and the dis-
cretization error,

ε = E + (A−AP )U + (A−AP )V.
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In the following, we shall ignore the modelling error due to the anomalous
part, that is, we assume that

(A−AP )V ≈ 0. (7.6)

It is not obvious at this point why this approximation is legitimate. In fact,
it is done only to simplify the problem. We discuss it in more detail in the
following subsection and take it for granted here.

Let us now specify the prior densities of U , V and the additive error E.
First, we assume that E is Gaussian zero mean white noise with variance σ2,
and independent of U and V , that is,

πnoise(e) ∝ exp
(
− 1

2σ2
‖e‖2

)
.

The covariance matrix of E is denoted by Γe = σ2I.
The regular part U is also assumed to be Gaussian. We believe a priori

that the regular part of the image is smooth, and this belief is expressed in
terms of the second-order smoothness prior,

π1(u) ∝ exp
(
−α

2
‖Lu‖22

)
, (7.7)

where L is the five-point finite-difference approximation of the Dirichlet Lapla-
cian, that is,

(Lu)q = N

⎛⎝ ∑
q′∈N (q)

uq′ − 4uq

⎞⎠ . (7.8)

Here,N (q) denotes the set of indices of the neighboring pixels of q. The param-
eter α is assumed to be known. For later reference, we denote the covariance
matrix of U by

Γu =
1
α

L−1
(
LT

)−1
.

To define the statistics of the anomaly Ṽ , assume that we can expect
impulse-type anomalies, that is, we expect that the image may contain few
pixels that deviate strongly from the background and the pixels are uncor-
related with one another. Furthermore, we assume that the anomalies are
positive. To model such anomalies, we choose to use the �1-prior, that is, we
set

π2(ṽ) ∝ π+(ṽ) exp (−β‖ṽ‖1) , ‖ṽ‖1 =
m∑

q=1

|̃vq|.

As usual, π+ is the positivity constraint, that is, π+(ṽ) = 1 if all components
of ṽ are positive, otherwise π+(ṽ) = 0.

To compose the appropriate conditional densities, consider first the joint
probability density of U and Y when Ṽ = ṽ is given. Denoting by E|ṽ
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the conditional expectation conditioned on Ṽ = ṽ, and noticing, in view of
assumption (7.6),

Y = AU + AṼ + E,

we have
E|ṽ{Y } = Aṽ.

Similarly, the conditional joint covariance of Ũ and Y is

E|ṽ

{[
Ũ

Y −Aṽ

] [
ŨT (Y −Aṽ)T

]}
=
[

PΓuPT PΓuAT

AΓuPT AΓuAT + Γe

]
= Γ. (7.9)

Since Ũ and Y , with a fixed Ṽ = ṽ, are jointly Gaussian, we may immediately
write the conditional density,

π(ũ, y | ṽ) ∝ exp
(
−1

2
[
ũT (y −Aṽ)T

]
Γ−1

[
ũ

y −Aṽ

])
. (7.10)

This gives the joint probability density,

π(ũ, ṽ, y) = π(ũ, y | ṽ)πpr(ṽ) (7.11)

∝ π+(ṽ) exp
(
−1

2
[
ũT (y −Aṽ)T

]
Γ−1

[
ũ

y −Aṽ

]
− γ‖ṽ‖1

)
.

From formulas (7.10) and (7.11), we can now write the conditional probability
densities π(ũ | y, ṽ) and π(ṽ | y, ũ) that are needed in the sequel.

Let us denote by Γij , 1 ≤ i, j ≤ 2, the blocks of Γ in (7.9). From Theorem
4.5, it follows that

π(ũ | y, ṽ) ∝ exp
(
−1

2
(ũ− ũ0)TΓ̃−1

22 (ũ− ũ0)
)

, (7.12)

where

ũ0 = Γ12Γ−1
22 (y −Aṽ) = PΓuAT(AΓuAT + Γe)−1(y −Aṽ),

and Γ̃22 is the Schur complement of Γ22,

Γ̃22 = Γ11 − Γ12Γ−1
22 Γ21.

The density of ṽ conditioned on y and ũ follows from Bayes’ formula and
formula (7.11). Let us denote by Rij the blocks of Γ−1, that is,

Γ−1 =

[
Γ̃−1

22 −Γ̃−1
22 Γ12Γ−1

22

−Γ̃−1
11 Γ21Γ−1

11 Γ̃−1
11

]
=
[

R11 R12

R21 R22

]
.

We have ṽk ≥ 0 so that we can we can write ‖ṽ‖ = 1Tṽ, where 1 = [1, . . . , 1]T.
Then, Bayes’ formula asserts that
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π(ṽ | ũ, y) ∝ π+(ṽ) exp
(
−1

2
(
ṽTATR22Aṽ − 2ṽT(ATR21ũ + ATR22y)

)− γ‖ṽ‖1
)

= π+(ṽ) exp
(
−1

2
(
ṽTBṽ − 2ṽTq

))
, (7.13)

where
B = ATR22A, q = ATR21ũ + ATR22y − γ1 .

7.1.3 Sampling the Posterior Distribution

We have now all the necessary tools to build an MCMC algorithm for es-
timating ũ and ṽ. For notational simplicity, we denote u = ũ, v = ṽ in the
algorithm. The basic structure of the algorithm is a block-form Gibbs sampler
described as follows:

Initialize (u, v) = (u0, v0), set k = 0.
do until satisfactory sample size

(u, v) = (uk, vk)
draw uk+1 from π(u | v, y)
for p = 1 : M

draw vk+1
p ≥ 0 from π(vp | u, v−p, y)

end
k ← k + 1

end

Above, the notation v−p denotes the vector v with the element vp deleted.
Before discussing specific examples, let us explain how the drawing is done

in practice. Consider first the updating of ũ, when ṽ is fixed, with the density
given by (7.12). We start by precomputing the Cholesky factorization of Γ̃22,

Γ̃22 = UT
2 U2,

where the matrix U2 is upper triangular. This can be done before starting the
MCMC run. When the updated ṽ is given, we first compute

ũ0 = Γ12Γ−1
22 (y −Aṽ), (7.14)

and then update ũ as

ũ = ũ0 + UT
2 ξ, ξ ∼ N (0, I).

Clearly, ũ has the right conditional density.
The componentwise updating of ṽ, given ũ and y, which is more involved,

requires the conditional densities π(ṽp | ṽ−p, ũ, y). For convenience, let us con-
sider the case p = 1, which is the general case up to reordering. We partition
the arrays B and q using the notations
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B =
[

b2 βT

β B′

]
, q =

[
q1

q′

]
,

where b2 ∈ R, β ∈ RM−1 and B′ ∈ R(M−1)×(M−1), and correspondingly,
q1 ∈ R, q′ ∈ RM−1. From (7.13), we obtain the one-dimensional conditional
density of ṽ1,

π(ṽ1 | ṽ−1, ũ, y) ∝ π+(ṽ1)exp
(
−1

2
(
b2ṽ2

1 − 2(q1 − βTṽ−1)ṽ1

))
∝ π+(ṽ1)exp

(
−1

2
(bṽ1 − c)2

)
, (7.15)

where

c =
q1 − βTṽ−1

b
.

Before starting the MCMC iteration, we precompute the matrices B, ATR22

as well as
q0 = ATR22y − γ1.

Inside each loop, when ũ has been updated, we compute

q = q0 + ATR21ũ.

To update the component ṽ1, we compute the corresponding numbers b and
c and draw ṽ1 from the density (7.15). Letting

t0 = − c√
2
,

we draw a random number t ∈ R from the density

π(t) ∝ π+(t− t0)e−t2 , (7.16)

and set
ṽ1 =

1
b
(
√

2t + c).

Hence, we have reduced the updating to the simple task of drawing from the
density (7.16). Using the notation

Erf(t) =
2√
π

∫ t

0

e−s2
ds,

we see that the distribution function of t is

Φ(t) =
∫ t

t0

π(s)ds =
1

1− Erf(t0)
(Erf(t)− Erf(t0)), t ≥ t0.

It follows that the variable t can be drawn as
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t = Φ−1(ξ) = Erf−1(Erf(t0) + (1− Erf(t0))ξ), ξ ∼ U(0, 1). (7.17)

A word of caution is in order here. If −c, hence t0, is large, the formula (7.17)
becomes useless, the reason being that if t ≥ 5, Erf(t) = 1 within the working
precision of 16 digits and formula (7.17) produces roundoff noise. Hence, for
large values of t0, one should write, for example,

Φ(t) =
∫ ∞

t0

π(s)ds−
∫ ∞

t

π(s)ds = 1− Erfc(t)
Erfc(t0)

,

where Erfc is the complementary error function,

Erfc(t) =
2√
π

∫ ∞

t

e−s2
ds.

Further, by defining the scaled complementary error function

Erfcx(t) = et2 2√
π

∫ ∞

t

e−s2
ds,

we have

Φ(t) = 1− e−(t2−t20) Erfcx(t)
Erfcx(t0)

,

which allows a stable numerical evaluation. We remark that the inverse of Φ
needs to be evaluated numerically.

Consider now a numerical example. We let the regular part of the true
image consist of Gaussian functions, and the singular part of Dirac delta
functions, that is,

f(s) =
L∑

�=1

c�exp
(−α�|s− s�|2

)
+

K∑
k=1

dkδ(s− sk).

The convolution of the true image with the Gaussian kernel K given in (7.5)
can be evaluated analytically, yielding

K(t) ∗ f(t) =
L∑

�=1

πc�

α� + κ
exp

(−γ�|t− s�|2
)

+
K∑

k=1

dkexp
(−κ(t− sk)2

)
,

where
γk =

κ αk

αk + κ
.

In our example, we choose the true image to be that in Figure 7.1. We add
Gaussian noise with standard deviation 1% of the maximum of the noiseless
signal to the blurred image.

First, we consider the reconstruction based on the assumption that the
true image would consist of a smooth object only, that is, we assume that
X is a priori distributed according to π1. For the sake of completeness, we
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compute the estimations in two different ways. First, we ignore the modelling
error and use the matrix A as a true blurring kernel. In this case the MAP
estimate is

xMAP =
[

σ−1A√
αL

]† [
σ−1y

0

]
.

A more sophisticated way is to take into account the modelling error and
calculate the MAP estimate from the joint probability density of ũ and y,
assuming that no anomaly exists. This amounts to using formula (7.14) with
ṽ = 0. The results, shown in Figure 7.2, indicate clearly that the infeasible
prior model leads to a loss of the nature of the anomaly in either case.
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Figure 7.2. The MAP estimates using the smoothness prior. In the first image,
the modelling error is ignored; in the second one it is taken into account

Next, we run the proposed MCMC algorithm. In calculating the covariance
matrices, the parameter m defining the data and reconstruction grids is m =
21. The fine mesh used for discretization error modelling is n = 4m = 84. We
run the MCMC algorithm producing a sample of size 10,000, starting from
the initial state [ũ0; ṽ0] = [0; 0]. The burn-in period, that is, the number of
iterations excluded from the beginning of sampling is chosen to be nburn−in =
300.

In Figure 7.3, we display the autocorrelations of the pixel histories of the
regular and anomalous parts. These pixels represent different features of the
image. We select three pixels: One pixel is from the flat background; the
second one is from the maximum of the regular part; and the third one is
the location of the anomaly of the projected image ṽ. We calculate the scaled
time series autocovariances (3.42) for both the regular and anomalous pixel
values at these pixels. Clearly, the pixel values at the anomaly are strongly
correlated and hence the estimated pixel values may be more unreliable than
those at the background pixels.
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Figure 7.3. Autocovariances of various pixel values: regular part (upper figure),
anomalous part (lower figure). The pixel containing the anomaly is marked by an
asterisk (∗); the pixel at the maximum of the regular part by a plus (+); and a
background pixel by as square (�).

Figure 7.4 shows the conditional mean estimates of the regular and the
anomalous parts based on the MCMC sampling, as well as the autocovariances.

The results show clearly that the algorithm is able to localize the anomaly
from the smooth background. The time series autocovariances of the vari-
ous pixel histories shown in Figure 7.3 indicate that the pixel values of the
anomalous pixel are relatively strongly correlated between draws. One can
conclude from this that the estimated pixel value at the anomaly is not very
reliable, and this conclusion is reinforced by the estimated autocovariances:
The autocovariance of the anomalous pixel is relatively high compared to the
background pixel autocovariances. However, one can argue that the location
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Figure 7.4. The MCMC-based CM estimates for the regular and anomalous parts
(top row) and the corresponding autocovariances (bottom row). The visible bound-
ary effect in the regular part is due to the forced Dirichlet boundary condition in
the definition of the smoothness prior.

of the anomaly is found reliably. Indeed, since the background pixel histories
are less correlated, their estimated values are more trustworthy. Therefore, it
can be asserted with great confidence that they are not anomalous ones, that
is, possible anomalies must be outside of them.

If the actual value of the anomalous pixel is of interest, one could design
a fast search algorithm for estimating it.

7.1.4 Effects of Modelling Errors

In the previous subsection, we ignored for computational convenience the
discretization error of the anomalous part but modelled the one due to the
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regular part. Here, we study the effects of the different modelling errors and
by numerical evidence justify the aforementioned choice.

Let us consider first the importance of modelling the discretization error
of the regular part. Hence, assume that we write the model directly in the
coarse mesh,

Y = AU + AV + E,

where A ∈ RM×M , and the additive error E is independent Gaussian measure-
ment noise. Furthermore, assume that the prior model is written also directly
in this mesh as (7.7) using a discretized Laplacian (7.8) of the (m+1)×(m+1)
pixel map. This seemingly innocent simplification changes only the conditional
covariace matrix Γ in (7.9).

With this simplification, we run the same MCMC algorithm as described
before. In Figure 7.5, we have plotted the estimates of the conditional means of
the regular and anomalous parts as well as their autocovariances. We used the
same analytically computed data with additive noise as in the previous section.
A comparison of the results clearly shows a deterioration of the estimate of
the regular part. Also, the anomalous part contains visible background noise,
compensating for the errors in the regular part. The increased estimation error
covariance is clearly visible in the autocovariance plots.

Let us estimate the discretization error due to the anomalous part V .
Denote by DN

q and DM
p , 1 ≤ q ≤ N , 1 ≤ p ≤ M , the pixels in the division of

D into N or M pixels, respectively. Assume that the true anomaly consists of
a single Dirac delta at point t∗ ∈ D. Assume that this point is contained in
the pixel DN

q∗ ⊂ DM
p∗ . Then, we have

vq = n2δq,q∗ , ṽp = Pv = m2δp,p∗ .

The modelling error in this case is

| [(A−AP )v]p | =
∣∣e−κ|tp−sq∗ |2 − e−κ|tp−tp∗ |2∣∣ (7.18)

≤ ∣∣1− e−κ(|tp−sq∗ |2−|tp−tp∗ |2)
∣∣.

From this estimate, we observe that if sq∗ = tp∗ , the modelling error vanishes.
By the construction of the nested refining of the pixel map, this condition is
satisfied only when the indices (i, j) in (7.2), 0 ≤ i, j ≤ n to the pixel sq∗ are
multiples of the refining factor k. Geometrically, this means that singularities
are allowed to be located in particular subpixels of DM

p .
It is not hard to see that the upper bound (7.18) is largest when p = p∗.

Since DN
q∗ ⊂ DM

p∗ , we have |tp∗ − sq∗ | < 1/
√

2m, and

| [(A−AP )V ]p | ≤ |1− e−κ/(2m2)|.

In general, this error is not negligible. In the present example with a single
delta peak, the upper bound is of the order 0.09, or about 9% of the signal.
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Figure 7.5. The CM estimates for the regular and anomalous parts (top row) and
the corresponding autocovariances (bottom row) using the linear model without
modelling discretization errors.

To see how severe the approximation error is in practice, we generate data
in which the condition sq∗ = tp∗ is violated. We set the anomalous pixel in the
refined mesh as far as possible from the mesh points tq of the coarse mesh. In
Figure 7.6, we have plotted the reconstructed regular and anomalous parts in
this case. The difference is visible only locally near the anomalous pixel, thus
showing that the discretization error of the anomalous part does not affect
significantly the localization properties of the algorithm.

7.2 Limited Angle Tomography: Dental X-ray Imaging

In Chapter 6 we considered the reconstruction of the mass absorbtion coeffi-
cient from X-ray attenuation measurements. In that case we assumed that the
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Figure 7.6. The CM estimates and the autocovariances of the regular and anoma-
lous parts when the anomalous signal in the fine mesh does not coincide with the
mesh point of the coarse grid.

anatomical structure of the target, a skull-type layer, was known, and a Gaus-
sian structural prior model could be constructed. In this section we consider a
similar but more difficult case in which we know that the target consists of a
number of complex subdomains within which the mass absorption coefficient
is almost constant. This case is relevant in medical X-ray tomography with
adequately high photon energies so that muscular and other soft tissues are es-
sentially transparent to the X-rays. Thus the projections contain information
essentially from different types of bone.

In medical applications full angle data is usually available, but there are
a few instances in which this is not the case. The first one is dental X-ray
imaging, in which the detector is placed in the patient’s mouth just behind
the teeth. Unlike in conventional CT geometry, the detector plane is thus
fixed, and the source rotates typically over a 60◦ angle, or an angle of ±30◦
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with respect to the normal of the detector plane. In addition, only a small
number of projections can be acquired.

Another application is intersurgical X-ray in which the source and the de-
tector are connected to a portable C-shaped arc which can be rotated around
the target over a limited angle dictated by the surgical installation.

Limited angle tomography occurss also naturally in geophysical borehole
tomography as well as in atmospheric research applications.

We note that traditionally in medical practice the X-ray projection images
would be investigated individually by visual means as conventional X-ray im-
ages. Recently tomographic images have been pursued based on conventional
projections obtained in a controlled geometry.

The state-of-the-art method in dental imaging, called the tuned aperture
computerized tomography method (TACT) [140], is based on adding projec-
tions up with a shift as follows.

Assume that we have projection images yk, 1 ≤ k ≤ K of the same target.
Each image is created by shifting a pointlike X-ray source along a line parallel
to the detector plane. Assume for simplicity that the source is far enough
from the target that it can be thought of as a parallel beam source, that is,
for each source position, the beams arrive at the detector plate at a different
constant slant angle. viewing the actual three-dimensional parameter distri-
bution as layers parallel to the detector plane, the image yk can be thought of
as consisting of shadow images of these layers, each one shifted by an amount
proportional to its distance of the detector plate. The TACT image is then a
linear combination of shifted images yk whose shadow images of one material
layer at a time are aligned. Such procedure focuses the projection images onto
each material layer. This is in principle a crude version of the parallel-beam
unfiltered backprojection method used in CT full angle tomography.

The X-ray measurements are inherently Poisson distributed since the de-
tector current depends linearly, at least ideally, on the absorbed photon count.
However, there is also electronic noise, which often can be assumed to be
Gaussian. With high transmitted intensities, that is, high equivalent photon
counts, the Poisson distribution can be approximated reliably by a Gaussian
distribution. Let y = [y1; . . . ; ym] denote the vector of the logarithms of the
detector currents. If we approximate the likelihood density with a Gaussian
model and assume that contribution due to electronic noise is negligible, we
readily obtain the approximation

π(y | x) ∝ exp
(
−1

2
(y −Ax)TΓ−1

n (y −Ax)
)

for the likelihood, where Γn = diag (cy) and c is a constant that depends on
the detector characteristics and the incident beam intensity. If the electronic
noise is not insignificant but independent of the photon count, we have an
approximation Γn = diag (cy)+σ2

eI, where σ2
e is the electronic noise variance.

In the prior model, our task is to encode the knowledge that the tar-
get consists of unkown subregions with small internal variation of the mass
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absoption coefficient. If the geometry of the target subregions is adequately
simple, a reparametrization is feasible: Instead of a pixel image, one could
estimate the boundary surfaces of the subregions. Such models are discussed
later in this chapter in connection with optical tomography. In the case of
objects like teeth, the regions are probably too complex for straightforward
reparametrization. Furthermore, if there were only a few values for the mass
absorption coefficient in all subdomains, level set methods could be used.
However, the current standard choice is to employ the total variation prior or
some other “long-tailed” distribution.

7.2.1 The Layer Estimation

In this example we consider the problem of estimating the three-dimensional
mass absorption coefficient of a tooth based on few projection data. The X-ray
source is pointlike, and it moves along a circular arc around the detector. The
opening angle of the arc is 60◦, and 7 projections, corresponding to evenly
spaced source locations, are recorded.

Since the computation of the forward operator matrix A in three-dimensional
is in many cases infeasible due to the large dimension of the problem, we
transform the problem of estimating the mass absorption coefficient x into a
succession of two-dimensional problems as follows.

Let X represent the three-dimensional voxelized mass absoption, that is,
we divide the volume into voxel layers. The layers are perpendicular to the
detector plate and parallel to the source orbit. Let X(k) denote the mass
absorption coefficients in the kth layer, where the layers are numbered from
the top to the bottom of the voxel box.

To model the prior, we start with writing a two-dimensional TV prior
model for the top layer X(1). For the successive slices X(k), we then write a
prior model that is a combination of the two-dimensional TV prior within the
layer and an �1 prior that corresponds to a small deviation from the estimate
of the previous layer. More precisely,

π(x(1)) ∝ π+(x(1)) exp
(
−αTV(x(1))

)
,

π(x(k)|x(k−1)) ∝ π+(x(k)) exp
(
−αTV(x(k))− γ‖x(k) − x(k−1)‖1

)
, k > 1.

In our model, the pixel size in each layer is approximately 0.16 mm and the
two-dimensional image size of each X(k) is 166× 166. The number of layers is
600 so that the layer thickness becomes 0.045 mm.

The pixel size of the slices in our example is selected so that the slice
thickness corresponds to a row in the detector array of the X-ray sensor Sigma
by Instrumentarium Imaging Corporation used to produce the data.

To model the data, consider a single slice with absorption coefficients X(k).
If the X-ray source is far away from the target, the rays that pass through
the voxels of this layer hit a single row of the detector array. Let us denote by
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Y (k) the random vector that models the data corresponding to the slice X(k)

and let A(k) denote the matrix corresponding to the two-dimensional forward
map from X(k) to Y (k). If the array is small and the distance to the X-ray
source is sufficiently large as in our example, we can approximate A(k) by a
single matrix A for all layers. Thus the posterior of the kth layer is

π(x(k)|y(k), x(k−1)) ∝ π+(x(k)) exp
(
−F (x(k); y(k), x(k))

)
,

where

F (x(k); y(k), x(k−1)) =
1
2
(
y(k) −Ax(k)

)TΓ−1
n

(
y(k) −Ax(k)

)
+ αTV(x(k)) + γ‖x(k) − x(k−1)‖1.

The parameters α and γ could be chosen to be hierarchical random variables
as discussed earlier in Chapter 3. However, in a problem such as this, these
parameters can also be selected with auxiliary methods such as using the full
angle data and exact three-dimensional reconstructions to determine feasible
α and γ. The statistics of the measurement error can be estimated based on
a large number of repeated measurements. Here, we set α = γ = 1250 and
Γn = diag (σ2

1 , . . . , σ2
N ) ≈ 4 · 10−4I.

We estimate the vector X by solving a sequence of two-dimensional prob-
lems, starting from the top slice and proceeding through the voxel box down-
ward.

7.2.2 MAP Estimates

From the point of view of optimization, both the TV and the �1–norms are
inconvenient as they are nondifferentiable. Thus we approximate the absolute
value function in both norms by

|t| ≈ hβ(t) = β−1 log cosh(βt)

where β > 0. While larger β yields a better approximation, the second deriva-
tive of hβ grows like 1/β at the origin. Hence, for numerical stability, we even-
tually aim at gradient-based methods rather than second-order approaches.

The minimization of F with x(k) ≥ 0 is a typical nonlinear programming
problem. In this example, we use an exterior point algorithm which augments
the functional F with a penalty term that is modified during the iteration.
In this case the exterior point algorithm can be described as follows. Let Gj

denote a penalty functional,

Gj(z) =
N∑

�=1

ϕj

(
z(�)

)
, z ∈ RN ,

where
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ϕj

(
z(�)

)
=
{

ζjz
2(�), z(�) < 0

0, z(�) ≥ 0.

We choose an increasing sequence of parameters ζj and seek to compute the
sequence x

(k)
j of minimizers of functionals

Φj(x(k)) = F (x(k); y(k), x(k−1)) + Gj(x(k)).

When the value of the parameter ζj increases, the penalty term forces the
iterates stronger to the feasible region. Solving the minimizer x

(k)
j of Φj with

j fixed requires an iteration. We can either solve the above problem as two
nested iterations by minimizing Φj and then increasing j, or we can increase
ζj after each inner iteration loop that seeks to minimize Φj .

Once our problem has been cast as an unconstrained minimization prob-
lem, a possible approach would be to solve it by using a gradient direction
method with a line search. Among the possible strategies for selecting the step
length automatically without multiple function evaluations per search direc-
tion, the Barzilai–Borwein algorithm [11] proceeds as follows. Let dj be the
search direction at the jth iteration. In this case, dj is the negative gradient
of the augmented functional Φj . The Barzilai–Borwein step length parameter
is

κj =
‖xj − xj−1‖2

(xj − xj−1)T(dj − dj−1)
,

where xj is the estimate after the jth iteration.
We demonstrate the method with real X-ray dental data. A typical TACT

image and the corresponding MAP estimate for a layer parallel to the detector
plane are shown in Figure 7.7. The TACT image shows clearly the vertical
stripes that are due to the raw X-ray image shifts.

The search of the MAP estimate is based on the nested Barzilai–Borwein
iterations. With an appropriate choice of increasing values of ζj , essential
convergence occurs after five outer iterations with six inner iterations, i.e.,
keeping ζj fixed. The same procedure is repeated in each slice.

The difference in the contrast in the two reconstructions is clear. The
faintly visible row of small circular artifacts is due to an added marker in the
target that is used to align the shifts in the TACT images.

7.2.3 Sampling: Gibbs Sampler

Due to the high dimensionality, the Metropolis–Hastings scheme is very diffi-
cult to implement in a way that feasible sampling is attained. Therefore, we
resort to the Gibbs sampler which is feasible although possibly very slow. Due
to the dimensionality problem, in this case we treat the slices as independent,
that is, we set the coupling constant γ = 0. As opposed to the MAP estima-
tion, we do not have to approximate the absolute value function or employ
a penalty function to enforce the positivity constraint. The Gibbs sampler
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Figure 7.7. A TACT image that is focused on a layer (left). The corresponding
MAP estimate (right).

was realized by computing numerical approximations for the full conditional
densities at each sample update.

For the initialization, we compute the single-layer MAP estimates and use
these as initial values for sampling. With this choice of initial values there is
no need for a burn-in sequence removal. We draw 15,000 samples and compute
the sample mean as well as the pixelwise marginal distributions. In this case,
the resulting CM estimate is visually slightly worse than the MAP estimate
since the transversal interlayer information is not employed.

However, as noted earlier, one of the most important features in MCMC
sampling is that it allows us to compute different statistics such as the
marginal distributions of pixels. These are important especially in the ver-
ification of the accuracy of the reconstructions.

The marginal distributions of two pixels are shown in Figure 7.8. The first
pixel is from the middle of the tooth bone and near a boundary whose normal
is almost perpendicular with the normal of the detector plane. It has been
analytically shown that the limited angle reconstructions in such locations
are more accurate than when the normals coincide. The second pixel is from a
“no bone” region near a boundary segment almost parallel to the detector. The
right-hand tail of the distribution is beginning to grow due to the uncertainty.

7.3 Biomagnetic Inverse Problem: Source Localization

As explained in Chapter 6, the objective in biomagnetic inverse problems is
to extract information concerning the electromagnetic activities of the human
body – in particular in the heart and brain – from observations of the mag-
netic fields outside the body. In this chapter we consider two different aspects
related to this inverse problem. The first one is localization of distributed
sources.
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Figure 7.8. The marginal distributions of two pixels. The left distribution cor-
responds to a pixel in the middle of the solid bone, the right one to a pixel in a
more uncertain region outside the bone tissue. The dashed lines indicate the 90%
credibility intervals.

Consider the following simplified model. A planar time-independent cur-
rent density flows in a known plane. Above this plane, at fixed locations, the
magnetic field component perpendicular to the plane is registered. From the
knowledge of the magnetic field at these locations, the task is to estimate the
current density. In our model, we ignore the possible Ohmic volume currents.
This choice is justified not only in vacuum but also in the case when the
electric conductivity is horizontally layered. As observed in Chapter 6, the
volume currents have no contribution to the data in this case. We also recall
that only the horizontal component of the current density creates a magnetic
field perpendicular to the plane.

Assume furthermore that our qualitative prior information concerning the
unknown is that the current density is likely to be well localized, that is, the
active sources are typically small in size. In real applications, such information
could be based, for example, on physiological models of the brain activity.

A popular and classical method to deal with the localized source problem
is to use dipole fitting, that is, to fit one or several dipole sources to the data
in the least squares sense. Observe that in such a procedure, regularization is
usually not necessary since the dimension reduction obtained by restricting
the problem into a few dipole models has as a strong regularization effect. In
this section, we select a different approach that demonstrates the meaning of
certain prior densities in these applications.

7.3.1 Reconstruction with Gaussian White Noise Prior Model

We discretize the problem by defining a grid of size m × m over the imag-
ing area beneath the magnetometers. The grid points are denoted by pj =
[pjx; pjy]. At each grid point, we place a current dipole qj = [qjx; qjy], hence
assuming that the dipoles are coplanar and that the plane corresponds to the
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plane in which the true current density is located. Such discretization induces
to a pixelized approximation of the current density. In our model, we assume
that the vertical component of the magnetic field is measured at points r�,
1 ≤ � ≤ L above the plane of the current density. Hence, the model for the
noiseless data is

b� =
µ0

4π

N∑
j=1

ez · (qj × (r� − pj))
|r� − pj|3 , 1 ≤ � ≤ L, (7.19)

the vector ez being the unit vector perpendicular to the source plane. The
unknown vector to be estimated in this problem consists of the dipole com-
ponents,

x = [q1x, q2x, . . . , qNx, q1y, . . . , qNy] ∈ R2N , N = m2.

We assume here that the measurement noise is Gaussian and additive, leading
to the simple linear statistical observation model

Y = AX + E, E ∼ N (0, Γnoise).

The matrix A ∈ RL×2N can be easily constructed from the formula (7.19).
We assume that Γnoise = σ2I, that is, the noise is white.

At first, we ignore the prior information that the sources should be local-
ized. Instead, consider the white noise prior for X ,

πpr(x) ∝ exp
(
− 1

2γ2
‖x‖2

)
,

where ‖x‖ denotes the usual Euclidean norm. With this prior, the CM and
MAP estimates coincide with the Tikhonov regularized solution,

xα =
[

A√
αI

]† [
y
0

]
, (7.20)

where the regularization parameter in the Tikhonov solution is α = (σ/γ)2.
Let us see how these estimates behave. In our example, we generate numeri-
cally the data corresponding to two dipole sources. To avoid committing the
most obvious inverse crime, the original dipoles are not located at any of the
grid points. Also, we set one of the true dipoles slightly off the reconstruction
plane.

The true current is displayed in Figure 7.9, where the locations of the
magnetometers are marked by crosses. The distance of the magnetometers
from the plane is 3 unit lengths, the image area having side length of 10 units.
To the analytically computed data, we add zero mean Gaussian noise with
standard deviation of 5% of the maximum of the noiseless signal.

Figure 7.10, shows three reconstructions corresponding to wildly different
values of the Tikhonov regularization parameter α, α = 0.01, α = 1 and



7.3 Biomagnetic Inverse Problem: Source Localization 245

α = 100. No attempt has been made to estimate the prior variance, for ex-
ample, by empirical Bayes methods or discrepancy-type methods. We observe
that structurally the reconstructions look strikingly similar, the only differ-
ence being in the absolute amplitude of the current dipoles. Hence, the result
seems to suggest that the white noise prior that corresponds to the Tikhonov
regularization corresponds to a structural prior information that the solution
is solenoidal. Note in particular that the dipole orientations are quite insen-
sitive to the selection of the parameter α. We shall make use of this feature
below.
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Figure 7.9. The true current density consisting of two current dipoles. The right
dipole is located 0.5 unit lengths below the reconstruction plane.

7.3.2 Reconstruction of Dipole Strengths with the �1-prior Model

To implement the prior information concerning the localization of the sources,
we choose the �1 prior discussed in Chapter 3. It was demonstrated by random
draws that this prior favors distributions that have only a few nonvanishing
components. Hence, let us write

[qjx, qjy ] = tj [cos θj , sin θj ],

where
tj =

√
q2
jx + q2

jy ≥ 0.

We choose

πpr(x | γ) ∝ γNπ+(t) exp

⎛⎝−γ

N∑
j=1

tj

⎞⎠ ,
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Figure 7.10. Three MAP estimates of the current density using the white noise
prior. The parameter α = σ/γ from top to bottom is α = 0.01, α = 1 and α = 100.
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where π+ is the positivity constraint, that is, π+(t) = 1 if tj ≥ 0 for all j,
1 ≤ j ≤ N and π+(t) = 0 elsewhere. Observe that the prior information here
is qualitative, that is, we expect only that the source to has a small support.
Therefore, we cannot assume that the prior parameter γ > 0 would be known
accurately. Its determination is part of the problem.

The posterior density in this case is

π(x | y, γ) ∝ γNπ+(t) exp

⎛⎝−1
2
(y −AΘt)TΓ−1

noise(y −AΘt)− γ

N∑
j=1

tj

⎞⎠ ,

where Θ is the direction cosine matrix,

Θ =
[

diag(cos θ1, . . . , cos θN )
diag(sin θ1, . . . , sin θN )

]
∈ R2N×N .

To reduce the computational effort, we simplify the problem further by ob-
serving that while the white noise prior does not produce localized sources, it
gives reasonable orientations for the dipoles. Hence, we fix the matrix Θ = Θα

such that for the solution xα given in (7.20), for some α > 0,

xα = Θαtα,

and then consider the conditional density

π(t | y, Θα, γ) ∝ γNπ+(t) exp

⎛⎝−1
2
(y −AΘαt)TΓ−1

noise(y −AΘαt)− γ

N∑
j=1

tj

⎞⎠ .

For the parameter γ, we use a Rayleigh distribution as a hyperprior,

πhyper(γ) ∝ γ exp

(
−1

2

(
γ

γ0

)2
)

,

where γ0 > 0. It turns out that the choice of γ0 is rather immaterial as long
as it is large enough. Hence, by substituting Γnoise = σ2I, we obtain

π(t, γ | y, Θα) = π(t | y, Θα, γ)πhyper(γ)

∝ π+(t) exp

⎛⎝− 1
2σ2
‖y −AΘαt‖2 − γ

N∑
j=1

tj − 1
2

(
γ

γ0

)2

+ (N + 1)logγ

⎞⎠ .

The maximum a posteriori solution (tMAP, γMAP) conditioned on Θ = Θα

is now found by minimizing the object functional

F (t, γ) =
1

2σ2
‖y −AΘαt‖2 + γ

N∑
j=1

tj +
1
2

(
γ

γ0

)2

− (N + 1)logγ, tj ≥ 0.
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This minimization can be done, for example, by an interior point method.
Similarly, the conditional mean (x|y,Θα

, γ|y,Θα
) can be estimated, for example,

by using the Gibbs sampler, which is our choice in this example. The algorithm
is constructed as follows:

Initialize (t, γ) = (t0, γ0), set k = 0.
do until satisfactory sample size

(t, γ) = (tk, γk)
for j = 1 : N

draw tk+1
j ≥ 0 from π(tj | y, t−j, Θα, γ)

end
draw γk+1 from π(γ | y, Θα, t)
k ← k + 1

end

For the componentwise updating of the vector t, we write

π(t | y, Θα, γ) ∝ π+(t) exp
(
−1

2
(tTBt− 2tTq)

)
, (7.21)

where
B =

1
σ2

ΘTATAΘ, q =
1
σ2

ΘTATy − γ1.

Formula (7.21) is similar to (7.13); hence, a Gibbs sampler can be built along
the same lines as in the previous section. The details are not repeated here.

To update γ, we have the conditional density

π(γ | y, Θα, t) ∝ exp

⎛⎝−γ

N∑
j=1

tj − 1
2

(
γ

γ0

)2

+ (N + 1)logγ

⎞⎠ .

Observe that if γ0 is large, the quadratic term in the exponential becomes neg-
ligible. This corresponds, effectively, to the case in which no prior information
about γ other than positivity is assumed. Indeed, if we choose the hyperprior
to be an improper flat density, that is, πhyper(γ) ∝ π+(γ), we have

π(γ | y, Θα, t) ∝ exp

⎛⎝−γ

N∑
j=1

tj + N logγ

⎞⎠ . (7.22)

In our computed example, we consider the planar geometry described
above. The data correspond to the true current distribution of Figure 7.9,
corrupted with additive noise of 5%. In Figure 7.11, we have plotted the CM
estimate of the vector t represented as a pixel image. The estimate is com-
puted from an MCMC sample of size 10,000. In the same figure, the estimate
of the autocovarince of the vector t is also shown. In Figure 7.12, we show the
histogram of the ensemble of γ values.
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Figure 7.11. The MCMC-based CM estimate of the vector t (left) and its auto-
covariance (right).
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Figure 7.12. Estimated probability of the prior parameter γ.

We conclude this section by noting that the above type current estimates
are called minimum current estimates in the biomedical literature. They are
becoming increasingly popular because in contrast to the classical minimum
norm estimates (see [53]), they can localize where the brain activity occurs.
In [131], reconstructions in a realistic geometry and in vivo data are shown.
The method has been shown to work well in three-dimensions also.

7.4 Dynamic MEG by Bayes Filtering

The biomagnetic inverse problems do not suffer from the complications always
present in, for example, electrical impedance tomography or optical tomogra-
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phy, in which the data depnds nonlinearly on the parameters of interest. The
problems in biomagnetics are mainly of two types: First, the problem does not
have a unique solution, and second, the noise level in a single measurement
is often of the size of the underlying signal. Moreover, a significant part of
this noise comes from the target itself, that is, from the human body. For this
reason, the distinction between signal and noise become somewhat vague.

The frequency contents of biomagnetic sources is assumed to be so low
that the quasi-static approximation holds. The major part of the literature
on biomagnetic inverse problems concentrates on instantaneous reconstruc-
tion algorithms: The data measured at a specific instant in time are used to
estimate the source at that time.

To reduce the noise level in the instantaneous data, a common strategy
in evoked response measurements is to repeat the measurement sequence and
average over the repetitions. Such a strategy is acceptable only if the source
does not alter from one measurement sequence to another. Furthermore, when
measuring spontaneous events, the repetition of the measurement under iden-
tical or even similar conditions is usually not possible. For this reasons, it is
desirable to develop dynamic inversion algorithms that are less sensitive to
the high noise level. By dynamic algorithms, it is meant here that the time
evolution of the target is included in the model.

The dynamic approach is helpful in two ways: A dynamic model can be
seen as a prior model of the target, hence, it may remove the nonuniqueness
of the solution and at the same time reduce the computational ill-posedness
so that the sensitivity to the high measurement noise level is reduced. These
ideas have been discussed in Chapter 4.

7.4.1 A Single Dipole Model

In this section we consider the most elementary case of a dynamic model for
tracking a single dipole in a simple geometry. Assume that a single planar
dipole moves in the plane P = {p = [p1; p2; 0]}, and the vertical component of
the resulting magnetic field is observed above the plane. As shown in Chapter
6, the formula for the noiseless data is then

b(x) = [b1(x), . . . , bm(x)]T ∈ Rm, bj(x) =
µ0

4π

ez · q × (rj − p)
|rj − p|3 , (7.23)

where we denoted the model parameter by

x = [p1, p2, q1, q2]T ∈ R4.

Assume that we measure the magnetic fields at time instances tj , t1 < t2 < · · ·.
At t = tk, the source dipole is characterized by the model parameter xk ∈ R4.
Furthermore, if we assume that the changes in the source current are relatively
slow, the magnetic field can be modelled by the quasi-static model. Hence,
the noiseless observation at t = tk is simply b(xk) ∈ Rm defined by (7.23).
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We want to apply Bayesian filtering to this problem. To this end, we define
the evolution–observation model. Here, we assume that no special physiolog-
ical model for the time evolution of the source is available. When no better
model is available, the standard choice is to postulate a random walk model
in which throughout the evolution of all components of xk are mutually inde-
pendent.

Considering the vector x at time tk as a realization of a random variable
Xk ∈ R4, we write

Xk+1 = Xk + Wk+1, (7.24)

where Wk+1 is a Gaussian random vector independent of Xk with zero mean
and covariance matrix

Γw = diag(λ2, λ2, δ2, δ2) ∈ R4×4,

where λ > 0 controls the step sizes in the spatial evolution and δ > 0 controls
the steps in the amplitude evolution. In the terminology of Chapter 4, we have
the Markov transition kernel

π(xx+1 | xx) ∝ exp
(
−1

2
(xx+1 − xx)TΓ−1

v (xx+1 − xx)
)

.

The observation model in this case is

Yk = b(Xk) + Ek, (7.25)

where we assume that the additive noise Ek is independent of Xj, j ≤ k and
Gaussian with zero mean and variance a known invertible m×m matrix Γn.
Thus, the likelihood function is

π(yk | xk) ∝ exp
(
−1

2
(yk − b(xk))TΓ−1

n (yk − b(xk))
)

. (7.26)

To initialize the filtering, we need to define the probability density of X0. In
our numerical examples below, we use the Gaussian probability density, that
is,

X0 ∼ π0(x0) ∝ exp
(

1
2
(x0 − x0)TΓ−1

0 (x0 − x0)
)

. (7.27)

The particle filtering algorithm for single dipole tracking can be summarized
as follows.

Choose sample size N , and draw x1
0, . . . , x

N
0 ∈ R4, from π0 and set k = 0.

do
Draw v1, . . . , vN ∼ N (0, Γw) and define zj = xj

k + vj , 1 ≤ j ≤ N

Calculate the relative likelihoods, wj = π(yk | zj)/c, c =
∑N

j=1 π(yk | zj)
Draw xj

k+1, 1 ≤ j ≤ N from {z1, . . . , zN}, the probability of zj being wj .
k ← k + 1

end
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The above loop is repeated as long as new observations yk keep arriving.
We demonstrate the algorithm with a simple example. In Figure 7.13,

we have plotted a trajectory of a moving dipole. The dipole amplitudes and
orientations are shown at 20 observation instances. The dipole moves coun-
terclockwise, starting at the point nearest to the observation point (c) in the
figure. The magnetic field is recorded by a 10 × 10 array of magnetometers
above the dipole plane, locations being marked by crosses. If the distance be-
tween adjacent magnetometers is chosen to be the length unit, the distance
of the magnetometers from the dipole plane is 3 length units.

To the analytically computed data, we add zero mean Gaussian random
noise with standard deviation 80% of the maximum both in spatial and in
temporal sense of the noiseless signal. The noisy and the noiseless signal at
three measurement locations are shown in Figure 7.13.

(a)

(b)

(c)
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Figure 7.13. Single moving dipole model as well as the noiseless and noisy data
at the locations marked with crosses.

We perform ten independent particle filter runs with the same data. The
number of particles in each of these runs is 200,000. The step length in the
random walk model for the dipole location is chosen to be λ = 1. Recall that
the length of the image area is 10 units. The step size for the dipole amplitude
is δ = 0.25 units. This is about 20% of the maximum size of the true dipoles in
the simulation. The selection of the step sizes can be viewd as a sort of prior
information about the dynamics. Too small or too large steps fail to track
the evolution. The initial density (7.27) does not have a significant effect on
the performance. The only requirement is that it is wide enough so that the
initial draws generate particles near the initial position.
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In Figure 7.14, we have plotted the true trajectories of the dipole location
and the amplitude, and in the same plot 10 independent particle filter CM
estimates.

Figure 7.14. Averaged estimates of the location and amplitude. The figure shows
10 independent runs.

In Figure 7.15, we have plotted the percentages of particles that are not
thrown away at the resampling stage. The figure indicates that sample im-
poverishment is not a crucial issue in this example.
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Figure 7.15. Relative number of particles that are sampled at least once at the
resampling stage.

7.4.2 More Realistic Geometry

We consider next the problem of tracking a single dipole in a geometry that
more realistically describes the MEG setting. Assume that the magnetometers
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are attached to a hemispherical surface of radius rmeas in the upper half-space.
We assume that the electric activity is known to be confined to a volume V
in the upper half-space determined by two spherical shells with radii rmin,
rmax, with rmin < rmax < rmeas. The degrees of freedom are given in terms
of the Cartesian components of the location and dipole moment, [p; q] ∈ R6.
However, since from the radial dipole component there is no contribution
to the data which consists of the radial component of the magnetic field,
we restrict the transition kernels so that the radial component of the dipole
moment vanishes. Let us denote qt = [qϕ; qθ] the tangential component of the
dipole moment. We set x = [p; qt] ∈ R5, and write the transition kernel as

π(xk+1 | xk) ∝ χV (pk+1)π(pk+1 | pk)π(qt
k+1 | qt

k),

where χV is the characteristic function of the volume V and the partial tran-
sition kernels are Gaussian,

π(pk+1 | pk) ∝ exp
(
− 1

2λ2
‖pk+1 − pk‖2

)
,

π(qt
k+1 | qt

k) ∝ exp
(
− 1

2δ2
‖qt

k+1 − qt
k‖2

)
.

The geometric setting is shown in Figure 7.16. In this example, we have rmin =
8 cm, rmax = 9 cm and rmeas = 11 cm. The number of magnetometers is 133.
We add 80% Gaussian noise to the simulated noiseless signal. The steplengths
in the random walk model are λ = 1 cm and δ = 0.15, respectively. The
outcome of the particle filtering with 300,000 particles is shown in Figure 7.17.
The estimates are not as accurate as in the two-dimensional case. Possible
reasons for this are the sparser sampling of the data and the fact that the
data are not very sensitive to the distance of the source from the detector. An
error in the radial direction of the dipole location can be compensated by an
increased dipole moment amplitude.

7.4.3 Multiple Dipole Models

In multiple dipole models, we construct a layered model that allows the number
of dipoles to change from one time instant to the other. Deciding how many
active dipoles there are present is sometimes called a model identification
problem.

The construction of layered multidipole models is conceptually simple. The
interpretation of the results, however, requires more caution for the following
reasons.

First, if the locations of two or several dipole sources coincide, they act as
a single dipole source with the dipole moment equal to the resultant of the
moments of the dipoles. Second, a multidipole model may contain phantom
dipoles of vanishing or almost vanishing moments, in which case the model
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Figure 7.16. The three-dimensional measurement geometry (left) and the true
dipole trajectory (right).
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Figure 7.17. Averaged location and amplitude with 300,000 particles.
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identification becomes ambiguous. The third problem is that approximate
conditional means by direct averaging make in general no sense in layered
models. To overcome these difficulties, we define an activity density.

Assume that we have a hierarchy of models with different dimensional-
ity. We denote by C = {Ck}1≤k≤K a finite collection of multiple parameter
subspaces, in which each Cj has a different dimensionality corresponding to
a different number of active dipoles. Assume that a single dipole source may
be characterized by n variables. In the previous section in our example with
planar geometry, we had n = 4, two variables to determine the location in the
plane, two to determine the dipole amplitude. Thus, the space Ck correspond-
ing to k dipoles in the same geometry has the dimension kn. The notation
x ∈ C means that x belongs to exactly one of the subspaces Ck.

We now define a state evolution model that allows switching between
models of different dimensionality. Assume that the probability of the move
Cj → C� is given by Pj� with

∑K
�=1 Pj� = 1. The Markov model for the time

evolution is given in terms of the transition kernel

π(xk+1 ∈ C | xk ∈ Cj) =
K∑

�=1

π(xk+1 ∈ C� | xk ∈ Cj)Pj�,

where the density π(xk+1 ∈ C� | xk ∈ Cj) is the conditional transition proba-
bility density from a point in xk ∈ Cj to the subspace C� of � dipoles. Hence,
we have to specify the transition probabilities Pj� between different model
spaces as well as the specific jumping rules conditioned on the knowledge of
the initial and final dimensionalities.

In the numerical example below, we consider again planar geometry, and
we confine the discussion to the simplest possible layered model with a single-
and a double-dipole state, that is, C = {C1, C2}. Extensions to more involved
multidipole models are straightforward.

We start by defining the state evolution models between subspaces with
different dimensionalities. The moves within the same models, C1 → C1 and
C2 → C2, are defined here by random walk models. Thus, if xk ∈ C1 is a
single dipole, we define π(xk+1 ∈ C1 | xk ∈ C1) via

Xk+1 = Xk + Vk+1 ;

see (7.24) of the previous section. Similarly, if xk = (x(1)
k , x

(2)
k ) ∈ C2 is a

double-dipole state, x
(j)
k ∈ R4, we define the conditional transition kernel

π(xk+1 ∈ C2 | xk ∈ C2) by

Xk+1 = (X(1)
k+1, X

(2)
k+1) = (X(1)

k , X
(2)
k ) + (V (1)

k+1, V
(2)
k+1)

where V
(1)
k+1 and V

(2)
k+1 are identical mutually independent Gaussian random

variables as in the single-dipole model.
Consider now the state transition model between C1 and C2. For a move

C1 → C2, a new dipole has to be created. We define dipole doubling as
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Xk+1 =
(
X

(1)
k+1, X

(2)
k+1

)
=
(
Xk + W

(1)
k+1, X

(2)
k+1

)
,

where the new dipole X
(2)
k+1 is generated independently from a probability

density πnew(x). This density is chosen Gaussian density both with respect to
location and amplitude.

Consider now the reverse move C2 → C1 where one dipole is deleted. We
choose randomly one of the two dipoles, delete it and propagate the remaining
one according to the random walk model. Thus, the propagation step is

Xk+1 = tX
(1)
k + (1− t)X(2)

k + Wk+1,

where t ∈ {0, 1} takes the values 0 or 1 with equal probability and Wk+1 is
Gaussian. For the transition probabilities Pj�, the simplest choice is to choose
them equal, that is, no prior preference of any model exists. This is the choice
here.

Finally, we need to define the initial distribution. This is done by postu-
lating that

P{X0 ∈ C1} = P{X0 ∈ C2} =
1
2
,

that is, the particles contain one or two dipoles with equal probability. As in
the previous section with a single dipole, we draw the initial locations and
amplitudes from a wide Gaussian density.

We are now ready to define the activity density. To interpret the results
of a particle filter run, consider the posterior density at a given time instant
t = tk. Suppressing the time dependency in our notations, denote the density
in C = {C1, C2} as π = π1 ⊕ π2, where πk is a density in Ck. The particle
filter approximation for π1 is

π1(x) = π1(p, q) ≈
∑

xn∈C1

wnδ(p− pn)δ(q − qn),

that is, the approximation is calculated using single-dipole particles. The cor-
responding marginal density for the single-dipole locations is then

π1(p) =
∫

π1(p, q)dq ≈
∑

xn∈C1

wnδ(p− pn).

In the same fashion, as C2 consists of two copies of C1, we may write

π2(x) = π2(p(1), q(1), p(2), q(2))

≈
∑

xn∈C2

wn

(
δ(p(1) − (p(1))n)δ(q(1) − (q(1))n)

⊕δ(p(2) − (p(2))n)δ(q(2) − (q(2))n)
)

,
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and after marginalizing with respect to the dipole moments,

π1(p(1), p(2)) ≈
∑

xn∈C2

wn

(
δ(p(1) − (p(1))n)⊕ δ(p(2) − (p(2))n)

)
.

With the help of these marginal densities, we define the activity density πact(p)
by

πact(p) = π1(p) + π2(p, p)

≈
∑

xn∈C1

wnδ(p− pn) +
∑

xn∈C2

wn

(
δ(p− (p(1))n) + δ(p− (p(2))n)

)
.

This density gives the posterior density of the spatial locations of all the active
dipoles regardless of the models. In practice, the estimate for the activity
density is calculated as the particle occurrence histogram in a prescribed pixel
map of the p-plane.

Figure 7.18. The trajectories of two moving dipoles. The adjoining lines in the
figure indicate contemporaneity of the events.

As a numerical test, we consider two planar dipoles as depicted in Fig-
ure 7.18. Again, noise with standard deviation 80% of the maximum noiseless
data is added to the simulated noiseless signal. The random walk step lengths
in the simulation are λ = 0.5 and δ = 0.5. The density πnew used for new
dipole generation is Gaussian, πnew ∼ N (xnew, γ2

newI). The algorithm is not
sensitive to the choices of the parameters in this density provided that the
density is wide enough so that emerging true dipoles appear in the numerical
support of the density.
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In Figure 7.19 the estimated activity density is plotted. This result indi-
cates clearly that model identification based on the activity density is possible,
while the particle distribution between single- and double-dipole states may
be misleading.

Figure 7.19. Estimated activity densities. True dipole locations are marked by
crosses.
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7.5 Electrical Impedance Tomography: Optimal Current
Patterns

We discuss here a problem related to the optimal experiment design of elec-
trical impedance tomography. We show how statistical theory can be applied
to decide, what the optimal, or most informative measurement setting is in
the light of the prior information of the target. This is also an example of
Bayesian experiment design problem in general.

Consider the EIT problem with static current feeds, in which we have a
body Ω with the conductivity distribution σ. Assume that we apply K current
patterns I(1), . . . , I(K) on the surface ∂Ω through L contact electrodes with
known contact impedances z1, . . . , zL and we measure the corresponding volt-
ages. In the absence of noise, the voltages are related to the current patterns
via the impedance matrix R(σ),

U (k) = R(σ)I(k), 1 ≤ k ≤ K,

where we suppressed the dependence of the impedance matrix on the contact
impedances. The question we want to address in this section is:

Assuming some prior information of the conductivity distribution σ, how
should one choose the current patterns I(1), . . . , I(K) for maximal complemen-
tary information about the conductivity?

Above, the word complementary refers to information that can be de-
scribed as additional information to the already known a priori information.

7.5.1 A Posteriori Synthesized Current Patterns

Before formulating the problem more precisely, let us make a few remarks.
Suppose that we apply a full frame {I(k)}L−1

k=1 of current densities, and we
would like to select the best possible frame. Since the space of admissible
current densities is linear, we can represent any admissible current pattern
as a linear combination of those actually applied. Hence, if I is the desired
current pattern, in the noiseless case we can write

I =
L−1∑
k=1

αkI(k), U = R(ρ)I =
L−1∑
k=1

αkU (k).

From the point of view of linear algebra, the question of optimal current
patterns may seem therefore quite artificial. However, the discussion above
was based on the noiseless model. Assume now that the measurements are
corrupted by additive noise, that is, we have

V (k) = U (k) + Ek = R(σ)I(k) + Ek, 1 ≤ k ≤ L− 1,

where Ek is the noise. Futhermore, assume for the sake of simplicity that for
any measurement, the noise covariance is independent of the applied current
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pattern. If we try to simulate computationally the observation corresponding
to the current pattern I =

∑
αkI(k), we would get

V = R(σ)I + E, E =
L−1∑
j=1

αkEk.

The computationally created noise vector E may have a higher amplitude
than what the measurement noise would have, had we actually applied the
pattern I. In actual applications, this effect is even worse than it may seem
as the computation is done in finite precision. As an example, consider an L-
electrode measurement. Assume that the frame consists of the current patterns

[I(1), . . . , I(L−1)] =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 0 . . . 0 0
−1 1 . . . 0 0

0 −1 . . . 0 0
...

...
...

...
0 0 . . . −1 1
0 0 . . . 0 −1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
∈ RL×(L−1),

that is, only two adjacent electrodes are active at a time. Suppose that we
want to synthesize the current pattern

(�)
I = [1, 0, . . . , 0, −1, 0, . . . , 0],

that is, a two-electrode pattern with the first and � th electrode active. We see
that

I =
�∑

k=1

I(k),

so the computationally synthesized data, based on the measurements corre-
sponding to the current patterns I(k) would be

Vsynth = R(σ)I +
�∑

k=1

Ek.

Assuming that the noise vectors Ek are independent with covariance γ2I, we
see that the synthesized noise has covariance

E
{
EET

}
=

�∑
k=1

�∑
j=1

E
{
EkET

j

}
= �γ2I,

that is, �–fold to what the direct measurement noise would be. In practice,
the situation can be even more dramatic: If the voltages corresponding to
the current patterns I(k) have low amplitudes compared to the voltage corre-
sponding to I, the signal-to-noise ratio for the synthesized measurement can
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be significantly lower than for the directly measured data, since the signal
amplification is proportional to the signal amplitude, and low amplitude mea-
surements lead to amplification of the noise level, too. In practice, this means
a loss of significant digits in the data.

This observation motivates the claim that if we believe that some cur-
rent pattern gives more information than others, it is advisable to apply that
current pattern rather than synthesize it computationally.

7.5.2 Optimization Criterion

The next question that we address is what we mean by the most informative
current pattern. As usual, we assume here that the conductivity is discretized
and represented by a vector σ ∈ Rn. Let the prior probability density πpr(σ)
be given. Let us assume that we are looking for m most informative current
patterns. The current patterns are stacked into a single vector, denoted by
I = [I(1); . . . ; I(m)] ∈ RmL. In the following we shall refer to both I and I(�)

as a current pattern.
From Bayes’ formula, the posterior distribution corresponding to a used

current pattern I is

π(σ | V, I) ∝ πpr(σ)π(V | σ, I). (7.28)

We observe that in the formula (7.28), we cannot affect the shape of the poste-
rior probability density by tampering with the prior: the prior information is
determined by what we know about σ. However, we have the current density
at our disposal as a control parameter, and it appears only in the likelihood
part. We want to choose the current pattern from an admissible set of patterns
in such a way that the likelihood becomes complementary to the prior, in the
sense that it removes possible ambiguities of the prior density as effectively
as possible. Schematically, the situation is presented in Figure 7.20.

Indeed, assume that the prior probability density is very elongated as
in the figure, or even indefinite, in some subspace, or more generally, some
submanifold direction M ⊂ Rn. This may be the case, for example, when the
prior density is a smoothness prior. For ill-posed problems, we know also that
the likelihood density is typically an elongated density along some subspace
or manifold N ⊂ Rn. Here, N depends of course of the measurement setting,
hence of the current pattern I applied. The aim in the Bayesian experiment
design is now to rotate N = N(I) so that the spaces M and N(I) would
intersect as transversally as possible, that is, the likelihood becomes a narrow
density in those directions in which the prior has a large variance and is
therefore uninformative.

To formulate this task more precisely, let σ̂ = σ̂(V, I) denote any estimate
of σ based on the observations V . In Section 5.1, it was shown that the con-
ditional mean estimate σCM coincides with the mean square estimator, that
is, it minimizes the mean square error conditioned on the observation,



7.5 Electrical Impedance Tomography: Optimal Current Patterns 263

Figure 7.20. Schematic picture of different relative positions of the prior and the
likelihood densities and its effect on the posterior density.

σCM = argmin
σ̂

E
{‖σ − σ̂‖2 | V } = arg min

σ̂

(
Tr
(
cov(σ − σ̂ | V )

))
,

where
cov(σ − σ̂ | V ) = E

{
(σ − σ̂)(σ − σ̂)T|V }

is the estimation error covariance of σ̂.
The above formulation of the conditional mean as a solution of a mini-

mization problem provides a natural definition optimal current pattern. We
seek to minimize the mean square error with respect to both σ̂ and the current
pattern I. In practice, we do the minimization sequentially by looking for a
current pattern that minimizes the mean square error of the CM estimator of
σ. This procedure allows us to express the minimization problem in terms of
the posterior covariance matrix.

It is necessary to impose two constraints on the current patterns. The first
constraint is a linear one, coming from the charge conservation law

L∑
j=1

I
(�)
j = 0. (7.29)

In addition, we need to constrain the power of the current, for an obvious
reason: We assume that the covariance of the observation noise is fixed, hence
increasing electrode potentials would improve the signal-to-noise ratio. Since
the potentials are proportional to the injected current, the optimal current
pattern would be infinite. Thus, we constrain the power of the current as

‖I(�)‖ = 1. (7.30)
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Denote the set of m admissible current patterns by

Jm =
{
I = [I(1); . . . ; I(m)] | I(�) satisfies (7.29) and (7.30)

}
,

and define

Iopt = arg min
I∈Jm

(
Tr
(

cov(σ − σCM(I))
))

. (7.31)

In other words, the optimal current pattern is the one that together with the
optimal estimator in the MSE sense produces the least mean square estimation
error. Geometrically, the trace of the error covariance measures the width
of the posterior covariance. The above criterion, of course, is not the only
applicable one. Another natural criterion for choosing I is to look for the
current which minimizes the function

I �→ λ1

(
cov(σ − σCM(I))

)
,

where λ1 is the largest eigenvalue of the estimation error covariance matrix.
In general, the object functionals may depend on the unknown conductiv-

ity σ, so the optimization may be very challenging. It is possible to attack this
problem statistically in all its generality, but the computational task becomes
easily unfeasible. To simplify the problem we assume Gaussian models and
use global linearization.

Assume that the prior density is Gaussian,

πpr(σ) ∝ exp
(
−1

2
(
σ − σ0)TΓ−1

pr (σ − σ0)
)

,

and that the current pattern I(�), 1 ≤ � ≤ m is applied, the corresponding
observation V (�) is corrupted by zero mean additive Gaussian noise with co-
variance Γ(�)

n , independent of the current pattern I(�). With these assumptions,
the posterior density is of the form

π(σ | V ) = exp
(
−1

2
Q(σ; I)

)
, (7.32)

where

Q(σ; I) =
m∑

�=1

(
V (�) −R(σ)I(�)

)T(Γ(�)
n )−1

(
V (�) −R(σ)I(�)

)
+
(
σ − σ0)TΓ−1

pr (σ − σ0

)
. (7.33)

Linearizing the mapping σ �→ R(σ) around the midpoint σ0 of the prior we
have

R(σ)I(�) ≈ R(σ0)I(�) + J�(σ − σ0),

where J� = J(σ0, I
(�)) is the Jacobian of the mapping σ �→ R(σ)I(�) at σ = σ0.

This approximation leads to an approximation of the posterior covariance
matrix as
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cov
(
σ − σCM(I) | V ) ≈ Γσ|V (I) =

(
m∑

�=1

J�

(
Γ(�)

n

)−1
J� + Γ−1

pr

)−1

.

We need to solve the following nonlinear optimization problem with a non-
linear constraint,

Iopt = arg min
I∈Jm

(
m∑

�=1

J�

(
Γ(�)

n

)−1
J� + Γ−1

pr

)−1

.

The minimization can be done by using the projected gradient method.
Given a current estimate I

(j)
opt, we calculate the gradient ∇IΓσ|V (I(j)

opt) by the

finite-difference approximation. Let D||Γσ|V (I(j)
opt) denote the orthogonal pro-

jection of the gradient onto the linear subspace of current patterns satisfying
the constraint (7.29). The new iterate is the minimizer along the curve

t �→ I
(j)
opt − tD||Γσ|V (I(j)

opt)

‖I(j)
opt − tD||Γσ|V (I(j)

opt)‖
, t > 0.

As the initial guess I
(0)
opt for the current patterns we use random draws from

the search space defined by the two constraints.
We remark that the optimal current patterns are not unique. For example,

if I
(�)
opt is an optimal current pattern, then −I

(�)
opt has the the same posterior

distribution as I
(�)
opt. Actually these two patterns are essentially the same, since

changing the sign only changes the phase of the current, not the amplitude.

7.5.3 Numerical Examples

As a first computed example, consider the two-dimensional EIT problem in a
circular body Ω ⊂ R2 with L = 16 evenly distributed contact electrodes on
its surface. The prior probability density is N (σ0, Γpr), where

σ0 = constant , Γpr = diag(d), d ∈ Rn.

The vector d represents the autocovariances of the conductivity values σj of
pixels pj . In this example, d is small except in a noncentered circular region
D ⊂ Ω where the components of d are large. This means that the pixels are
uncorrelated and σ is known a priori rather well outside D, while in D the
uncertainty is large. More precisely, we set

dj =
{

σ2
∗, pj ∈ D,

(0.05σ∗)2, pj /∈ D.

Intuitively, we expect optimal current patterns to inject as much current as
possible through the domain of uncertainty D.
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Figure 7.21. The prior autocovariance (left) and the posterior autocovariance
(middle) after a measurement of a single optimized current pattern feed. The optimal
pattern is represented by plotting dark columns on electrodes with positive current
and light columns with negative currents (right).

Figure 7.22. Two optimal current patterns.

Consider first the problem of finding a single optimal pattern, that is,
m = 1. Figure 7.21 shows the prior autocovariance plotted as an image of the
body Ω. The figure also shows the computed optimal current pattern as well
as the posterior autocovariance corresponding to this current pattern. The
result coincides well with the intuitive picture. The posterior autocovariance
is plotted in the same scale as that of the prior covariance, showing that the
uncertainty is reduced in the uncertainty region D. Observe that for these
results, we do not need to define the true conductivity distribution.

For comparison, we consider also the case m = 2, that is, we determine
two current patterns. The optimal patterns are shown in Figure 7.22. Notice
that none of the two optimal patterns coincide with the single optimal cur-
rent pattern of Figure 7.21. This reflects the nonlinearity of the minimization
problem. It means that the optimal patterns cannot be calculated sequentially
one at a time.

In the next example, we consider the two-dimensional model with a more
complex prior. The domain Ω is partitioned into two halves, Ω = Ωup∪Ωdown.
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In Ωup, we assume that the pixels are uncorrelated with all the other pixels.
In Ωdown, we use a Markov random field model corresponding to a Gaussian
smoothness prior. Enumerating the pixels so that pj ∈ Ωup, 1 ≤ j ≤ n′ and
pj ∈ Ωdown for n′ + 1 ≤ j ≤ n, so that the prior covariance is of the form

Γσ =
[

Γup 0
0 Γdown

]
,

where Γup = α2
upI ∈ Rn′×n′

, and Γdown ∈ R(n−n′)×(n−n′) is obtained from a
Markov model

πpr(σn′+1, . . . , σn) ∝ exp

⎛⎝−αdown

n∑
j=n′+1

(
σj −

∑
k∈Nj

ajkσk

)2
⎞⎠ .

The parameters αup and αdown are adjusted so that the prior autocovariance
is close to constant over the whole domain. Also, the mean conductivity σ0 is
assumed to be constant in Ω. Figure 7.23 shows prior correlations of a single
selected pixel with other pixel values when the pixel is selected from the upper
or from the lower half of the disc, respectively.

Figure 7.23. Correlations with a single pixel in the upper half having Gaussian
white noise prior (left) and in the lower half where the prior is Gaussian smoothness
prior (right).

We compute a single optimal current pattern corresponding to this dis-
tribution. The optimal current is shown in Figure 7.24. We observe that the
current injection is concentrated on the lower half of the body. The interpreta-
tion is that such current injection reduces effectively the posterior covariance
since the corresponding observation conveys information of mutually corre-
lated variables. This is clearly visible in the resulting posterior autocovariance
which is plotted in the same figure. Note that the prior autocovariance in this
example is constant over the body.
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Figure 7.24. Correlations with a single pixel in the upper half having Gaussian
white noise prior (left) and in the lower half where the prior is Gaussian smoothness
prior (right).
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Figure 7.25. The geometry of the three-dimensional case.
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As a final example, we apply the optimization to a three dimensional
problem, in which the body is a cylindrical tank with a circular bottom. The
number of the electrodes in this example is 8, the locations being illustrated
in Figure 7.25.

The cylinder is divided into two parts along its axis. Again, in the upper
half we use a white noise prior, and in the lower part a Markov field smoothness
prior. The priors are adjusted so that the prior autocovariance is constant in
the voxels.

As in the previous two-dimensional example, the single optimal current
pattern is concentrated in the lower half of the domain where a priori smooth-
ness is assumed.

To demonstrate the reduction of uncertainty, Figure 7.26 shows the diag-
onal elements of the posterior covariance matrix along three cuts across the
tank. We observe again that the variances are reduced effectively only in the
lower half with strong correlations.

Figure 7.26. Autocovariance along three intersections of the tank. The cuts are
along planes located 1/10, 1/2 and 9/10 from the left end of the tank.

7.6 Electrical Impedance Tomography: Handling
Approximation Errors

An example of the effect of approximation errors on low-noise inverse problems
was presented in Chapter 5. Also, a more complex case was studied earlier
in this chapter. It was shown that it is possible to construct an enhanced
likelihood model that accommodates approximate statistics of the approxi-
mation error in addition to the conventional additive errors. The additional
error model was constructed based on two computational forward models.
One model, which is the one to be employed in the inversion, exhibits reason-
able computational complexity. The other one is a significantly more accurate
model that is too complex to be used in real-time applications. However, the
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more accurate model had only to be computed once since it was used only in
the construction of the second-order model for the statistics of the approxi-
mation error.

In this section we address this issue in the more difficult context of electri-
cal impedance tomography. The added difficulty which arises from the nonlin-
earity of the problem is that the second-order statistics cannot be computed
without simulations.

7.6.1 Meshes and Projectors

We start by defining the meshes and related forward models. In this section,
let Ω ⊂ R2 denote a unit disc, a model for the conducting body. On the
boundary ∂Ω of the body, 16 equally spaced contact electrodes are attached.

We divide the body Ω into triangular elements in three different ways. Let
us denote by Mk, k = 1, 2, 3, the sets of elements. We refer to these sets as
meshes. The individual elements of the mesh Mk are denoted by Ωk

j ∈ Mk,
1 ≤ j ≤ nk. The mass center of the element Ωk

j is denoted by rk
j .

The meshes Mk are shown in Figure 7.27. They are intentionally not
nested. As far as the numerical solution of the EIT forward problem is con-
cerned, only the meshM1 exhibits the desirable feature of being denser in the
subregions near the electrodes where the electric potential experiences rapid
changes.

Consider a conductivity distribution σ : Ω → R+. We represent the con-
ductivity by its values at the mass centers of the elements ofMk,

σk = [σ(rk
1 ), σ(rk

2 ); . . . , σ(rnk
)]T ∈ Rnk .

We need mappings that permit moving between different reperesentations
of the conductivity. These mappings, which we refer to as projectors,

P jk : Rnk → Rnj , σk �→ σj ,

are defined here as matrices with entries

P jk
pq =

{
1, if |rj

p − rk
q | = minq′ |rj

p − rk
q′ |,

0 otherwise.

We remark that the minimum in the above definition is uniquely defined in
the meshes under consideration. Hence, the value is copied from the nearest
centerpoint of one mesh element to the other. Note that these mappings can be
defined in different ways, for example, when nested meshes are used, averaging
is often used in downsampling. We shall consider relatively smooth conductiv-
ity distributions, in which case the above choice seems to work consistently.

Given a conductivity σ by its representation σk, let the solutions of the
forward problems be denoted by Uk(σk). It is understood that in the forward
solver, the conductivity is approximated by a piecewise constant conductiv-
ity. Two different versions for the forward model are used, which use first-
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Figure 7.27. The three meshes. Top: M1 which is used to compute the accurate
noiseless measurements, Left: M2 which is used to represent the true conductivity
distributions. Right: M3 which corresponds to the model that is employed in the
inversion.

and second-order finite element basis functions for the representation of the
potential u in Ω. It will be indicated which version of the forward solver we
use.

The error is modelled throughout as additive Gaussian zero mean noise
with covariance Γn = λ2I, where λ varies in a range that corresponds to noise
levels 0.1% and 10% of the maximum errorless measurements over a large set
of simulations. While in the case of conventional EIT applications the additive
noise levels can seldom be pushed below 1%, there are applications in which
the measurement times are practically unlimited, yielding quite accurate data.
Such cases include, for example, geophysics and material testing. In these
cases the error level and structure comes almost exlusively from modelling
and approximation errors.
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7.6.2 The Prior Distribution and the Prior Model

In the numerical simulations, we use the meshM2 to represent the true con-
ductivity distributions. Since this mesh is independent of the measurement
setting, it serves therefore as an honest basis for representing the prior infor-
mation. We use a smoothness prior constructed along the lines of Section 3.4.1.
For notational convenience, we write momentarily σ = σ2, that is, it is un-
derstood that the conductivity in this section is represented in the meshM2.

Consider first a prototype Gaussian smoothness prior,

π̃(σ) ∝ exp
(
−1

2
α2‖Lσ‖2

)
. (7.34)

The matrix αL is a weighted difference matrix between adjacent elements.
The above density is improper, that is, the matrix LTL is not invertible. To
get a proper density, select randomly a small number of elements. If I =
{1, 2, . . . , n2}, we write a partitioning I = I1 ∪ I2, where the selected indices
belong to I2. Using the density (7.34), we compute the conditional density
π̃(σI1 | σI2 ), where σIj contains those components whose indices are in the
set Ij . This conditional density is a proper density with respect to σI1 . Define

πpr(σ) ∝ π+(σ − σ∗)π̃(σI1 | σI2)π0(σI2 ).

Here, π+ is the positivity density and σ∗ is a positive lower bound for admis-
sible conductivities. The density π0 is a white noise prior,

π0(σI2) ∝ exp
(
− 1

2γ2
‖σI2 − σ̃‖2

)
.

Finally, we need to adjust the parameters. Choose σ̃ = 1/400, σ∗ = σ̃/10, and
the variance γ2 so that the lower bound σ∗ is three standard deviations away
from the center σ̃. Furthermore, the weighting parameter α in the prototype
density (7.34) is selected so that

P
{
σI1 > σ∗ | σI1

} ≈ 0.99.

Having specified the prior πpr(σ) = πpr(σ2),

πpr(σ2) ∝ π+(σ2 − σ∗)exp
(
−1

2
(σ2 − σ)TΓ−1

pr (σ2 − σ)
)

= π+(σ2 − σ∗)N (σ, Γpr),

we may project it to other meshes, yielding

πpr(P j2 σ2) = π+(P j2 (σ2 − σ∗))N
(
P j2 σ, P j2 Γpr (P j2)T

)
.

The simulated observations are calculated using the meshM1. Evidently,
this mesh is designed to produce accurate results with the forward solver.
The inverse problem of estimating the conductivity distribution is based on
the mesh M3.
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7.6.3 The Enhanced Error Model

Let σ = σ2 denote a model for the true conductivity distribution. As noted
above, to calculate an accurate FEM approximation for the electrode voltages,
we use the meshM1. To this end, we need to project the conductivity to this
mesh. Thus, an accurate model for the voltage in the presence of additive
noise is

V = U1(P 12σ2) + E.

Suppose that we solve the inverse problem using the coarse mesh M3. The
coarse meshing produces an approximation error that is not negligible, as we
will demonstrate. A model using the mesh M3 that includes the modelling
error is thus

V = U3(P 32σ2) +
(
U1(P 12σ2)− U3(P 32σ2)

)
+ E

= U3(P 32σ2) + ε + E, (7.35)

where ε is the modelling error. We want to analyze the statistical properties
of this error. As in Chapter 5, we call the model (7.35) the enhanced error
model. However, we shall employ the approximate version only, in which we
neglect the cross-correlation between the unknown and the modelled additive
error.

Due to the nonlinearity of the mapping σ �→ U the enhanced error model
does not follow directly from the linear theory discussed in Chapter 5. Instead,
as noted above we have to estimate the second-order statistics by simulations
in the meshesMj .

We generate a set of N = 50 draws from the density πpr(σ2) introduced
in the previous section. Let us denote them by σ2

n, 1 ≤ n ≤ N . This is a
rather small ensemble size. The limitation in size is dictated by the relatively
demanding computation that ensue. Having drawn the ensemble, we compute
the corresponding voltages U j(P j2σ2

n), j = 1, 3, for each σ2
n.

We then compute estimates for the mean ηε and the covariance Γε of the
approximation error ε,

ηε =
1
N

N∑
n=1

(
U1(P 12σ2

n)− U3(P 32σ2
n)
)

Γε =
1
N

N∑
n=1

(
U1(P 12σ2

n)− U3(P 32σ2
n)
)(

U1(P 12σ2
n)− U3(P 32σ2

n)
)T − ηεη

T
ε .

The covariance of the total error is

Γe+ε = Γn + Γε = λ2I + Γε.

For later use, let us denote by Le+ε the Cholesky factor of the inverse of the
computed covariance,
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Le+ε)TLe+ε =

(
Γe+ε

)−1
.

The first thing to note is that the mean approximation error is not van-
ishing as in linear problems with vanishing means of the prior and noise. The
estimated average corresponding to a trigonometric current pattern is plotted
in Figure 7.28. It can be seen that the mean cannot be considered insignifi-
cant especially with the lower additive noise levels. Note also the significant
difference between using first- and second-order bases.

2 4 6 8 10 12 14 16
−50
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50
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U

Figure 7.28. The mean of the approximation error corresponding to the first
trigonometric current pattern. The bold and weak curves denote the errors when
using first- and second-order basis functions, respectively. The two dashed lines
denote the standard deviations of the additive noise at levels 0.1% and 2%.

The autocovariances of the approximation error, that is, the diagonal of
Γε, for the first trigonometric pattern are shown in Figure 7.29. Again, the
significance of the accuracy of the forward model for the approximation error
is obvious. The cross-covariances between neighboring electrodes for the first
trigonometric pattern are shown in Figure 7.30.

As opposed to the linear tomography example in Section 5.8.1 in which the
mean of the approximation error was small when compared to the covariance,
in this case the mean of the error is substantial. Additive noise error levels
around 2% are very typical. When using a first-order basis, the approxima-
tion error mean is about 4% at its maximum. Also, the standard deviations
of the modelling errors are of the order of the 2% level. As in the example
of the tomography problem, the errors are not homogeneous across the mea-
surements although in this case the differences are less pronounced, partly
due to the prior distribution which is smooth in this case. Again, it is clear
that the nondiagonal structure of the covariance is relevant at lower additive
noise levels.
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Figure 7.29. The square roots of the autocovariances (standard deviations) of the
approximation error corresponding to the first trigonometric current pattern. The
bold and weak curvess denote the errors when using first- and second-order basis
functions, respectively. The two dashed lines denote the standard deviations of the
additive noise at levels 0.1% and 2%.
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Figure 7.30. The (square roots of the absolute values of the) cross-covariances
between the neighboring electrodes of the approximation error corresponding to the
first trigonometric current pattern. The bold and weak curves denote the errors
when using first- and second-order basis functions, respectively. The two dashed
lines denote the standard deviations of the additive noise at levels 0.1% and 2%.

7.6.4 The MAP Estimates

In this section we compare the MAP estimates when the modelling error is
included and when it is not. An M3 based model that does not include the
modelling error is

V = U3(σ) + E, σ = σ3,

while the corresponding enhanced error model is

V = U3(σ) + ε + E, σ = σ3,
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The prior density for both models is

σ ∼ π+(σ − σ∗)N
(
σ3, Γ3),

where
σ3 = P 32σ, Γ3 = P 32 Γ

(
P 32

)T
.

We denote by Lσ the Cholesky factor of the inverse of the prior covariance,(
Lσ

)T
Lσ =

(
Γ3
)−1

.

The MAP estimates of the above conventional and enhanced error models,
respectively, are calculated as minimizers of the functionals

F1(σ) = ‖Le(V − U(σ))‖2 + ‖Lσ(σ − σ3)‖2

F2(σ) = ‖Le+ε(V − U(σ)− ηε)‖2 + ‖Lσ(σ − σ3)‖2

subject to the constraint σ ≥ σ∗.
The minimization is done using the Gauss–Newton iteration with line

search. In the case of conventional error model the search direction for updat-
ing σ(j) → σ(j+1) is

d(j+1) =
[

LeJ(σ(j))
Lσ

]† [
Le

(
V + J(σ(j))σ(j)

)
Lσσ3

]
− σ(j),

and the formula fo the enhanced error model is analogous. Convergence is
obtained typically in 4–8 and 6–10 iterations, respectively.

Let σn,MAP denote the computed MAP estimate of either one of the above
models corresponding to the true conductivity σ2

n, 1 ≤ n ≤ N . To estimate
the performance of the methods, we compute the expected mean square of
the differences between the true conductivities σ2 and the projections of the
computed MAP estimates σ3

n,MAP and average over the sample, that is,

D =
1
N

N∑
n=1

‖σ2
n − P 23σ3

3,MAP‖2.

We note that taking into account the dimensions of σ2 and the small number
of draws, reliable inference is not achieved, but we have a tentative order-of-
magnitude estimate.

The estimates for the mean square error as a function of the additive noise
level are shown in Figures 7.31 – 7.32. The contribution of both the modelled
approximation error mean and covariance are included in the lower graphs.
The ruggedness of the graphs is due to the small sample size.

The benefits of employing the enhanced error model need little convincing.
The estimation errors when using either the first- or second-order bases with
the enhanced error model are essentially the same. In fact, the MAP estimates
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Figure 7.31. The estimates for the mean square error when using conventional
(bold) and enhanced (thin) error models as a function of the additive noise level.
First-order basis functions are used in the computation of the potentials.
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Figure 7.32. The estimates for the mean square error when using conventional
(bold) and enhanced (thin) error models as a function of the additive noise level.
Second-order basis functions are used in the computation of the potentials.

with the inherently very poor first-order basis, but with enhanced error model,
are actually slightly better than the MAP estimates with second-order bases
and the conventional error model. This is exactly what is sought in model
reduction: A computationally simple model that performs as well as a more
accurate and expensive method.

It is interesting to know how the error is distributed and furthermore, to
divide the error into the systematic (or bias) and random parts. The means,
corresponding to the systematic part and the autocovariances of the estimate
errors for noise levels 0.1% and 2%, are shown in Figures 7.33 – 7.36.

With 0.1% noise level, the ringing effects of the error mean is clear when
using first-order basis or conventional error model: the conductivity estimates
are systematically underestimated on an annulus near the electrodes and over-



278 7 Case Studies

compensated on the following annulus and so on. The effects are also visible
in the autocovariance (see Figure 7.34) although these are less pronounced.
Note that the symmetry is due to the symmetry of the prior and the group
symmetry of the measurements.

With a 2% noise level the errors are larger and we would expect that
the advantages of using the enhanced error model would diminish since the
inverse problem becomes noise dominated. Indeed, this is the case. However,
the mean error when using the first-order basis or conventional error model is
still negative on the outer annulus, which is broader than in the 0.1% case, and
the undershoot is compensated for in an inner annulus. The autocovariance
is not any worse than with the enhanced error model and when using the
second-order basis.

2nd order, enhanced 2nd order, conventional

1st order, enhanced 1st order, conventional

Figure 7.33. The means of the estimation error for all four cases with noise level
0.1%. Dark regions denote negative error, light regions positive errors, pale grey
small errors.

7.7 Electrical Impedance Process Tomography

In this section we consider the following nonstationary electrical impedance
tomography application: A set of contact electrodes are attached on the sur-
face of a pipeline segment. Injecting currents through these electrodes and
mesuring the voltages, we want to estimate the concentration of a conducting
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2nd order, enhanced 2nd order, conventional

1st order, enhanced 1st order, conventional

Figure 7.34. The autocovariances of the estimation error for all four cases with
noise level 0.1%. Dark regions denote small error and light ones large errors.

2nd order, enhanced 2nd order, conventional

1st order, enhanced 1st order, conventional

Figure 7.35. The means of the estimation error for all four cases with noise level
2%. Dark regions denote negative error, light regions positive errors pale grey small
errors.
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2nd order, enhanced 2nd order, conventional

1st order, enhanced 1st order, conventional

Figure 7.36. The autocovariances of the estimation error for all four cases with
noise level 2%. Dark regions denote small error and light ones large errors.

substance in the pipeline. The substance flows in the pipeline, the flow veloc-
ity being so high that the target is not stationary from one current injection
to other. The evolution of the concentration in the pipeline is modelled by
stochastic convection–diffusion (CD) equation and the stationary incompress-
ible Navier–Stokes (NS) flow.

The discussion contains two important aspects. First, it is demonstrated
that the performance of the concentration distribution estimation depends
strongly on correct modelling of the dynamics. Yet, the method is relatively
robust, for example, with respect to the velocity field of the flow. This feature
is essential since the information about the velocity field is always incom-
plete. On the other hand, despite this robustness, the data are not completely
insensitive to the velocity field. We demonstrate that they contain enough
information for the estimation of the velocity, too.

7.7.1 The Evolution Model

We start by descrabing the dynamic model of the flow. We use stochastic dif-
ferential equations without going into technical details that are quite involved.

Let us denote by c = c(x, t) the concentration distribution of a conducting
substance, x ∈ Ω, t ∈ (0, T ) where Ω is a finite segment of a pipe and t ≥ 0.
Let the concentration satisfy the convection–diffusion equation

∂c

∂t
= ∇ · κ∇c− v · ∇c + µ, (7.36)
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where κ = κ(x) is the diffusion coefficient, v = v(x) is the velocity of the flow
and µ is a stochastic process representing the modelling uncertainties in the
CD flow model.

For the time being, we assume that the velocity field is approximately
known, and thus it is not treated as a variable. In this example, the velocity
field is the approximate stationary solution of the Navier–Stokes equation for
incompressible fluids. In a straight pipe, the velocity profile is a parabola with
vanishing velocity on the walls.

We denote the pipe walls by ∂Ωwall and the input and the output ends of
the pipe by ∂Ωin and ∂Ωout, respectively. The natural boundary condition at
the pipe walls says that there is no diffusion through the pipe walls,

∂c

∂n

∣∣∣∣
∂Ωwall

= 0. (7.37)

The boundary conditions at the ends of the pipe are clearly the primary
unknowns. If these together with µ were known, we could simply solve the CD
equation and would not need any measurements. Since they are not known,
according to the Bayesian paradigm, they are modelled with random variables.

Consider the temporal change of the total concentration in the pipe seg-
mant. Using the divergence theorem, the condition (7.37), the incompressibil-
ity property ∇ · v = 0 as well as the boundary condition ν · v = 0 at ∂Ωwall,
where ν is the exterior unit normal of ∂Ωwall, we find that

∂

∂t

∫
Ω

c dx =
∫

Ω

(∇ · κ∇c− v · ∇c + µ) dx

=
(∫

∂Ωin

+
∫

∂Ωout

)(
κ

∂c

∂u
− ν · vc

)
dS +

∫
Ω

µ dx

= Φin − Φout +
∫

Ω

µ dx,

where Φin and Φout are the fluxes at the input and output ends, respectively.
We assume that µ is zero mean and that

∫
Ω

µ dx is small when compared to
the fluxes. Also, if the fluxes were modelled exactly, a nonvanishing integral
would mean that substance would either be generated or would annihilate
itself inside the pipe segment Ω.

We assume that the output flux is dominated by the convection term.
Hence, it is reasonable to assume an approximate boundary condition(

κ
∂c

∂n
− ν · vc

) ∣∣∣∣
∂Ωout

= −ν · vc
∣∣
Ωout

or
∂c

∂n

∣∣∣∣
∂Ωend

= 0. (7.38)

For the input, we assume that the concenration on the input boundary is
an unknown Dirichlet boundary condition. Denoting by t the trace mapping
to the input end (see Appendix A), we set

tc = c
∣∣
∂Ωin

= cin, (7.39)
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where the input function cin(x, t) is a stochastic function. We assume for
simplicity that cin(x, 0) = 0. Let P denote a right inverse of the trace map
t, that is, tPcin = cin. We assume that Pcin = 0 in the neighborhood of
∂Ωwall ∪ ∂Ωout. We can now write

c = u + Pcin, tu = 0.

Finally, the initial value of the concentration density at t = 0 is denoted
as c(x, 0) = c0(x).

We derive the evolution model for u using analytic semigroups. Since the
model contains stochastic processes, the derivation here should be taken as a
formal exposition of the idea.

Denote by L the differential operator

L : D(L)→ L2(Ω), L = ∇ · κ∇− v · ∇,

where

D(L) =

{
u ∈ H2(Ω) so that

∂u

∂n

∣∣∣∣
∂Ωwall

=
∂u

∂n

∣∣∣∣
∂Ωout

= 0, u
∣∣
∂Ωin

= 0

}
.

We seek to find u ∈ D(L) satisfying

∂u

∂t
= Lu + q, q =

(
∇ · κ∇− v · ∇ − ∂

∂t

)
Pcin + µ.

We denote by U(t) the operator semigroup generated by the infinitesimal
generator L. Then the solution c = c(x, t) can be written as

c = u + Pcin = U(t)c0 +
∫ t

0

U(t− s)q(s)ds + Pcin.

Consider now the concentration distribution sampled at discrete times tk,
k = 0, 1, 2, . . .. By denoting ck(x) = c(x, tk) and using the group property
U(tk+1) = U(δtk)U(tk), where δtk = tk+1 − tk, we have

ck+1 = U(δtk)
(
U(tk)c0 +

∫ tk+1

0

U(tk − s)q(s)ds

)
+ Pcin(tk+1)

= Fkck + εk+1, (7.40)

where Fk = U(δtk) and

εk+1 =
∫ tk+1

tk

U(tk+1 − s)q(s)ds− U(δtk)Pcin(tk) + Pcin(tk+1)

which includes the contribution of the stochastic terms to the evolution of the
concentration. Furthermore, we shall assume that the input cin is given as a
sum of a deterministic part plus a random part with zero mean,
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cin = cin + η .

In other words, we have cin = E cin which is known. By collecting all stochastic
terms we obtain an evolution model

ck+1 = Fkck + sk+1 + wk+1, (7.41)

where sk+1 is the deterministic part corresponding to cin and wk+1 is the
resulting discrete-time state noise process.

7.7.2 The Observation Model and the Computational Scheme

The observation is based on the EIT experiment. Let σt denote the conduc-
tivity distribution in Ω at time t = tk. The dependency between the concen-
tration distribution ct and conductivity σt depend on the physical properties
of the solution. For example, strong and weak electrolytes behave very differ-
ently. Here we assume a simplified model σt = ct.

Let the measurement device contain L contact electrodes. Denote by
R(σt) ∈ RL×L the resistance matrix at time t = tk. If we inject the cur-
rent pattern It ∈ RL, the resulting voltage pattern is Ut = R(σt)It ∈ RL. We
linearize the mapping σt �→ Ut at the uniform long-time mean conductivity σ̄.
The aveage concentration is denoted by c̄. The noiseless linearized observation
model is now

Ut = Ut,0 + Jt(c̄)(ct − c̄),

or, defining Ũt = Ut − Ut,0 + Jt(c̄)c̄,

Ũt = Jt(c̄)ct.

Here, Jt is the Jacobian of the mapping σt �→ Ut.
We discretize the model using finite elements. Let Xt ∈ Rn denote the

discretized concentration density. We assume that the measurement noise is
Gaussian white noise. Then, the observation model is

Yt = GtXt + Et, Et ∼ N (0, diag (βe)),

where Gt is the matrix approximation of Jt(c̄) and where the entries of the
vector βe are between 2.5%–10% of the entries of the noiseless measurement
vector. This corresponds to a realistic measurement model.

We remark that the modelling errors are not taken into account in this
error model. Here the modelling error consists of both the approximation error
due to discretization and the linearization error.

To write a discrete evoultion model, the CD equation is solved with the
conventional semidiscrete Petrov–Galerkin scheme (see [16]). The boundary
conditions are modeled as Neumann boundaries except for the flow input
boundary, where the boundary is a Dirichlet boundary condition. This yields
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M
∂Xt

∂t
= F̃Xt + S̃t + W̃t,

where the terms correspond to those in the continuous evolution model (7.41).
This equation needs to be integrated from one observation instance to the
next one. It is a stiff system, and we use an implicit multistep integration.
The resulting system integrated over the measument interval yields a time
evolution model

Xt+1 = Ft+1Xt + St+1 + Wt+1. (7.42)

The time indices t, t + 1 refer to consecutive observation time instances. The
matrix Ft+1, St+1 and Wt+1 depend on the velocity field v that is treated
here as a known parameter. The state noise Wt+1 is a zero mean state noise
process, whose covariance is discussed later.

First-order finite element bases were used to solve the convection–diffusion
and second-order bases for the EIT model. This holds for the forward as well
as for the inverse problem. Furthermore, since the concentration is represented
in piecewise linear basis, we represent the conductivity also in this basis. Note
that conventionally in the EIT applications, the conductivity is expressed in
the piecewise constant basis. The mesh-related issues are considered later.

The state noise Wt+1 consists of contributions of the processes µ, η and
its time derivative η′. Due to the assumptions, the state noise has zero mean,
and the covariance matrix consists of three parts,

Γwt+1 = Y ΓµY T + DΓηDT + HΓη′HT

where Y , D and H are matrices that arise from the Petrov–Galerkin scheme.
The matrices Γµ, Γη and Γη′ are the covariance matrices of the correpsond-
ing discretized processes. We assume that these processes are stationary and
uncorrelated. Here, we use a model

Γµ = βµI , Γη = βηI , Γη′ = 0. (7.43)

This model is strongly simplified. In reality, βµ should be determined by
the approximation error due to the use of a discrete model as well as by an
estimate of the overall model error of the CD evolution model. It should ac-
count for errors in the actual velocity field and the use of a single phase model
in possibly multiphase situations. As for the two other covariances in (7.43),
in reality η and η′ are smooth functions, and therefore the discretized values
should be correlated. Furthermore, they are mutually correlated, and the cor-
relation over time is nonvanishing. These modelling flaws are not as drastic
as they may seem. The operator semigroup describing the flow is smoothing,
and therefore the matrices Y , D and H in (7.43) smooth out the modelling
errors. From the practical point of view, the important feature is the correct
structure of the evolution noise model. The parameters βµ and βη are tuned
with simulations. A perturbation analysis shows that the estimator perfor-
mance does not depend heavily on the choice of these parameters, which is a
prerequisite for the feasibility of the method.
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Figure 7.37. The simulated input. The abscissa is the time, and at each time
instance, the Dirichlet data at the input end of the pipe segment is plotted.

The simulated time-varying Dirichlet data on Ωin is shown in Figure 7.37.
The requirements for the finite-element meshes for different subproblems

are somewhat different. For the CD problem and the employed velocity fields,
an approximately uniform mesh is required, while for the EIT problem, the
mesh should be finer near the elecrodes and especially near their boundaries,
where the gradients of the potentials are large. On the other hand, far from
the electrodes the potential is slowly varying and a coarser mesh is adequate.
The use of different meshes requires interpolation between the meshes which
further increases the modelling errors.

7.7.3 The Fixed-lag State Estimate

When deriving the evolution–observation model, we used global linearization
of the voltage measurement to reduce the computational complexity, which
in real-world applications is most often the deciding factor. In applications
such as industrial process monitoring, the estimation is usually required on-
line. Therfore, fixed interval smoothers are not feasible and we need to use
either Kalman filter or fixed-lag smoothers. We consider here the fixed-lag
smoothers, in which a new estimate is computed each time we obtain a new
measurement, albeit for the state some time steps earlier.

Experiments show that using the lag parameter q = 8 yields estimates
that were essentially as good as fixed-interval estimates. Simulated data are
computed with a different mesh from the one used in inversion, and the meshes
for the CD and EIT solvers differ from each other.

The simulation is done with a two-dimensional model. There are 16 elec-
trodes divided into two sets and placed equidistantly along the pipeline so that
about 30% of the length of the pipeline is outside the lateral electrodes on
both sides. The current patterns are such that only two electrodes at the time
are injecting current. The active electrodes at each time are on the opposite
sides of the pipe. The current pattern order was randomized.

The whole simulation extended over 32 current pattern injections. By in-
specting the target in Figure 7.38 it is evident that a conventional stationary
EIT reconstruction based on the frame of 15 linearly independent current pat-
terns does not make sense: The time evolution of the target during one frame
corresponds to the first 8 rows.

In order to evaluate the sensitivity of the estimation scheme to misspeci-
fication of the mean velocity in the pipeline, we compute the estimates with
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the correct mean flow rate 450 cm s−1, and a severely underestimated one,
200 cm s−1. The fixed-lag estimates are shown in Figure 7.38. In rows 3–5 the
estimation error due to the initial transient is clearly visible. By this we mean
incorrect estimate of the initial state and large initial error covariance.

Also, due to the flow direction from left to right, the estimate at the left
end is more affected by the uncertainties of the input flow. This is intuitively
clear and can also be verified by examining the estimate error covariance.
As noted earlier, the availability of spread estimates in addition to the point
estimates such as the CM or MAP estimates is one of the most important
assets as in the statistical inversion approach in general. The time average of
the estimate error variances

γ̄ =
1
T

k+T∑
t=k+1

diag Γt|t+q,

is shown in Figure 7.39.
We recall that the estimate error variances based on any statistical inver-

sion scheme are themselves estimates that are correct only when all underlying
models are correct. However, these estimates are useful if the models are fea-
sible. Observe also that due to the linearization, the estimate error covariance
does not depend on data. Thus, it is possible to optimize measurements, in
this case the current patterns as in Section 7.5, with respect to the prior that
amounts here to the evolution model.

7.7.4 Estimation of the Flow Profile

The example of the previous section shows that the EIT data carry enough
information for estimating the concentration distribution, and the fixed lag
estimates are not excessively sensitive to the mismodelling of the velocity field.

A further question is whether the EIT measurements are informative
enough to enable the estimation of the velocity field together with the concen-
tration. The difficulty of this estimation problem depends on the assumptions
about the velocity field. In the simplest case, the velocity is stationary. This
leads to what is known as a state space identification problem. These problems
are usually solved by a maximum likelihood -type algorithm for the unknown
parameters given all measurements.

Here we assume that the velocity field is nonstationary, v = v(x, t), and it
is treated as another state vector. A discrete representation of the velocity in
two dimensions is given as

v(x, t) =
p∑

k=1

2∑
�=1

bt,k,�φk(x)e� , t ∈ (0, T ),

where the functions φk are finite-element basis functions and e� are orthogonal
basis vectors. Such representation requires a prior model of the velocity field.
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Figure 7.38. From left to right: The true conductivity distribution and the recon-
structed distributions with average velocities of 200 cm s−1 and 450 cm s−1 in the
evolution model. The conductivity distributions correspond to the times of the 2nd,
4th, . . ., 32th current injection.
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Figure 7.39. The time-averaged variances of the estimate error as given by the
Kalman filter (left) and the fixed-lag smoother (right).

In the following we restrict ourselves to a simpler case, assuming that
the time-varying velocity field has a vanishing component in the transversal
direction. Since the pipe is straight, for an incompressible flow this means that
the flow profile is the same everywhere along the pipeline, that is, v(x, t) =
vt = btφ(x2)e1. Here, x2 is the variable transversal to the pipe and the scalar
function φ(x2) is the flow profile.

The key idea in the simultaneous estimation of the concentration and the
velocity is that we can define any imaginable state as long as we can write
down the evolution and observation models. Here, the new state vector is a
discretized version of the pair zt = (ct, vt). Observe that the evolution equation
with respect to zt becomes nonlinear due to the term v · ∇c appearing in the
CD model.

To discretize the problem, we approximate the profile using properly cho-
sen functions,

v(x, t) ≈
q∑

j=1

bt,jϕj(x2)e2.

This expression is inserted into the variational formulation of the CD equation.
The coefficient vector is denoted by Bt = [bt,1; . . . ; bt,q].
Corresponding to (7.42) we have now

Xt+1 = F̄ (Bt, Xt) + St+1(Bt) + Wt+1(Bt) (7.44)

= F (Bt)Xt + St+1(Bt) + Wt+1(Bt),

where the covariance cov (Wt+1) depends on Bt When computing the for-
ward problem for the simulation of the measurements, the velocity field was
computed with a specified v rather than its projection onto sp{ϕj}.

For the time evolution of the coefficients Bt, we assume a random walk
model,

Bt+1 = Bt + W ′
t+1 , cov (W ′

t+1) = λI.

The evolution equation of Zt is

Zt+1 =
[

Xt+1

Bt+1

]
=
[

F̄ (Bt, Xt)
Bt

]
+
[

St+1(Bt)
0

]
+
[

Wt+1(Bt)
W ′

t+1

]
. (7.45)

Consider now the prediction step in Kalman filtering, assuming that the
filtered mean zt|t and the covariance Γt|t are known. To compute the mean of
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the predictor, zt+1|t, in Kalman filter and the smoothers, equation (7.45) can
be used and no linearization is needed. We have

zt+1|t =
[

xt+1|t
bt+1|t

]
=
[

F̄ (bt|t, xt|t) + St+1(bt|t)t+1

bt|t

]
.

The approximation of the associated covariance Γt+1|t requires linearization.
The first-order Taylor approximation of the function F̄ at a given point (x∗

t , b
∗
t )

gives

F̄ (Xt, Bt) ≈ F (b∗t )x
∗
t + F (b∗t )(Xt − x∗

t ) +
∂F̄

∂b

∣∣∣∣
(x∗

t ,b∗t )

(Bt − b∗t ). (7.46)

Due to the structure imposed by the multistep implicit Euler algorithm, the
computation of the derivative Fb = ∂F̄/∂b is a laborious task in matrix dif-
ferential calculus.

From (7.46), we only need the first-order terms for the approximation of
the predictor covariance, given by

Γt+1|t =
[

F (b∗t ) Fb(x∗
t , b

∗
t )

0 I

]
Γt|t

[
F (b∗t ) Fb(x∗

t , b
∗
t )

0 I

]T

+
[

Γwt+1 0
0 λI

]
.

As the linearization point (x∗
t , b

∗
t ) in the computation of the predictor covari-

ance, we use the best available estimates, that is,

x∗
t = xt|t and b∗t = bt|t .

In the computation of the mean zt+1|t+1 and covariance Γt+1|t+1 from the
predictors and the observation at time t + 1, we use the extended Kalman
filter with an inner Gauss–Newton iteration. Denoting by Ut(zt) = Ut(c − t)
the noiseless observation at time t and by yt the noisy observation, we write
the measurement update as a minimization problem,

zt+1|t+1 = argmin
z
‖Le

(
yt+1 − Ut(z

)‖2 + ‖Lt+1|t
(
z − zt+1|t

)‖2
where Lt+1|t and Le are the Cholesky factors of the matrices Γ−1

t+1|t and
chol Γ−1

e , respectively.
Once the inner iteration solving the above minimization problem is com-

plete, we compute the Jacobians and assemble the posterior covariance
Γt+1|t+1 as in extended Kalman filtering. We remark that the exposition above
is formal and the actual numerical scheme does not employ the inverses and
factorizations.

The computation of the fixed-lag estimates are based on the Kalman pre-
dictor and filter estimates and covariances and are computed with similar
modifications to the linear fixed-lag formulas.

The explained scheme is intended for an assessment of the method’s fea-
sibility. In real-time applications, it might be computationally too intensive.
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Figure 7.40. Tracking and convergence of the mean velocity. Left figure shows the
performance of the Kalman filter with large λ (bold line) and with small λ (thin
line). The corresponding results with the 8-lag smoother are shown in the right
figure.

A lighter version based on global linearizations can be realistic, for example,
when the concentration contrasts are low.

We are interested in both the tracking behavior and the stability of the
estimates in a steady-state flow, that is, how fast the estimates are able to
follow changes in the velocity profile and how stable the estimates are. In
order to assess the tracking of the scheme we do not actually have to consider a
time-varying flow. We just start from an incorrect initial guess and observe the
convergence. It is clear that the parameter λ is the key parameter controlling
the tracking and convergence properties.

As a numerical experiment, we consider a case in which the flow profile
is asymmetric and the correct mean velocity is 450 cm s−1. We start from a
drastically incorrect initial value 200 cm s−1 of the mean velocity and with a
symmetric profile. For the estimation we use three fourth-order polynomial
basis functions for v(x2).

We compute the Kalman filter and the 8-lag fixed-lag smoother estimates,
both with two different variances λ of the velocity profile evolution. The evo-
lutions of the mean velocity is shown in Figure 7.40. Here the effect of λ
is evident to the asymptotic variance of the estimate. What we do not yet
see here is that there is a trade-off between the asymptotic variance and the
convergence rate: if λ is made very small, the convergence will be slow but
the variance of the asymptotic estimate will be low. However, by assuming a
higher-order evolution model for v it is possible to come partially around this
problem: We can have smooth evolution and fast but not abrupt changes in
the estimates.

The basis functions as well as the true and estimated profiles are shown
in Figure 7.41. The profile has been recovered at least qualitatively. On the
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Figure 7.41. Left: The basis functions for the profile estimation. Right: The correct
profile (dashed line) and the estimate at the end of the observation time interval.

other hand, it is clear that increasing the number of basis functions decreases
the overall stability of the problem.

7.8 Optical Tomography in Anisotropic Media

In this section we discuss the time-harmonic optical tomography problem in
strongly scattering anisotropic media. The mathematical model was derived
in Section 6.4.

It is well known that material anisotropies in general are a severe obstruc-
tion for the uniqueness of inverse problems. In this sense, optical tomography
is no exception. The issue of nonuniqueness is not discussed in detail here.
For literature concerning these questions, see the “Notes and Comments” at
the end of this section. In numerous potentially useful applications of optical
tomography, the materials to be probed show significant anisotropic behavior.
Examples include the gray and white brain tissue, muscles and skin. There-
fore, it is vital to develop inversion methods for anisotropic media as well.

The optical anisotropy of a material is related to its scattering properties.
For instance, fibrous structures favor scattering in certain directions. Hence,
the parameters describing the anisotropy are related to structural information
of the object. In addition to scattering, absorption affects the transmitted light
distribution. The absorption is described by the scalar absorption coefficient
and therefore is not directly contributing to the anisotropy.

There are several applications in which the absorption coefficient alone
could give valuable information of the internal properties of the object. For
instance, a cerebral hemorraghia increases the absorption of near-infrared light
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in the area of the brain with increased blood content, while a drop in the blood
oxygenation reduces the absorption with certain wavelengths. The increased
vascularization in a tumor results in an increase of absoption in that tissue.
It is therefore reasonable to estimate the absorption coefficient alone from
optical boundary measurement data. As it will be seen, the anisotropy cannot
be ignored, but it is possible to treat it statistically as a modelling parameter
that is badly known.

In this section, we restrict ourselves to the two-dimensional model, and
we simplify the inverse problem by local linearization. The emphasis in this
section is on the recurrent theme, a statistical treatment of modelling errors
and uncertainties.

7.8.1 The Anisotropy Model

Let Ω ⊂ R2 denote a bounded domain with a connected, smooth boundary.
Assume that the body is illuminated through that boundary with a set of
harmonically modulated pointlike laser sources and that the scattered and
transmitted light is then measured at a fixed set of boundary points. The
body is assumed to be strongly scattering so that the light propagation can
be approximated by the diffusion model derived in Section 6.4. In this model,
the optical properties of the medium are described by the scalar absorption
coefficient µa and the diffusion tensor D given by (6.56). These unknowns are
treated here as independent variables, while the scattering coefficient µs and
the matrix B are the dependent variables.

To parametrize the anisotropy of the material, consider the anisotropy
matrix B = B(x) ∈ R2×2 at a fixed point x ∈ Ω. Introduce the eigenvalue
decomposition of B,

B = USUT,

where the matrices U = U(x) and S = S(x) are

U(x) =
[
v1(x), v2(x)], S(x) =

[
b1(x) 0

0 b2(x)

]
,

and vj(x) ∈ R2 is the normalized eigenvector associated with the eigenvalue
bj(x) > 0. We assume that b1(x) ≥ b2(x). The eigenvalue decomposition of
the diffusion tensor D = D(x) is then

D = UΛUT,

where the nonzero diagonal entries of the diagonal matrix Λ are

λj(x) =
1

2(ik + µa(x) + (1 − bj(x))µs)
.

The modulation frequencies used in the applications are typically low enough
to allow a real approximation
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λj(x) ≈ 1
2(µa(x) + (1− bj(x))µs)

> 0. (7.47)

This will be assumed to hold also here. By fixing a Euclidian coordinate frame,
we parametrize the eigenvectors vj(x) with a single direction angle θ = θ(x),

v1(x) =
[

cos θ(x)
sin θ(x)

]
, v1(x) =

[− sin θ(x)
cos θ(x)

]
.

The orientation of the eigenvectors is chosen so that 0 ≤ θ(x) < π. Observe
that when the material is isotropic, that is, λ1(x) = λ2(x), the definition of
the angular parameter becomes ambiguous.

With these definitions, we parametrize the optical properties of the mate-
rial by four scalar fields,

Ω→ R+ × R+ × R+ × [0, π[, x �→ (µa, λ1, λ2, θ).

The inverse problem is to estimate these parameters from the boundary mea-
surements. The boundary measurement consist of noisy observations of the
outcoming fluxes Φout at specified points pj ∈ ∂Ω corresponding to various
inputs. As usual, we stack all the observations in a long vector.

Due to the complex nature of the diffusion tensor and the scalar coeffi-
cient µ′

a = µa − ik, the observation is also a complex vector. In practice, this
means simply that one records the amplitude of the outgoing light and the
phase lag with respect to the input phase. Hence, the data consists of two
real observation vectors, the amplitude and the phase. Based on the diffusion
model of Section 6.4, it is a straightforward matter to write the observation
model for both the amplitude and the phase. Since in optical tomography the
dynamical range of the amplitude of the outcoming flux is several decades,
it is usually more convenient to consider the logarithm of the amplitude. We
adopt this convention also here.

Consider the observation model

y = G(µa, λ1, λ2, θ) + e,

where G(µa, λ1, λ2, θ) is either the logarithm of the amplitude or the phase
angle and y is its noisy observation. For simplicity, we assume here additive
Gaussian noise independent of the parameters to be estimated. A detailed
analysis of the true noise statistics in this application is a somewhat compli-
cated issue and is not discussed here.

For simplicity, let us consider here a purely Gaussian approximation.
Hence, we assume that the variables µa, λj and θ are independent and that
their prior probability densities can be approximated by a Gaussian density.
This approximation ignores the constraints of the variables.

With the above assumptions the Bayes’ formula gives the posterior density
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π(µa, λ1, λ2, θ | y)

∝ exp
{
− 1

2

((
y −G(µa, λ1, λ2, θ)

)TΓ−1
n

(
y −G(µa, λ1, λ2, θ)

)
+
(
µa − µ∗

a

)TΓ−1
µ

(
µa − µ∗

a

)
+
(
λ1 − λ∗

1

)TΓ−1
λ1

(
λ1 − λ∗

1

)
+
(
λ2 − λ∗

2

)TΓ−1
λ2

(
λ2 − λ∗

2

)
+
(
θ − θ∗

)TΓ−1
θ

(
θ − θ∗

))}
.

Before proceeding, let us consider the importance of the modelling of anisotropies.
More precisely, assume that the anisotropy matrix D is known, and the ab-
sorption coefficient µa is estimated from the data. Hence we assume that the
covariace matrices Γλj , Γθ → 0 in the sense of quadratic forms, that is, λj = λ∗

j

and θ = θ∗ with probability one. This is the prior information concerning the
anisotropy. Under this assumption, we calculate the maximum a posteriori
estimate of µa, which is the minimizer of the functional

V (µa) =
(
y −G(µa, λ

∗
1, λ

∗
2, θ

∗)
)TΓ−1

n

(
y −G(µa, λ

∗
1, λ

∗
2, θ

∗)
)

+
(
µa − µ∗

a

)TΓ−1
µ

(
µa − µ∗

a

)
.

The minimization of V can be done by using a Gauss–Newton minimization
scheme. More precisely, assume that µj

a, j = 0, 1, . . . is the current estimate of
the absorption coefficient. Let us denote by Gj = G(µj

a, λ
∗
1, λ

∗
2, θ

∗) the current
value of the mapping G, and let Jj denote the Jacobian of the mapping
µa �→ G(µa, λ

∗
1, λ

∗
2, θ

∗) evaluated at the point µj
a. We write the linearized

approximation of V . Using the notation δµa = µa − µj
a,

V (µa) ≈ Ṽ (µa) =
(
y −Gj − Jjδµa

)TΓ−1
n

(
y −Gj − Jjδµa

)
+
(
δµa − (µ∗

a − µj
a)
)TΓ−1

µ

(
δµa − (µ∗

a − µj
a)
)
.

The minimum of this quadratic form occurs when

δµa =
(
(Jj)TΓ−1

n Jj + Γ−1
µ

)−1(Γ−1
n (y −Gj) + Γ−1

µ (µ∗
a − µj

a)
)
.

We update the current value of the absorption coefficient by setting

µj+1
a = µj

a + tδµa,

where the value of the scalar t is the minimizer of the function

t �→ V (µj
a + tδµa), t > 0,

subject to the positivity constraint

µj
a + tδµa ≥ 0.
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In our numerical example, we calculate the MAP estimates correspond-
ing to the “correct and incorrect” prior information. To generate the data,
let us fix the geometry. Figure 7.42 shows the structure of the body used
in data generation. The lines indicate the direction of the anisotropy. The
larger eigenvalue λ1 correspond to an eigenvector tangential to the lines of
anisotropy. The shaded discs indicate regions with the absorption coefficient
different from the background.

Figure 7.42. The anisotropy model. The lines are along the direction of the eigen-
vector corresponding to the larger eigenvalue. The eigenvalues used in the model are
λ1,true = 0.025 cm−1, λ2,true = 0.0083 cm−1. The direction angle is θtrue = π/4. The
absorption coefficient in the background is µa,true = 0.25 cm−1, in the shaded area
µa = 1 cm−1.

Let us denote the true values used in data generation by λj,true and θtrue.
The true background value of the absorption coefficient is denoted similarly by
µa,true. The values used in our simulation are indicated in the figure caption
of Figure 7.42. We assume further that the noise is white, that is, Γn = σ2I.
Likewise, we choose the prior density to be a white noise prior density centered
at µ∗

a and covariance Γµ = γ2
µI.

We generate the data by using the full nonlinear model. Here we consider
only the data consisting of the logarithm of the amplitude. To avoid commit-
ting the most obvious inverse crime, we generate the data by using a FEM
mesh different from that used in solving the inverse problem. We add normally
distributed noise with standard deviation σ corresponding to 5% noise level
of the noiseless amplitude.

In Figure 7.43, we have plotted the MAP estimates of the absorption
coefficient in two cases. In the first case, we assume that the true values of
the parameters λj and θ and the background absoption coefficient are in fact
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known, that is, λ∗
j = λj,true, θ∗ = θtrue and µ∗

a = µa,true. In this case, the
estimate corresponds relatively well to the true absorption coefficient.

In the second experiment, we assume that our prior information of the
anisotropy structure is flawed. We assume that µ∗

a = µa,true but λ∗
j = λj,off �=

λj,true and θ∗ = θoff �= θtrue. The values of λj,off and θoff are indicated in
Figure 7.43. Using the same data as in the previous case, we repeat the MAP
estimation. These results are also shown in Figure 7.43. We observe that the in-
correct information of the anisotropy structure distorts the results. The MAP
estimate tries to compensate the incorrectly modelled diffusion by increasing
or decreasing the absoption coefficient correspondingly.

In conclusion, ignoring the possibility of anisotropic background leads to
strongly erroneous estimates of the absorption coefficient. Unfortunately, the
anisotropy is usually not well known a priori. In the following section we show
that reasonable results can be obtained also in this case by properly modelling
this lack of information.
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Figure 7.43. The Gauss–Newton based MAP estimate with correct (left) and
incorrect (right) prior information. In the incorrect case, we used the values µa =
µa,true, λ∗

1 = λ1,off = 0.0167, λ∗
2 = λ2,off = 0.0125 and θ∗ = θoff = π/2.

7.8.2 Linearized Model

To simplify the problem, we consider here a linearized model. The modelling
errors induced by the linearization will be discussed briefly later in this section.
Around some reference values

(µa, λ1, λ2, θ) = (µ∗
a, λ

∗
1, λ

∗
2, θ

∗),

we write the approximate model

y ≈ y∗ + Jµaδµa + Jλ1δλ1 + Jλ2δλ2 + Jθδθ + e,
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where y∗ = G(µ∗
a, λ

∗
1, λ

∗
2, θ

∗) and Jη, η ∈ S = {µa, λ1, λ2, θ} denotes the
Jacobian of the mapping G with respect to the variable η at the reference
point.

Assume that we have specified the prior information of the variables in S,
which are assumed to be mutually independent and Gaussian,

η ∼ N (η∗, Γx), η ∈ S.

We want to estimate only the parameter µa from the linearized model, while
the effects of the misspecified remaining parameters are treated as a modelling
error, that is, their values are not estimated. Let us introduce the linearized
model

y = y∗ + Jµaδµa + ε,

where the noise term ε is

ε = Jλ1δλ1 + Jλ2δλ2 + Jθδθ + e.

Clearly, under these approximations ε is Gaussian, zero mean and independent
of the variable µa, and its covariance is

Γε = E
{
εεT

}
= Jλ1Γλ1J

T
λ1

+ Jλ2Γλ2J
T
λ2

+ JθΓθJ
T
θ + Γn.

The CM estimate - which coincides with the MAP estimate in the linear
Gaussian case - of the variable δµa is, in this case,(

δµa

)
|y = ΓµaJµa

(
JT

µa
ΓµaJµa + Γε

)−1(
y − y∗).

Observe that an analogous equation could have been written for any one of
the variables of the set S. Also, one could estimate several or all of the vari-
ables simultaneously instead of just µa. This would increase the computational
work.

Let us demonstrate with a numerical example how the above estimation
works in practice. We use the same data corresponding to an anisotropic
object as in the examples of the previous section.

In the first test, we assume that the reference values, or center points
of the prior probability densities, correspond to the true values of the pa-
rameters, that is, (µ∗

a, λ
∗
1, λ

∗
2, θ

∗) = (µa,true, λ1true, λ2,true, θtrue). The standard
deviations for the variables are indicated in the caption of Figure 7.43. The
reconstruction obtained is even better than the MAP estimate with correct
information of the anisotropy. Next, we test what happens if the center point
of the prior differs from the true background value. Using the same variance
for the Gaussian priors as before, we move the prior center off from the true
value, to (µ∗

a, λ
∗
1, λ

∗
2, θ

∗) = (µa,true, λ1off , λ2,off , θoff). The prior distributions
are shown in Figure 7.44, in which the vertical lines show the true values of
the parameters used in the data generation. Figure 7.45 shows also the esti-
mated absorption coefficient. While the quality of the reconstruction is inferior
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Figure 7.44. The prior distributions of the anisotropy parameters λj and θ. The
vertical lines indicate the true coefficients.
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Figure 7.45. The estimates of µa when the unknown anisotropy is modelled as
noise. In the left-hand reconstruction, the centers of the priors agree with the true
parameter values. The standard deviations of λj is 0.0032 cm−1; that of θ is 0.735. In
the right-hand reconstruction, the prior centers are different from the correct values.

to that obtained with the correctly centered priors, the correct structure is
still clearly visible. Note, however, that especially λ1true has a very small prob-
ability with respect to the prior for λ1. Despite this fact the reconstruction in
Figure 7.45 is relatively accurate.

Finally, let us say a few words about the linearization errors. Numeri-
cal simulations indicate that the linearization introduces errors that are not
of negligible size. As demonstrated earlier, they can be taken into account
by using an enhanced error model. In the present calculations, the spurious
errors not properly modelled in the likelihood were compensated for by de-
creasing the prior variance of µa. The prior variance could be determined by
hierarchical methods, but then either one should use the nonlinear model or
an enhanced error linearized model.

7.9 Optical Tomography: Boundary Recovery

In imaging-type problems it can be argued that pixel-based priors are the most
versatile ones partly because they can be constructed by discretizing from
the most general representations of random fields. In many cases, however,
pixel-based priors may not be feasible because the description of the prior
is given as distribution of some parameters that do not fit well to pixelized
representations.

In order to illustrate this problem we consider the following simple ex-
ample. Let xk, k = 0, . . . , N denote values at tk = k/N of a piecewise con-
stant function on the interval [0, 1]. Define an integer-valued random variable
� ∈ [1, . . . , N − 1] so that P{� = k} = 1/(N − 1) for all k ∈ [1, . . . , N − 1].
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Let the marginal distributions of x1 and xN be mutually independent and
Gaussian, and let xj ∼ N (ηj , 1), j = 0, . . . , N be independent of �. Then set

P{x0 = · · · = x�−1 | �} = 1 and P{x� = · · · = xN | �} = 1,

that is, the variable is constant and Gaussian on both sides of the pixel bound-
ary (x�−1, x�), the boundary location being uniformly distributed. A descrip-
tion of the pixelwise density of x in this case is not straightforward, and in
fact the density is singular.

The implementation of an algorithm to determine the MAP estimate is
difficult due to the discontinuity of the prior and the posterior, assuming, for
example, a Gaussian linear observation model. On the other hand, sampling
would be extremely straightforward in this case just by using the prior dis-
tribution as the candidate distribution. Dividing the interval [0, 1] into two
subintervals [0, z] and [z, 1] where z ∼ U(0, 1) and assigning the above mutu-
ally independent Gaussian distributions for the constant parameters on both
subintervals, the number of unknowns is reduced to three instead of N + 1
and the associated posterior is easy to handle for both MAP and sampling.

There are various alternatives to pixel-based priors. Often, however, the
computation of the forward problem may be challenging. This is true in par-
ticular if the observation model is due to a partial differential equation in
higher dimensions.

In this section we consider the boundary recovery problem, that is, the
two-dimensional analogy to the problem discussed above. We discuss first
the general elliptic case in which the forward problem is to be solved with
the finite-element method. We then apply the approach to optical diffusion
tomography in the frequency domain.

7.9.1 The General Elliptic Case

Let Ω ⊂ R2 denote a bounded domain. We consider the elliptic boundary
value problem

−∇ · a∇Φ + bΦ = f in Ω , (7.48)

cΦ + d
∂Φ
∂n

= g, on ∂Ω ,

in the special case of piecewise constant coefficients a and b. Assume that Ω
is divided into L + 1 disjoint regions Ak

Ω =
L⋃

k=0

Ak,

which are bounded by smooth closed nonintersecting boundary curves. Fur-
ther, let the coefficient functions a and b be constants in the subdomains,
{a, b}∣∣

Ak
= {ak, bk}. Let χk be the characteristic function of Ak and let
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C� ⊂ Ω , � = 1, . . . , L denote the smooth outer boundary of A�. The outer
boundary of the background region A0 is assumed to be ∂Ω.

The outer boundary ∂Ω and the values {ak, bk} may be either known or
not known a priori, but in any case accurate geometrical information on the
regions {Ak} is missing. This missing information may be, for example, the
shapes, sizes, location or in some cases even the number of regions.

We consider a typical finite-element triangulation in which the domain
Ω is divided into M disjoint elements ∪M

p=1Ωp, joined at D vertex nodes Ni.
The variational formulation of (7.48)–(7.49) and subsequent application of the
standard Galerkin scheme leads to the system of equations

(K(a) + C(b) + R(a)) = G(a) + F , (7.49)

where the entries of the system matrices are given by

Kij =
∫

Ω

a∇ϕi · ∇ϕj dr , (7.50)

Cij =
∫

Ω

b ϕi ϕj dr ,

Rij =
∫

∂Ω

ac

d
ϕi ϕj dS .

The terms on the right-hand side of equation (7.49) are of the form

Fj =
∫

Ω

f ϕj dr, Gj =
∫

∂Ω

a

d
g ϕj dS . (7.51)

For details, see the references given in “Notes and Comments”.
According to the above definition, we can write

a(r) =
L∑

k=0

akχk(r) , b(r) =
L∑

k=0

bkχk(r). (7.52)

Hence we get

Kij =
L∑

k=0

∫
supp(ϕiϕj)∩Ak

ak∇ϕi · ∇ϕj dr , (7.53)

Cij =
L∑

k=0

∫
supp(ϕiϕj)∩Ak

bk ϕiϕj dr, (7.54)

where supp(ϕiϕj) denotes the intersection of the supports of the basis func-
tions ϕi and ϕj , that is, the union of the elements that contain both nodes
Ni and Nj :

supp(ϕiϕj) =
⋃

{Ni∈Ω̄�, Nj∈Ω̄�}
Ω�.
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We assume that the domains A� are simply connected and starlike, and
that the boundaries C� are sufficiently smooth so that they can be approxi-
mated by a parametrized model as

C� : r�(s) =
[

r1,�(s)
r2,�(s)

]
=

Nθ∑
n=1

[
γ1,�

n θ1
n(s)

γ2,�
n θ2

n(s)

]
, � = 1, . . . , L , (7.55)

where θj
n are periodic and differentiable basis functions with unit period.

Let γ denote the vector of all boundary shape coefficients. From now on,
let a = (a1, . . . , aL) and b = (b1, . . . , bL). The next goal is to set up the
computation of the system matrices, that is,

γ, a, b �→ K and C .

This is accomplished via the following steps. First, all nodes are classified
according to whether they are inside or outside of each boundary C�. Then
all elements are classified according to whether they are inside, outside or are
intersected by {C�}. For the elements that are completely inside or outside,
their contribution to the integrals of the system matrices is computed as usual.
For the intersected elements, the intersection boundary is approximated with
a line and the element is divided into three further subelements as shown in
Figure 7.46. Then the approximations of the integrals

∫
ϕi ϕj dr and

∫ ∇ϕi ·
∇ϕj dr are computed over these subelements with Gaussian quadrature and
assembled accordingly.
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Figure 7.46. Left: A schematic representation of one FEM element Ωm intercepted
by the region boundary C�(s). The pair (a�, b�) are the coefficients of the equation
(7.48) inside the region A� , and (ar, br) are the coefficients in the neighboring region
Ar, respectively. C�(s1) and C�(s2) are the intersection points of the boundary C�(s)
and the element edges. Right: The division of the Ωm into three subtriangles.
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Let F (γ, a, b) denote the sum

F (γ, a, b) = K(γ, a) + C(γ, b) . (7.56)

Now the FEM equation (7.49) can be written in the form

(F (γ, a, b) + R(a0))Φ = G(a0) + F. (7.57)

Note that we have assumed that C�, � > 0 do not intersect with C0 = ∂Ω and
thus R = R(a0) and G = G(a0) only. The associated Jacobians are trivial
since R(a0) = a0R̃ and G(a0) = a0G̃.

Let us denote by M the measurement operator so that we have, for the
errorless observations, y = (M ◦ Φ)(γ, a, b) = A(γ, a, b). For the computation
of the MAP estimates with the Gauss–Newton algorithm we need to compute
the Jacobian of y with respect to the parameters γ, a and b. Eventually this
requires the derivatives of F with respect to the individual parameters. These
are(

∂F

∂γ1,�
n

)
ij

=
∑{

[b]
∫ s2

s1

ϕi ϕj ṙ1,� θ1
n ds + [a]

∫ s2

s1

∇ϕi · ∇ϕj ṙ1,� θ1
n ds

}
,

(
∂F

∂γ2,�
n

)
ij

= −
∑{

[b]
∫ s2

s1

ϕi ϕj ṙ2,� θ2
n ds + [a]

∫ s2

s1

∇ϕi · ∇ϕj ṙ2,� θ2
n ds

}
.

Above, the sums are extended over elements Ωm that are divided by the
boundary curve C� and for which Ωm ∩ supp(ϕiϕj) �= ∅. The jumps of the
parameters a and b across the curve are denoted by

[a] = a� − ar, [b] = b� − br.

The limits of integration s1 and s2 above are the curve parameters in the
intersection points of the element edges and boundary curve C� in each element
Ωm. See Figure 7.46 for further clarification. Further, ṙ(s) denotes dr/ds.

Similarly, (
∂F

∂ak

)
ij

=
∫

supp(ϕiϕj)∩Ak

∇ϕi · ∇ϕj dr ,(
∂F

∂bk

)
ij

=
∫

supp(ϕiϕj)∩Ak

ϕi ϕj dr .

We now apply these results to a concrete example.

7.9.2 Application to Optical Diffusion Tomography

As discussed in Section 6.4, the diffusion approximation in the frequency
domain takes the form
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−∇ · a∇Φ +
(

b +
iω
c

)
Φ = q , in Ω , (7.58)

Φ + 2aϑ
∂Φ
∂n

= g , on ∂Ω . (7.59)

In this example we set ω = 300MHz. We employ the diffuse boundary source
model which is obtained by setting q = 0 and

gj(x) =
{−4g0 x ∈ rs,j

0 x ∈ ∂Ω \ rs,j

where rs,j denotes the boundary patch of source j. Let Φj be the photon
density when the source at patch j is active. The measurements are the fluxes
at the boundary locations zi /∈ rs,j ,

yi,j = −(aν · ∇Φj

)|x=zi.

Notice that due to the Robin boundary condition on the surface outside the
source, the output flux can be expressed in terms of the Neumann data.

Due to the reparametrization, the prior is now to be written in terms of the
employed parameters γ, a, b. First, it is reasonable to assume that γ and (a, b)
are mutually independent. In most biomedical and industrial applications,
reasonable prior models for (a, b) based, for example, on anatomical data
for tissues or material samples are available. Again, if anatomical atlases are
available, reasonable choices for θ and Nθ and further the prior distribution
for γ could be constructed.

A problem that makes the construction of the final prior model for γ a
nontrivial task is that not all γ ∈ RNθ correspond to a feasible set of domain
boundaries. To avoid the difficult determination of the prior of γ, we simplify
the problem by assuming that Nθ so small that we can take the prior of γ
to be completely uninformative. In other words, we reduce the dimensionality
of the problem and rely on the measurements to be informative enough to
render feasible curve parameters. Furthermore, we take (a, b) ∼ π+(a, b).

Thus the posterior is a truncated Gaussian,

πpost = π+(a, b)N (y −A(γ, a, b), Γe) ,

where we take Γe = 10−4diag (y2
i,j). In other words, we assume that the mea-

surement has been carried out so that the noise level of all measurements is
1%.

The test target includes two regions in addition to the background. We
have a circular outer boundary with equiangularly placed and interleaved
sources and detectors, 16 each. This results in M = 256 measurements.

For the computation of the MAP we employ Gauss–Newton iterations
with a line search. The data is again computed in another mesh from the
one used in the construction of the inverse problem. This applies also to the
number of the basis functions. The Jacobian J of the mappings γ, a, b �→ y
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are obtained row-wise as follows. Let fk be any of the unknown parameters.
By differentiating (7.57) we have for the jth source

F
∂Φj

∂fk
= − ∂F

∂fk
Φj

and further for the kth block of the jth column of J

Jk,j =
∂Φj

∂fk
= −F−1 ∂F

∂fk
Φj .

Finding reasonable initial values for the parameters for the Gauss–Newton
iterations can be difficult. Here, we first compute pixelwise reconstructions
using the standard Tikhonov scheme with a Gaussian smoothness prior. The
initial guess is then obtained by fitting boundary curves to the curves b ≈
(bmax + bmin)/2.

The target as well as the pixel-based reconstruction, the initial guess and
final estimates are all shown in Figure 7.47. The pixel-based scheme is able to
detect the two objects with the accuracy to be expected in the case of optical
tomography and the employed prior model and side constraint. In this case
the targets were located well enough for the boundary recovery to converge
rapidly. It is clear that the shape of targets which have only a small contrast
with the background cannot be recovered accurately. This is reflected in the
less accurate shape recovery of the southeast target when compared to the
northwest target.

7.10 Notes and Comments

Image deblurring and anomalies. The image deblurring with anomalous
prior was discussed in [65]. The material here goes beyond that article, where
the effect of modelling errors and different grids were not discussed.

Limited angle tomography. This section is based on the articles
[74, 116]. The discussion of exterior point optimization is based on [36]. In
[116], the noise model of X-ray imaging is also discussed in more detail. We
also refer to [103] concerning the sensitivity of the X-ray projection data to
discontinuities in the mass absorption coefficient. The Barzilai–Borwein opti-
mization algorithm is described in the article [11].

Note that usually an X-ray problem is considered as a limited angle prob-
lem when the available angles extend typically to 160 degrees which is only
slightly less than 180 degrees, making the problem only mildly ill-posed.

Source localization in the stationary case. The idea of using �1 reg-
ularization functionals or minimum current reconstructions in MEG problem
are discussed in [87] and [131]. The version in this book is based on the
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0.025 0.05 0.08 0.18

Figure 7.47. A test case with two subdomains. The left column shows images of a
and the right column shows images of b. The rows from top to bottom: The actual
coefficient distributions, the pixelwise reconstructions, the initial estimates and the
final estimates. The number of unknowns is 40.

work behind the article [131]. In that article, the �1-criterion was taken as a
Tikhonov-type penalty, and estimates were calculated by constrained linear
optimization. The cited article contains also comparisons with dipole fitting
algorithms from real data. The novelty of the discussion in this book is the



7.10 Notes and Comments 307

use of the Bayesian framework with sampling and hyperprior model for the
prior parameter.

Let us mention that there are full Bayesian approaches to the dipole fitting
and model selection problems, too; see [51] and [111].

Source localization in the nonstationary case. The multiple-dipole
dynamic problem discussed here is closely related to model determination
problems that have been studied from the Bayesian point of view. The re-
versible jump MCMC methods are developed to treat moves between model
spaces of different dimensions; see [48].

Optimization of current patterns. The current pattern optimization
of Section 7.5 is based on [67]. The method is similar to Bayesian experiment
design, for example, the D-optimality criterion [8]. Strictly speaking, to fulfill
the covariance trace criterion, we should not linearize the problem at the
prior mean but rather investigate the ensemble behavior with an MCMC-
type approach. However, this is computationally feasible only with very small
dimensional problems.

The optimal current pattern problem of Section 7.5 have been discussed
in the literature from a nonstatistical point of view; see references [22, 63].
These articles are based on the concept of distinguishability: Assume that σ
is the true conductivity of the body and σ̃ is an a priori estimate of it. The
distinguishability of a current pattern I is defined as

d(I) = d(I; σ, σ̃) =
‖R(σ)I − R(σ̃)I‖

‖I‖ ,

where the norm is the usual L2-norm. The optimal current pattern is defined
in [22] as

Iopt = arg max
I

(
d(I; σ, σ̃)

)
subject to

∑L
�=1 I� = 0.

The idea is to use the current pattern that is most sensitive to the differences
between the actual and the estimated conductivities. In the cited article, an
adaptive algorithm for finding such a current pattern is presented. The al-
gorithm is based on the observation that the optimal current pattern, by
definition, is the eigenvector corresponding to the maximal eigenvalue of the
operator |R(σ) − R(σ̃)|. The search of the eigenvalue can be done by power
iteration [47]. Replacing R(σ)I by the measured voltage pattern, the power
iteration can be effectuated adaptively, yielding to a procedure similar to the
time reversal mirror method ([37]).

The results of the Bayesian current pattern optimization presented here
and the distinguishability criterion are not directly comparable since they are
based on different definitions of optimality. Some comparisons can be found
in [67].

The situation in nonstationary EIT is somewhat more complex than the
stationary case. However, if the evolution model is linear and the observation
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model is linearized, the estimate covariance does not depend on the measure-
ments. Thus, for the optimization, the Kalman recursions can be reduced to
include the evolution model only for the state covariance, which fulfills a so-
called Riccati equation, which is a second-order matrix difference equation.
There is some evidence that there are only a few linearly independent current
patterns that should be used in certain nonstationary EIT cases [76].

EIT approximation errors. The material in this section has not been
previously published. The main message here is that with conventionally em-
ployed meshes, the approximation error can be even appreciably larger than
with the usually assumed 1–2% level additive noise. Of course, the estimation
errors have been seemingly avoided by over-regularizing the problem.

When the measurement times are not restricted, the noise level can be
suppressed and the errors are almost completely due to modelling and ap-
proximation error. Examples of such experiments arise in geophysics [99] and
material testing [137].

The statistical approach can also be used with error modelling when lin-
earization or a one-step method is to be employed. For the global linearization
method the implementation would simply consist of the the computation of
the accurate forward problems and the linearized approximations

V (�) = U(σ̄) + J(σ̄)(σ(�) − σ̄)

and then using these to estimate the associated mean and covariance.
Model errors in the same fashion as in the classical analysis for measure-

ment error norm, that is, ‖Ā − A‖ = δA, have been considered, for exam-
ple, in [141]. This analysis has the same problems as the measurement error
norm consideration: it lacks the structure and variability associated with the
approximation error.

Process imaging and nonstationary models with EIT The treat-
ment of Section 7.7.1 is based on [113, 114, 115]. Apart from the relatively
tedious but information-rich convection–diffusion models coupled with com-
putational fluid models, there are situations in which much simpler evolu-
tion models may turn out to be feasible. For example, the state estima-
tion approach has previously been studied in connection with EIT in [134]
in which a low-dimensional parametrization for the conductivity was used,
thus making the standard random walk feasible. The key here is the low di-
mensionality of the parametrization for the unknown. Similarly, the boundary
reparametrization leads to much lower dimensional problems than with pix-
elwise parametrizations and can render the random walk model feasible; see
[76] for the extension of the approach discussed in Section 7.9 and [133] for
an alternative mesh perturbation approach.

The state estimation approach has also been applied to optical diffusion
tomography [73] which includes a high-dimensional pixel-based parametriza-
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tion and [101] that considers a more complex time series model for the un-
known involving random walk and pseudoperiodic components.

Experimental evaluation of the approach in practice has been done in
[112, 136] with EIT measurements.

Anisotropic optical tomography. The discussion in this section is
based on the articles [58] and [59]. These articles do not discuss the mod-
elling errors due to linearization. Numerical evidence shows that, as in EIT,
the linearization generates remarkable errors that cannot be modelled with the
white noise model. The discussion here should therefore be seen as a “proof
of concept” of the importance of Bayesian modelling of anisotropies.

Boundary recovery in optical tomography. This section is based on
the articles [71, 72, 75]. We considered only the computation of the MAP esti-
mates. If sampling and computation of the CM estimate and spread estimates
are considered, the following is to be noted. The MAP estimate of (γ, a, b)
corresponds to a discontinuous estimate for the spatial coefficient distribu-
tions. When we carry out sampling to investigate the posterior distributions
of a and b as function on Ω, it is clear that the parameters γ as such are
not interesting. However, the parameters γ determine the subdomains Ak but
the assessment of the variability of a subdomain boundary C�(s) at point s
is not straightforward. On the other hand, computing means for the samples
(γ, a, b)j is not meaningful. Instead, the exploration of the posterior can be
done as follows. Form a dense, usually rectangular, mesh to which the samples
are projected so that we have the samples in the coefficient distribution form
(a(rk), b(rk)), where rk are, for example, the centers of the mesh elements.
Investigating the mean and other statistics of the samples in this form makes
sense. In contrast with the MAP estimate, the spatial distribution of (a, b) is
not piecewise constant but exhibits transition regions across the boundaries
of the subdomains which are not any more necessarily clearly defined. This
could be due to the inherent uncertainty in a case where the contrast of the
coefficients is small across the subdomain boundary. A similar procedure was
used in Section 7.4 in which we had varying number of dipoles. In connection
with EIT, a parametrization called the “colored polygon model” and the as-
sociated sampling and estimation of the posterior was carried out in [3] and
[38].

As mentioned above, the MAP estimation based on extended Kalman filter
in the nonstationary case is also feasible although computationally rather
tedious [76]. The use of particle filters would in practice be constrained to the
tracking of a single inclusion only.
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Appendix: Linear Algebra and
Functional Analysis

In this appendix, we have collected some results of functional analysis and
matrix algebra. Since the computational aspects are in the foreground in this
book, we give separate proofs for the linear algebraic and functional analyses,
although finite-dimensional spaces are special cases of Hilbert spaces.

A.1 Linear Algebra

A general reference concerning the results in this section is [47]. The following
theorem gives the singular value decomposition of an arbitrary real matrix.

Theorem A.1. Every matrix A ∈ Rm×n allows a decomposition

A = UΛV T,

where U ∈ Rm×m and V ∈ Rn×n are orthogonal matrices and Λ ∈ Rm×n is
diagonal with nonnegative diagonal elements λj such that λ1 ≥ λ2 ≥ · · · ≥
λmin(m,n) ≥ 0.

Proof: Before going to the proof, we recall that a diagonal matrix is of the
form

Λ =

⎡⎢⎢⎢⎢⎣
λ1 0 . . . 0 0 . . . 0

0 λ2

...
...

...
...

. . .
0 . . . λm 0 . . . 0

⎤⎥⎥⎥⎥⎦ = [diag(λ1, . . . , λm), 0] ,

if m ≤ n, and 0 denotes a zero matrix of size m× (n−m). Similarly, if m > n,
Λ is of the form
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Λ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

λ1 0 . . . 0

0 λ2

...
...

. . .
λn

0 . . . 0
...

...
0 . . . 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
[

diag(λ1, . . . , λn)
0

]
,

where 0 is a zero matrix of the size (m − n) × n. Briefly, we write Λ =
diag(λ1, . . . , λmin(m,n)).

Let ‖A‖ = λ1, and we assume that λ1 �= 0. Let x ∈ Rn be a unit vector
with ‖Ax‖ = ‖A‖, and y = (1/λ1)Ax ∈ Rm, i.e., y is also a unit vector. We
pick vectors v2, . . . , vn ∈ Rn and u2, . . . , um ∈ Rm such that {x, v2, . . . , vn}
is an orthonormal basis in Rn and {y, u2, . . . , um} is an orthonormal basis in
Rm, respectively. Writing

V1 = [x, v2, . . . , vn] ∈ Rn×n, U2 = [y, u2, . . . , um] ∈ Rm×m,

we see that these matrices are orthogonal and it holds that

A1 = UT
1 AV1 =

⎡⎢⎢⎢⎣
yT

uT
2
...

uT
m

⎤⎥⎥⎥⎦ [λ1y, Av2, . . . , Avn] =
[

λ1 wT

0 B

]
,

where w ∈ R(n−1), B ∈ R(m−1)×(n−1). Since

A1

[
λ1

w

]
=
[

λ2
1 + ‖w‖2

Bw

]
,

it follows that ∥∥∥∥A1

[
λ1

w

]∥∥∥∥ ≥ λ2
1 + ‖w‖2,

or
‖A1‖ ≥

√
λ2

1 + ‖w‖2.
On the other hand, an orthogonal transformation preserves the matrix norm,
so

‖A‖ = ‖A1‖ ≥
√

λ2
1 + ‖w‖2.

Therefore w = 0.
Now we continue inductively. Let λ2 = ‖B‖. We have

λ2 ≤ ‖A1‖ = ‖A‖ = λ1.



A.1 Linear Algebra 313

If λ2 = 0, i.e., B = 0, we are finished. Assume that λ2 > 0. Proceeding as
above, we find orthogonal matrices Ũ2 ∈ R(m−1)×(m−1) and Ṽ2 ∈ R(n−1)×(n−1)

such that

ŨT
2 BṼ2 =

[
λ2 0
0 C

]
for some C ∈ R(m−2)×(n−2). By defining

U2 =
[

1 0
0 Ũ2

]
, V2 =

[
1 0
0 Ṽ2

]
,

we get orthogonal matrices that have the property

UT
2 UT

1 AV1V2 =

⎡⎣λ1 0 0
0 λ2 0
0 0 C

⎤⎦ .

Inductively, performing the same partial diagonalization by orthogonal trans-
formations, we finally get the claim. �

Theorem A.2. Let A = UΛV T ∈ Rm×n be the singular value decomposition
as above, and assume that λ1 ≥ λ2 ≥ · · ·λp > λp+1 = · · · = λmin(m,n) = 0.
By denoting

U = [u1, . . . , um], V = [v1, . . . , vn],

we have

Ker(A) = sp{vp+1, . . . , vn} = Ran(AT)⊥ ,

Ker(AT) = sp{up+1, . . . , um} = Ran(A)⊥ .

Proof: By the orthogonality of U , we have Ax = 0 if and only if

ΛV Tx =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

λ1v
T
1 x
...

λpv
T
p x

0
...
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
= 0,

from where the claim can be seen immediately. Furthermore, we have AT =
V DTUT, so a similar result by interchanging U and V holds for the transpose.

On the other hand, we see that x ∈ Ker(A) is equivalent to

(Ax)Ty = xTATy = 0

for all y ∈ Rm, i.e., x is perpendicular to the range of AT. �

In particular, if we divide U and V as
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U = [[u1, . . . , up], [up+1, . . . , um]] = [U1, U2],

V = [[v1, . . . , vp], [vp+1, . . . , vn]] = [V1, V2],

the orthogonal projectors P : Rn → Ker(A) and P̃ : Rn → Ker(AT) assume
the simple forms

P = V2V2, P̃ = U2U
T
2 .

A.2 Functional Analysis

We confine the discussion to the Hilbert spaces.

Definition A.3. Let A : H1 → H2 be a continuous linear operator between
Hilbert spaces H1 and H2. The operator is said to be compact if the sets
A(U) ⊂ H2 are compact for every bounded set U ⊂ H1.

In the following simple lemmas, we denote by X⊥ the orthocomplement
of the subspace X ⊂ H .

Lemma A.4. Let X ⊂ H be a closed subspace of the Hilbert space H. Then
(X⊥)⊥ = X.

Proof: Let x ∈ X . Then for every y ∈ X⊥, 〈x, y〉 = 0, i.e., x ∈ (X⊥)⊥.
To prove the converse inclusion, letx ∈ (X⊥)⊥. Denote by P : H → X the

orthogonal projection. We have x−Px ∈ X⊥. On the other hand, Px ∈ X ⊂
(X⊥)⊥, so x− Px ∈ (X⊥)⊥. Therefore, x − Px is orthogonal with itself and
thus x = Px ∈ X . The proof is complete. �

Lemma A.5. Let X ⊂ H be a subspace. Then X
⊥

= X⊥.

The proof is rather obvious and therefore omitted.

Lemma A.6. Let A : H1 → H2 be a bounded linear operator. Then

Ker(A∗) = Ran(A)⊥, Ker(A) = Ran(A∗)⊥.

Proof: We have x ∈ Ker(A∗) if and only if

0 = 〈A∗x, y〉 = 〈x, Ay〉

for all y ∈ H1, proving the claim. �

Based on these three lemmas, the proof of part (i) of Proposition 2.1
follows. Indeed, Ker(A) ⊂ H1 is closed and we have

H1 = Ker(A)⊕Ker(A)⊥ = Ker(A)⊕ (Ran(A∗)⊥)⊥

by Lemma A.6, and by Lemmas A.4 and A.5,
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(Ran(A∗)⊥)⊥ = (Ran(A∗)
⊥

)⊥ = Ran(A∗).

Part (ii) of Proposition 2.1 is based on the fact that the spectrum of a
compact operator is discrete and accumulates possibly only at the origin. If
A : H1 → H2 is compact, then A∗A : H1 → H1 is a compact and positive
operator. Denote the positive eigenvalues by λ2

n, and let the corresponding
normalized eigenvectors be vn ∈ H1. Since A∗A is self-adjoint, the eigenvectors
can be chosen mutually orthogonal. Defining

un =
1
λn

Avn,

we observe that
〈un, uk〉 =

1
λnλk

〈vn, A∗Avk〉 = δnk,

hence the vectors un are also orthonormal. The triplet (vn, un, λn) is the
singular system of the operator A.

Next, we prove the fixed point theorem 2.8 used in Section 2.4.1.
Proof of Proposition 2.8: Let T : H → H be a mapping, S ⊂ H an

invariant closed set such that T (S) ⊂ S and let T be a contraction in S,

‖T (x)− T (y)‖ < κ‖x− y‖ for all x, y ∈ S,

where κ < 1. For any j > 1, we have the estimate

‖xj+1 − xj‖ = ‖T (xj)− T (xj−1)‖ < κ‖xj − xj−1‖,
and inductively

‖xj+1 − xj‖ < κj−1‖x2 − x1‖.
It follows that for any n, k ∈ N, we have

‖xn+k − xn‖ ≤
k∑

j=1

‖xn+j − xn+j−1‖ <

k∑
j=1

κn+j−2‖x2 − x1‖

≤ κn−1

1− κ
‖x2 − x1‖

by the geometric series sum formula. Therefore, (xj) is a Cauchy sequence,
and thus is convergent and the limit is in S since S is closed. �.

We finish this section by giving without proof a version of the Riesz rep-
resentation theorem.

Theorem A.7. Let B : H ×H → R be a bilinear quadratic form satisfying

|B(x, y)| ≤ C‖x‖ ‖y‖ for all x, y ∈ H,

B(x, x) ≥ c‖x‖2 for all x ∈ H

for some constants 0 < c ≤ C < ∞. Then there is a unique linear bounded
operator T : H → H such that

B(x, y) = 〈Tx, y〉 for all y ∈ H.
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The variant of this for Hilbert spaces with complex coefficients is known
as the Lax–Milgram lemma. See [142] for a proof.

A.3 Sobolev Spaces

In this section, we review the central definitions and results concerning Sobolev
spaces.

For square integrable functions f : Rn → R, define the L2-norm over Rn

as

‖f‖ =
(∫

Rn

|f(x)|2dx

)1/2

<∞. (A.1)

The linear space of square integrable functions is denoted by L2 = L2(Rn).
The norm (A.1) defines an inner product,

〈f, q〉 =
∫

Rn

f(x)g(x)dx,

that defines a Hilbert space structure in L2.
The Fourier transform for integrable functions of Rn is defined as(Ff

)
(ξ) = f̂(ξ) =

∫
Rn

e−i〈ξ,x〉f(x)dx.

The Fourier transform can be extended to L2, and it defines a bijective map-
ping F : L2 → L2, see, e.g., [108]. Its inverse transformation is then

(F−1f̂
)
(x) = f(x) =

(
1
2π

)n ∫
Rn

ei〈ξ,x〉f̂(ξ)dξ.

In L2, Fourier transform is an isometry up to a constant, and it satisfies the
identities

‖f̂‖ = (2π)n/2‖f‖ (Parseval) ,

〈f̂ , ĝ〉 = (2π)n〈f, g〉 (Plancherel) .

Defining the convolution of functions as

f ∗ g(x) =
∫

f(x− y)g(y)dy,

provided that the integral converges, we have

F(f ∗ g)(ξ) = f̂(ξ)ĝ(ξ).

Let α be a multiindex, α = (α1, α2, . . . , αn) ∈ Nn. Define the length of the
multiindex, |α|, as |α| = α1 + · · ·+ αn. We define
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Dαf(x) = (−i)|α| ∂α1

∂xα1
1

∂α2

∂xα2
2

. . .
∂αn

∂xαn
n

f(x) = (−i)|α| ∂|α|

∂xα1
1 · · · ∂xαn

n
f(x).

Similarly, for x ∈ Rn, we define

xα = xα1
1 xα2

2 · · ·xαn
n .

The Fourier transform has the property

F(Dαf
)
(ξ) = ξαf̂(ξ). (A.2)

The classical Sobolev spaces W k over Rn, k ≥ 0, are defined as linear
spaces of such functions f ∈ L2 that

Dαf ∈ L2 for all multiindices α, |α| ≤ k.

This space is equipped with the norm

‖f‖W k =

⎛⎝ ∑
|α|≤k

∫
Rn

|Dαf(x)|2dx

⎞⎠1/2

. (A.3)

By using identity (A.2), the definition of Sobolev spaces can be extended
to noninteger smoothness indices. For arbitrary s ∈ R, we define the space
Hs = Hs(Rn) as a linear space of those functions1 that satisfy

‖f‖Hs =
(∫

Rn

|f̂(ξ)|2(1 + |ξ|2)sdξ

)1/2

<∞. (A.4)

It turns out that Hk = W k for k ∈ N, and the norms (A.3) and (A.4) are
equivalent. Also, from Parseval’s identity we see that H0 = L2.

Let Ω ⊂ Rn be an open domain and assume, for simplicity, that the bound-
ary of Ω is smooth. The Sobolev space Hs(Ω) of functions defined in Ω is

Hs(Ω)
{
f | f = g

∣∣
Ω
, g ∈ Hs(Rn)

}
.

The norm in Hs(Ω) is the infimum of the norms of all the functions g in
Hs(Rn) whose restriction to Ω is f .

Evidently, Hs1(Ω) ⊂ Hs2 for s1 > s2. The Sobolev spaces over bounded
domains have the following important compact embedding property.

Theorem A.8. Let Ω ⊂ Rn be a smooth, bounded open set and let s1 > s2.
Then the embedding

I : Hs1(Ω)→ Hs2 , f �→ f ,

is compact, i.e., every bounded set in Hs1(Ω) is relatively compact in Hs2(Ω).
1The term “function” refers here to tempered distributions. Also, the derivatives

should be interpreted in the distributional sense. See [108] for exact formulation.



318 A Appendix: Linear Algebra and Functional Analysis

In particular, every bounded sequence of Hs1-functions contains a sub-
sequence that converges in Hs2 . For a proof of this result, see, e.g., [2].

If Ω ⊂ Rn has a smooth boundary, we may define Sobolev spaces of func-
tions defined on the boundary ∂Ω. If U ⊂ ∂Ω is an open set and ψ : U → Rn−1

is a smooth diffeomorphism, a compactly supported function f : U → C is in
the Sobolev space Hs(∂Ω) if

f ◦ ψ−1 ∈ Hs(Rn−1).

More generally, by using partitions of unity on ∂Ω, we may define the condition
f ∈ Hs(∂Ω) for functions whose supports are not restricted to sets that are
diffeomorphic with Rn−1. The details are omitted here.

We give without proof the following trace theorem of Sobolev spaces. The
proof can be found, e.g., in [49].

Theorem A.9. The trace mapping f �→ f
∣∣
∂Ω

, defined for continuous func-
tions in Rn, extends to a continuous mapping Hs(Ω)→ Hs−1/2(∂Ω), s > 1/2.
Moreover, the mapping has a continuous right inverse.
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Appendix 2: Basics on Probability

In the statistical inversion theory, the fundamental notions are random vari-
ables and probability distributions. To fix the notations, a brief summary of
the basic concepts is given in this appendix. In this summary, we avoid get-
ting deep into the axiomatic probability theory. The reader is recommended
to consult standard textbooks of probability theory for proofs, e.g., [24], [32],
[43].

B.1 Basic Concepts

Let Ω be an abstract space and S a collection of its subsets. We say that S
is a σ-algebra of subsets of Ω if the following conditions are satisfied:

1. Ω ∈ S .
2. If A ∈ S, then Ac = Ω \A ∈ S .

3. If Ai ∈ S, i ∈ N, then
∞⋃

i=1

Ai ∈ S .

Let S be a σ-algebra over a space Ω. A mapping µ : S → R is called a
measure if the following conditions are met:

1. µ(A) ≥ 0 for all A ∈ S .
2. µ(∅) = 0 .
3. If the sets Ai ∈ S are disjoint, i ∈ N, (i.e., Ai ∩Aj = ∅, whenever i �= j),

then

µ

( ∞⋃
i=1

Ai

)
=

∞∑
i=1

µ(Ai).

The last condition is often expressed by saying that µ is σ-additive.
A σ-algebra is called complete if it contains all sets of measure zero, i.e.,

if A ⊂ B, and B ∈ S with µ(B) = 0, then A ∈ S. It is always possible to
complete a σ-algebra by adding sets of measure zero to it.
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A measure µ is called finite if µ(Ω) <∞. The measure is called σ-finite, if
there is a sequence of subsets An ∈ S, n ∈ N, with the properties

Ω =
∞⋃

n=1

An, µ(An) <∞ for all n.

Of particular importance are the measures that satisfy

µ(Ω) = 1.

Such a measure is called a probability measure.
Let S be a σ-algebra over Ω and P a probability measure. The triple

(Ω, S, P) is called the probability space. The abstract space Ω is called the
sample space, while S is the set of events, and P(A) is the probability of the
event A ∈ S.

A particular example of a σ-algebra is the Borel σ-algebra B = B(Rn)
over Rn, defined as the smallest σ-algebra containing the open sets of Rn. We
say that the Borel σ–algebra is generated by the open sets of Rn. In this book,
Rn is always equipped with the Borel σ-algebra. The elements of the Borel
σ-algebra are called Borel sets.

As another example of a σ-algebra, let I be a discrete set, i.e., a set of
either finite or enumerable set of elements. A natural σ-algebra is the set
S = {A | A ⊂ I}, i.e., the power set of I containing all subsets of I.

An important example of a σ-finite measure defined on the Borel σ-algebra
of Rn is the Lebesgue measure m, assigning to a set its volume. For

Q = [a1, b1]× · · · × [an, bn], aj ≤ bj,

we have
m(Q) =

∫
Q

dx = (b1 − a1) · · · (bn − an).

In this book, we confine ourselves to consider only random variables taking
values either in Rn or in discrete subsets. Therefore, the particular σ-algebras
above are essentially the only ones needed. It is possible to develop the the-
ory in more general settings, but that would require more measure-theoretic
considerations which go beyond the scope of this book.

A central concept in probability theory is independency. Let (Ω, S, P) be
a probability space. The events A, B ∈ S are independent if

P(A ∩B) = P(A)P(B).

More generally, a family {At | i ∈ T } ⊂ S with T an arbitrary index set is
independent if

P

(
m⋂

i=1

Ati

)
=

m∏
i=1

P(Ati)



B.1 Basic Concepts 321

for any finite sampling of the indices ti ∈ T .
Given a probability space (Ω, S, P ), a random variable with values in Rn

is a measurable mapping
X : Ω→ Rn,

i.e., X−1(B) ∈ S for every open set B ⊂ Rn. A random variable with values
in a discrete set I is defined similarly.

We adopt in this section, whenever possible, the common notational con-
vention that random variables are denoted by capital letters and their real-
izations by lowercase letters. Hence, we may write X(ω) = x, ω ∈ Ω. With
a slight abuse of notations, we indicate the value set of a random variable
X : Ω→ Rn by using the shorthand notation X ∈ Rn.

A random variable X ∈ Rn generates a probability measure µX in Rn

equipped with its Borel σ-algebra through the formula

µX(B) = P(X−1(B)), B ∈ B.

This measure is called the probability distribution of X .
The distribution function F : Rn → [0, 1] of a random variable X =

(X1, . . . , Xn) ∈ Rn is defined as

F (x) = P(X1 ≤ x1, X2 ≤ x2, . . . , Xn ≤ xn), x = (x1, x2, . . . , xn).

The expectation of a random variable is defined as

E{X} =
∫

Ω

X(ω)dP(ω) =
∫

Rn

xdµX(x),

provided that the integrals converge. Similarly, the correlation and covariance
matrices of the variables are given as

corr(X) = E{XXT} =
∫

Ω

X(ω)X(ω)TdP(ω)

=
∫

Rn

xxTdµX(x) ∈ Rn×n

and

cov(X) = corr(X − E{X}) = E
{
(X − E{X})(X − E{X})T}

=
∫

Ω

(X(ω)− E{X})(X(ω)− E{X})TdP(ω)

=
∫

Rn

(x− E{X})(x− E{X})TdµX(x)

= corr(X)− E{X}(E{X})T,

assuming again that they exist.
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Let {Xn} be a sequence of random variables, and let

Sn =
1
n

n∑
j=1

Xj . (B.1)

The following theorem is a version of the central limit theorem.

Theorem B.1. Assume that the random variables Xn are independent and
equally distributed, and

E
{
Xn

}
= µ, cov

(
Xn

)
= σ2.

Then the random variables Sn in (B.1) are asymptotically normally distributed
in the following sense:

lim
n→∞ P

{
Sn − nµ

σ
√

n
< x

}
=

1√
2π

∫ x

−∞
e−t2/2dt.

The random variable is called absolutely continuous if its probability dis-
tribution is absolutely continuous with respect to the Lebesgue measure over
Rn, i.e.,

m(B) = 0⇒ µX(B) = 0,

where B ∈ B. A random variable and its probability distribution are singular
if they are not absolutely continuous with respect to the Lebesgue measure.

The probability distributions of continuous random variables have an im-
portant property that follows from the Radon–Nikodym theorem, stated here
without a proof.

Proposition B.2. Let µ1 and µ2 be two σ-finite measures in Rn defined over
the Borel σ-algebra such that µ1 is absolutely continuous with respect to µ2,
denoted µ1 ≺ µ2. Then there exists a measurable function π : Rn → R such
that

µ1(B) =
∫

B

π(x)dµ2(x)

for all B ∈ B. The function π is called the Radon–Nikodym derivative of µ1

with respect to µ2, denoted by

π =
dµ1

dµ2
.

It follows from the previous proposition that an absolutely continuous
random variable X defines a probability density πX by

P(X−1(B)) = µX(B) =
∫

B

πX(x)dx, B ∈ B.

Let X1 ∈ Rn and X2 ∈ Rm be two random variables defined over the same
probability space Ω. The joint probability distribution is defined as
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µX1X2 : B(Rn)×B(Rm)→ R+, (B1, B2) �→ P(X−1
1 (B1) ∩X−1

2 (B2)).

In other words, the joint probability distribution is simply the probability
distribution of the product random variable

X1 ×X2 : Ω→ Rn × Rm, ω �→ (X1(ω), X2(ω)).

This definition can be extended to any number of random variables.
We say that the random variables X1 and X2 are independent, if

µX1X2(B1, B2) = µX1(B1)µX2 (B2),

or, alternatively, if the events X−1
j (Bj) ∈ S are independent for all Borel sets

Bj . If the random variables are absolutely continuous, the independence can
be expressed in terms of the probability densities as

πX1X2(x1, x2) = πX1(x1)πX2(x2)

for almost all (x1, x2) ∈ Rn × Rm.
Based on the Radon–Nikodym theorem stated in Proposition B.2, it would

be possible to define the conditional probability distributions and densities
of random variables. However, we postpone this general definition and con-
sider first a more restricted class of distributions to keep the discussion more
tractable.

B.2 Conditional Probabilities

A central role in statistical inversion theory is played by conditional proba-
bilities. Therefore, we discuss this issue in slightly more detail.

The basic concept is the conditional probability of events. Hence, let
A, B ∈ S and P(B) > 0. The conditional probability of A with the condi-
tion B is defined as

P(A | B) =
P(A ∩B)

P(B)
.

It holds that

P(A) = P(A | B)P(B) + P(A | Bc)P(Bc), Bc = Ω \B.

More generally, if Ω = ∪i∈IBi with I enumerable, we have

P(A) =
∑
i∈I

P(A | Bi)P(Bi).

We want to extend the notion of conditional probability to random variables.
The general definition can be done via the Radon–Nikodym theorem stated
in Proposition B.2. However, to keep the ideas more transparent and better
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tractable, we limit the discussion first to the simple case of absolutely contin-
uous variables with continuous probability densities. The general results are
then briefly stated without detailed proofs.

Consider first two random variables Xi : Ω→ Rni , i = 1, 2. We adopt the
following shorthand notation: If Bi ⊂ Rni are two Borel sets, we denote the
joint probability of B1 ×B2 as

µX1X2(B1, B2) = µ(B1, B2) = P(X1 ∈ B1, X2 ∈ B2),

i.e., we suppress the subindex from the measure and use instead subindices
for the sets to remind which set refers to which random variable. Similarly, if
(X1, X2) is absolutely continuous, we write

µ(B1, B2) =
∫

B1×B2

π(x1, x2)dx1dx2.

With these notations, we define first the marginal probability distribution of
X1 as

µ(B1) = µ(B1, R
n2) = P(X1 ∈ B1),

i.e., the probability of X1 ∈ B1 regardless of the value of X2.
Assume now that (X1, X2) is absolutely continuous. Then we have

µ(B1) =
∫

B1×Rn2

π(x1, x2)dx1dx2 =
∫

B1

π(x1)dx1,

where the marginal probability density is given as

π(B1) =
∫

Rn2

π(x1, x2)dx2.

Analogously to the definition of conditional probabilities of events, we give
the following definition.

Definition B.3. Assume that Bi ⊂ Rni , i = 1, 2, are Borel sets with B2

having positive marginal measure, i.e., µ(B2) = P(X−1
2 (B2)) > 0. We define

the conditional measure of B1 conditioned on B2 by

µ(B1 | B2) =
µ(B1, B2)

µ(B2)
.

In particular, if the random variables are absolutely continuous, we have

π(B1 | B2) =
1

π(B2)

∫
B1×B2

π(x1, x2)dx1dx2,

with
µ(B2) =

∫
B2

π(x2)dx2 =
∫

Rn×B2

π(x1, x2)dx1dx2 > 0.



B.2 Conditional Probabilities 325

Notice that with a fixed B2, the mapping B1 �→ π(B1 | B2) is a probability
measure.

Remark: If the random variables X1 and X2 are independent, then

µ(B1 | B2) = µ(B1), µ(B2 | B1) = µ(B2)

by definition, i.e., any restriction of one variable does not affect the distribu-
tion of the other.

Our goal is now to define the conditional measure conditioned on a fixed
value, i.e., X2 = x2. The problem is that in general, we may have P(X2 =
x2) = 0 and the conditioning as defined above fails. Thus, we have to go
through a limiting process.

Lemma B.4. Assume that the random variables X1 and X2 are absolutely
continuous with continuous densities and x2 ∈ Rn2 is a point such that

π(x2) =
∫

Rn1

π(x1, x2)dx1 > 0.

Further, let (B(j)
2 )1≤j<∞ be a decreasing nested sequence of intervals in Rk

such that B
(j)
2 ↓ {x2}, i.e., B

(j+1)
2 ⊂ B

(j)
2 and

⋂
B

(j)
2 = {x2}. Then the limit

lim
j→∞

µ(B1 | B(j)
2 ) = µ(B1 | x2)

exists and it can be evaluated as the integral

µ(B1 | x2) =
1

π(x2)

∫
B1

π(x1, x2)dx1.

Proof: Let us denote again by m(B) the Lebesgue measure of a measurable
set B. We write

µ(B1 | B(j)
2 ) =

1

µ(B(j)
2 )

∫
B1×B

(j)
2

π(x1, x
′
2)dx1dx′

2

=

(
1

m(B(j)
2 )

∫
B

(j)
2

π(x′
2)dx′

2

)−1

1

m(B(j)
2 )

∫
B

(j)
2

(∫
B1

π(x1, x
′
2)dx1

)
dx′

2.

By the assumption, the functions x′
2 �→ π(x′

2) and x′
2 �→

∫
B1

π(x1, x
′
2)dx1

are continuous, so

lim
j→∞

1

m(B(j)
2 )

∫
B

(j)
2

π(x′
2)dx′

2 = π(x2) > 0

and
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lim
j→∞

1

m(B(j)
2 )

∫
B

(j)
2

(∫
B1

π(x1, x
′
2)dx2

)
dx′

2 =
∫

B1

π(x1, x2)dx1,

and the claim follows. �

By the above lemma, we can extend the concept of a conditional measure
to cover the case B2 = {x2}. Hence, we say that if π(x2) > 0, the conditional
probability of B1 ∈ Rn conditioned on X2 = x2 is the limit

µ(B1 | x2) =
∫

B1

π(x1, x2)
π(x2)

dx1.

From the above lemma, we observe that the conditional probability mea-
sure µ(B1 | x2) is defined by the probability density

π(x1 | x2) =
π(x1, x2)

π(x2)
, π(x2) > 0.

As a corollary, we obtain the useful formula for the joint probability distribution.

Corollary B.5. The joint probability density for (X1, X2) is

π(x1, x2) = π(x1 | x2)π(x2) = π(x2 | x1)π(x1).

This formula is essentially the Bayes formula that constitutes the corner
stone of the Bayesian interpretation of inverse problems.

Finally, we briefly indicate how the conditional probability is defined in
the more general setting.

Let B1 ⊂ Rn1 be a fixed measurable set with positive measure µ(B1) =
P(X−1

1 (B1)). Consider the mapping

B(Rn2)→ R+, B2 �→ µ(B1, B2).

This mapping is clearly a finite measure, and moreover

µ(B1, B2) ≤ µ(B2),

i.e., it is an absolutely continuous measure with respect to the marginal mea-
sure B2 �→ µ(B2). The Radon–Nikodym theorem asserts that there exists a
measurable function x2 �→ ρ(B1, x2) such that

µ(B1, B2) =
∫

B2

ρ(B1, x2)dµ(x2).

It would be tempting to define the conditional probability µ(B1 | x2) =
ρ(B1, x2). Basically, this is correct but not without further considerations.
The problem here is that the mapping x2 �→ ρ(B1, x2) is defined only almost
everywhere, i.e., there may be a set of dµ(x2)-measure zero where it is not
defined. On the other hand, this set may depend on B1. Since the number
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of different subsets B1 is not countable, the union of these exceptional sets
could well have a positive measure, in the worst case up to one. However, it
is possible with careful measure-theoretic considerations to define a function

B(Rn1)× Rn2 → R+, (B1, x2) �→ µ(B1 | x2),

such that

1. the mapping B1 �→ µ(B1 | x2) is a probability measure for all x2 except
possibly in a set of dµ(x2)-measure zero;

2. the mapping x2 �→ µ(B1 | x2) is measurable; and
3. the formula µ(B1, B2) =

∫
B2

µ(B1 | x2)µ(dx2) holds.

We shall not go into details here but refer to the literature.
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Akademien der Wissenschaften, 69:262–267, 1917.

105. A.G. Ramm. Multidimensional inverse problems and completeness of the prod-
ucts of solutions to PDE’s. J. Math.Anal.Appl, 134:211–253, 1988.

106. A.G. Ramm and A.I Katsevich. The Radon Transform and Local Tomography.
CRC Press, 1996.

107. Yu.A. Rozanov. Markov Random Fields. Springer-Verlag, 1982.
108. W. Rudin. Functional Analysis. McGraw-Hill, second edition, 1991.
109. Y. Saad and H. Martin. GMRES: A genralized minimal residual algorithm for

solving nonsymmetric linear systems. SIAM J. Sci. Stat. Comput., 7:856–869,
1986.

110. J. Sarvas. Basic mathematical and electromagnetic concepts of the biomagnetic
inverse problem. Phys. Med. Biol., 32:11–22, 1987.



334 References

111. D.M. Schmidt, J.S. George and C.C. Wood. Bayesian inference applied to the
electromagnetic inverse problem. Human Brain Mapping, 7:195–212, 1999.

112. A. Seppänen, L. Heikkinen, T. Savolainen, E. Somersalo and J.P. Kaipio. An
experimental evaluation of state estimation with fluid dynamical models in
process tomography. In 3rd World Congress on Industrial Process Tomography,
Banff, Canada, pp. 541–546, 2003.

113. A. Seppänen, M. Vauhkonen, E. Somersalo and J.P. Kaipio. State space models
in process tomography – approximation of state noise covariance. Inv. Probl.
Eng., 9:561–585, 2001.

114. A. Seppänen, M. Vauhkonen, P.J. Vauhkonen, E. Somersalo and J.P. Kaipio.
Fluid dynamical models and state estimation in process tomography: Effect
due to inaccuracies in flow fields. J. Elect. Imaging, 10(3):630–640, 2001.

115. A. Seppänen, M. Vauhkonen, P.J. Vauhkonen, E. Somersalo and J.P. Kaipio.
State estimation with fluid dynamical evolution models in process tomography
– an application to impedance tomography. Inv. Probl., 17:467–484, 2001.

116. S. Siltanen, V. Kolehmainen, S.Järvenpää, J.P. Kaipio, P. Koistinen, M. Lassas,
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P1 approximation, 212
Pk approximation, 212

absorption coefficient, 209
activity density, 256
additive noise, 56
admittivity, 196
affine estimators

approximate enhanced error model,
183

enhanced error model, 183
errors with projected models, 182
known statistics, 149

anisotropy matrix, 215, 292
approximation error model

deconvolution problem, 225
electrical impedance tomography, 269

Bayes cost, 147
Bayes theorem of inverse problems, 51
Bayesian credibility set, 54
Bayesian experiment design, 260
Bayesian filtering, 115

application to MEG, 249
Biot–Savart law, 199
blind deconvolution, 59, 103
bootstrap filter, 143

central limit theorem, 107
classical regularization methods, 49
complementary information, 262
computerized tomography (CT), 190
condition number, 9
conditional covariance, 53

conditional mean (CM) estimate, 53
conjugate gradient method

ensemble performance, 162
inverse crime behavior, 184

constitutive relations, 195
contraction, 27

deconvolution problem, 8
diffusion matrix, 215
discrepancy principle, 14
distinguishability, 307

energy current density, 209
energy fluence, 210
evolution models

hidden Markov model, 143
evolution–observation models, 118

filtering problem, 120
fixed-interval smoothing problem, 120
fixed-lag smoothing problem, 120
higher-order Markov models, 140
observation, 118
observation noise process, 119
observation update, 122
prediction problem, 120
state noise process, 119
state vector, 118
time evolution update, 122

filtered backprojection, 192
fixed-lag and fixed-interval smoothing,

see smoothers
fixed-point iteration, 27
fixed-point theorem, 27
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Fréchet differentiability, 25
Fredholm equation, 7

Gaussian densities, 72
conditional probabilities, 75
posterior potential, 79

Gaussian priors
smoothness priors, 79

Geselowitz formula, 200
Gibbs sampler, 98

Hammersley–Clifford theorem, 67, 113
hierarchical models, 108

hyperpriors, 108

impedivity, 196
importance sampling, see particle

filters, sampling importance
resampling (SIR)

improper densities, 82
interval estimates, 52
invariant measures, 93
invariant set, 27
inverse crimes, 184
iterative methods for regularization, 27

algebraic reconstruction technique
(ART), 31, 37

conjugate gradient least squares
(CGLS), 48

conjugate gradient method, 40
A-conjugate, 41

conjugate gradient normal equations
(CGNE), 48

conjugate gradient normal residual
(CGNR), 48

generalized minimal residual
(GMRES), 48

Kaczmarz iteration, 31
Kaczmarz sequence, 32
Krylov subspace methods, 39
Landweber–Fridman iteration, 27

Kalman filter, 123
extended Kalman filter (EKF), 126
linear Gaussian case, 123

Krylov subspace, 43

Laplace transform, 8
likelihood function, 51

log-normal prior, 65

Markov chain Monte Carlo
burn-in, 98
convergence, 106

Markov chain Monte Carlo methods, 91
Markov chains, 92

time-homogeneous, 92
mass absorption coefficient, 190
maximum a posteriori (MAP) estimate,

53
maximum a posteriori estimate, 149
maximum entropy method, 64
maximum likelihood, 53
maximum likelihood estimate, 146
Maxwell–Ampère law, 195
Maxwell–Faraday law, 195
mean square estimate, 147
Metropolis–Hastings algorithm, 94
minimum current estimate, 249
minimum norm solution, 14
minimum variance estimate, 148
Moore–Penrose inverse, see pseudoin-

verse
Morozov discrepancy principle, 18

nonstationary inverse problems, 115

observation models
additive noise, 155
Cauchy errors, 173
electric inverse source problems, 197
electrical impedance tomography, 202

complete electrode model, 204
current patterns, 203
optimal current patterns, 260

electrocardiography (ECG), 198
electroencephalography (EEG), 198
inverse source problems, 194
limited angle tomography, 154
magnetic inverse source problems,

198
magnetoencephalography (MEG),

198
noise level, 157
optical tomography, 208

Boltzmann equation, 208
boundary recovery, 299
diffusion approximation, 211
radiation transfer equation, 208
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quasi-static Maxwell equations, 194
sinogram, 153
spatial blur, 152
tomography, 153

Radon transform, 190
X-ray tomography

sinogram, 37
observation–evolution models

augmented observation update, 136
back transition density, 134
spatial priors, 133
weighted evolution update, 136

orthonormal white noise, 80
overregularization, 24

particle filters, 129
layered sampling, 130
sampling importance resampling

(SIR), 130
photon flux density, 210
point estimates, 52
Poisson observation model, 60
posterior distribution, 51
prior density, 51
prior models, 62

Cauchy prior, 63
discontinuities, 65
discretization invariance, 180
entropy prior, 64
Gaussian white noise prior, 79
impulse or �1 prior, 62
Markov random fields, 66
problems related to discretization,

175
sample-based densities, 70
smoothness priors, 150
structural priors, 152
subspace priors, 71

probability transition kernel, 92
balance equation, 95
detailed balance equation, 95

irreducible, 93
periodic and aperiodic, 93

pseudoinverse, 13
Moore–Penrose equations, 47

radiance, 209
radiation flux density, 208
resistance matrix, 204
resistivity, 196
reversible jump MCMC, 307
robust error models, 188

scattering coefficient, 209
scattering phase function, 209
Schur complements, 74

matrix inversion lemma, 74
Schur identity, 75

singular value decomposition, 11
singular system, 11
truncated singular value decomposi-

tion, 10
smoothers, 138
source localization, 242
spread estimates, 52
state space models, see evolution–

observation models
statistical inversion, 49

Tikhonov regularization, 16
ensemble performance, 164
generalizations, 24
regularization parameter, 16
Tikhonov regularized solution, 16

time series autocovariance, 108
truncated singular value decomposition

ensemble performance, 159

underregularization, 24
uniform probability distribution, 20

whitening matrix, 80
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